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1 Introduction

Let Un be a random permutation of n objects, and denote by O(un ) the
order of Un' In 1967, Erdos and Turan [7] proved that, as n -+ 00, the
sequence

log O(un) - ~ log2 n

( )
1/2

~ log3 n

converges in distribution to a standard Gaussian random variable. Their
original proof was direct; since then, as one might expect, several proba­
bilistic proofs have appeared. In particular, Arratia and Tavare [3] give a
proof based on the Feller coupling, which we will describe later.

Somewhat surprisingly, a corresponding large deviation principle (LDP)
does not seem to have appeared in the literature. In this paper we prove
such an LDP and give an explicit expression for the convex dual of the rate
function. To be more specific, we will show that for any Borel set B,

li lIP (logO(un ) B) . f A*( )m -- og E = - III X ,
n-+oo log n log2 n :rEB

where
A*(x) = sup [Ox - A(O)]

8

and
e28

- 1
A(O) = 20 - l.

To prove this, we will also make use of the Feller coupling, which provides
a means of comparing log O(un) with the more accessible

n

L Zj logj,
j=l

where the Zj'S are independent Poisson random variables with respective
means I/j. It turns out that, when properly normalised, these sequences
are exponentially equivalent. The result can thus be obtained by a routine
application of the Gartner-Ellis theorem to the latter sequence.

The outline of this paper is as follows. In section 2 we describe the Feller
coupling, which forms the basis of our approach, and record the relevant
estimates. We will state and prove the main result in section 3. In section 4
we discuss some more sophisticated LDP's, which incorporate cycle lengths
and allow one to consider certain biased permutations.
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2 The Feller coupling

This coupling was introduced by Feller [8] in 1945, to establish a central
limit theorem for the number of cycles in a random permutation. The idea
is that one can construct a random permutation of n objects using n in­
dependent Bernoulli random variables, with the property that the times
between successive 1's in the sequence correspond to the cycle-lengths in
the permutation.

Let XI,X2 , ••• be a sequence of Bernoulli random variables with

P(Xj =1) =1- P(Xj = 0) = I/j.

For each n, we construct a permutation Un recursively using the sequence

Start with 1 in the first cycle. If X n = 1,' close the cycle and start a new
one, with the next available integer (2, in the first instance). If X n = 0,
choose one of the n - 1 remaining integers at random and place to the right
of 1 in the same cycle. Continuing in this way produces a permutation
Un E Sn. Remarkably, the distribution of Un is uniform on Sn. Moreover, if
Cj denotes the number of cycles of length j in the permutation Un, then

where
00

Zjm = L Xi(1- X i+1 )··· (1 - Xi+j-l)Xi+j
i=m+l

is the number of j-spacings in the sequence X after time m, and Zj = Zjo.
Another remarkable fact is that the Z/s are independent Poisson random
variables with respective means Iii.

Now for any se,quence a, define

n

On(a) = lcm{i: 1 ~ i ~ n, aj> O} ~ Pn(a) = II i ai
•

i=l

Then O(un ) = On(cn), and we have the following estimates. For any pair
of sequences a and b,
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where la - bl = I:i=llaj - bd. It therefore follows from (1) that

logOn(Z) - (Yn + 1)logn ~ logO(an ) ~ logOn(Z) + logn, (2)

where Yn = ·'L,'J=l·Zjn. We also have [3):

The first summation is over all prime powers less than, or equal to, n.

3 The large deviation principle

We say a sequence of random variables X n satisfies the LDP with rate an

and rate function I if, for any Borel set B,

- inf.I(x) ~ liminfa~11ogP(XnE B):S; limsupa~11ogP(Xn E B) ~ - in{I(x).
xEB n n xEB

Theorem 1 The sequence log O(an )/ log2 n satisfies the LDP with rate log n
and rate function given by the convex dual of

e28 -1
A(O) = 20 - 1.

Recalling the estimates (2) and (3), the statement of Theorem 1 follows from
the next three lemmas.

