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Abstract

In this paper we present sufficient conditions for sample path large
deviation principles to be extended to finer topologies. We consider
extensions of the uniform topology by Orlicz functionals and we con-
sider Lipschitz spaces: the former are concerned with cumulative path
behaviour while the latter are more sensitive to extremes in local vari-
ation. We also consider sample paths indexed by the half line, where
the usual projective limit topologies are not strong enough for many
applications, particularly in queueing theory.



1 Introduction

Let Z be a topological space. A good rate function is a lower semicontinuous
function I : £ — IR4, with compact level sets {z : I(2) < a}. A sequence of
random variables Z,, taking values in Z, is said to satisfy the large deviation
principle (LDP) with rate function I if for all closed B C Z,

1
. 1 < _;
hmnsup nlogP(Z" € B) < :gg[(z),
and for all open G C Z,
1
ool N .
lim inf nlog P(Z,€G)2 zlg}'g[(z)

Let X be a sequence of random variables in RY. Foreach 0 <t <1 set

) [
Sn(t) = ;),. Z Xk.
k=1

Denote by L[0, 1] the space of (equivalence classes modulo equality a.e. of)
bounded measurable functions on [0, 1], equipped with the uniform topology,
by C[0, 1] the subspace of continuous functions, and by .A[0,1] the subspace
of absolutely continuous functions ¢ on [0,1] with ¢(0) = 0.

It is a classical result, originally due to Mogulskii [14], that, if the (X})
are i.t.d. and

A(8) = log Ee®* Xt < 0

for all # € IR, then the sequence S, satisfies the LDP in LZO[O, 1] with good

rate function given by

I(¢) = { fol A"(q.S)ds ¢ € A%[0,1], (1)

00 otherwise

where A* is the convex dual of A:

A (z) = sgp[m -0 — A(9)].

The assumption that the moment generating function is finite has since been
relaxed by Pinelis [18]; more recently, Dembo and Zajic (7] have relaxed
the assumption of independence, replacing it with a variety of mixing and
tightness hypotheses.



We find it convenient to consider, instead of S,, its polygonal approxi-
mation:

.$m=540+0-%§)G;Gﬂ%3)—5(%g»i 2)

Note that S, is continuous, and carries the same information as S,. The
LDP for S, can typically be shown to hold under milder hypotheses, and in
the Polish space C%[0,1] (equipped with the uniform topology).

In this paper we present sufficient conditions for such an LDP to be ex-
tended to finer topologies. In Section 3 we consider extensions of the uniform
topology by Orlicz functionals and in Section 4 we consider Lipschitz spaces;
the former are concerned with cumulative path behaviour while the latter
are more sensitive to extremes in local variation. We also consider sample
paths indexed by the half line, where the usual projective limit topologies are
not strong enough for many applications, particularly in queueing theory.
This extends work of Dobrushin and Pechersky [6].

2 Some facts about Orlicz spaces

What follows is mostly a summary of the relevant details from [1, Chapter
8]. A function C : Ry — IRy is called an N-function if it is convex and
satisfies

lim C(z)/z =0, lim C(z)/z = oo.
-0t T—00
Examples of N-functions are
C(z) =2, (1<p<o0),
Clz)=e"—-z-1,

C(z)=(14+2z)log(l+z) -1z,

or

Ca(z) = C(z — a)lz>,

for any N-function C. We will write C* for the convex dual of C.
The Orlicz class K¢ is the set of all (equivalence classes modulo equality
a.e. of) measurable functions f : [0,1] — IR satisfying

[ ctsnas < o
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the Orlicz space L¢ is defined to be the linear hull of K¢, and is a Banach
space when equipped with the Luzemburg norm

I fllc = inf{k >0: /01 C (If(s)|/k)ds < 1}.

We have the following generalisation of Hélder’s inequality:

[ 7(s)9ts)as] < 20 flelgle- ®)

An N-function C is said to satisfy a A-condition near infinity if there exists
a positive constant & > 0 such that for all z sufficiently large,

C(2z) < kC(z).

This is a useful condition, because L¢ = K¢ if, and only if, C satisfies
a Aj-condition near infinity [1, Lemma 8.8]; furthermore, L¢ is reflexive,
with dual L¢s, if, and only if, both C and C* satisfy a A,-condition near
infinity {1, Theorem 8.19]. Note that if L¢ is reflexive, then it is weakly
complete and the unit ball is weakly compact.

We will now record a lemma that will be useful for interpreting the
results of the next section. A proof is given in the Appendix.

Lemma 1 Suppose that C* satisfies a Aq-condition near infinity. A se-
quence f, is weakly convergent to a function f in L¢ if, and only if,

(i) || fallc is bounded, and
(i3) for each t € [0,1), [3 fa(s)ds — [3 f(s)ds.

Note that all of the above remarks apply to Orlicz spaces of functions
on any finite interval [0,¢], which we denote by Lg[0,].

3 The LDP in a topology extended by Orlicz
functionals

(H1) For each 6 € RY, the limit

A(6) = lim_ = log Ee™S-(0), @)



exists as an extended real number. The sequence S, satisfies the LDP
in C%[0,1] with good rate function given by

I(¢) = { Jo A*(d)ds 6 € A%[0,1],

00 otherwise
where A” is the convex dual of A.

For each j=1,...,d and X € R, set
A;(A) = lim X log Ee™ (1),
n-00 N

Note that the existence of A; follows from the existence of A, and can be
obtained by evaluating A at multiples of the j** standard basis vector.

(H2) (i) For each j = 1,...,d, there exists an N-function B; with

a(l D

limsup ——- : < 00,

and both B; and its convex dual satisfy a