Lemma 1 For any c > 0,

lim sup -11 logP(Yn > clogn) = -'00.
n ogn

Proof. Set N-mn = I:i=-m+l X j and observe that

where
00

An = L Nlen,(k+l)nI(Nlen,(Ie+l)n > 1),
1e=1

Bn = L I(Nlen ,(k+l)n > O,N(Ie+l)n,(1e+2)n > 0),
Ie>O even
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and

Cn = 2: I(Nkn,(k+l)n > 0, N(k+l)n.(k+2)n > 0).
k>O odd

Note that An' Bn and Cn are each sums of independent Bernoulli random
variables, so we can use the decomposition

c c c .
P(Yn > clogn) ~ P(An > 3"logn) + P(Bn > 3" log n) + P(Cn > 3"logn),

apply Chebyshev's inequality (with the convex function x t-+ ee:r) to each
term, then consider the normalised logarithmic limit and let 8 -+ 00 for the
r~~t. 0

Lemma 2 For any c > 0,

lim sup -11 log P(Dn > clog2n) = -00.
n ogn

Proof. First we write
Dn=Sn-f(n)+Rn

where Sn =Lj~n a(j)Zj, a(j) =I:"'/i logp, fen) = I:"'~n logp and

Rn = L I ( L Zj =0) logp.
"'~n j~n:p'lj

(L". Ii denotes the sum over all prime powers that divide j.) Set g(n) =
Lj<n logj. For any 8 > 0 we have

log Eee(Sn-f(n»/logn ~ -g(n).

It follows that, for). > 1/8,

1 c
-1-log P(Sn - fen) + ).g(n)logn > -21og2 n) ~ -8c/2 + (8), - l}g(n}/logn
ogn

-+ -00,

as n -+ 00. Also,

-11 logP(Rn - ).g(n)logn > ':log2 n)
ogn 2

1
< 1-logP(Rn > ).g(n)logn)

ogn
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1< -AO + --logEeBRn/g(n)
logn

< -AO +-11 logEexp (olo(gn) L I(Zp. =0))
ogn 9 n ,<p n

= -AO + _1_ L log (exp[-l/ps +olog n/g(n)] +1- e-1/ P')
logn ,<p _n

< -AO + -11 L (exp[-l/ps + Ologn/g(n)] - e-1
/ P')

ogn ,<P _n

-AO +-11 (exp[-l/ps +Ologn/g(n)] - 1) L e-1/p'
ogn ,<

P _n

< -AO + On/g(n)
1 +Ologn/g(n)

- -AO

as n - 00. Now let 0 - 00 for the result. o

Lemma 3 The sequence log Pn(Z)flog2 n satisfies the LDP with rate log n
and rate function given by the convex dual of

e2B - 1
A(O) = 20 - 1.

Proof. This is a routine application of the Gartner-Ellis Theorem (see, for
example, [6]), by which it suffices to check that

lim -11 10gEexp(010gPn(Z)flogn) = A(O).
n ogn

This limit can be evaluated by noting that

10gPn(Z) = L Zjlogj.
;<n

o

4 Spin-off's

If K(CTn ) denotes the number of cycles in the random permutation, that is,

n

K(CTn ) = L Cj,
;=1
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then it follows from (2.1) and Lemmas 3.2 and 3.3 that the pair

(K(an )/ log n,log O(an )/ log2 n)

is exponentially equivalent (at rate log n) to the pair

(L Zijlogn, L Zi logjjlog2 n) .
i~n i~n

The Gartner-Ellis Theorem can thus be applied to the latter sequence to
yield an LDP for the former, with rate log n, and rate function given by the
convex dual of

e2t ~ 1
A2(s, t) = eS

- l.
2t

We can also deduce an LDP the logarithm of the order of a biased random
permutation, the law of which is given by the 'tilted' measure

P.(a) ex esK(u).

An LDP for the sequence K(an)jlogn, under the law Ps , can either
be deduced from the above or proved directly using well-known generating
functions for Stirling numbers of the first kind; this LDP also has rate log n

and the rate function given by

X f-+ S - X +xlog(x/s).

Note that this is a Poisson rate function, and so this LDP is consistent
with (but not implied by) the Poisson approximation results in the papers
of Arratia, Barbour, Stark and Tavare [1, 2,4, 5]. For related work on the
number of components in a random combinatorial structure see Hwang [9]
and Maxwell [10], and references therein.
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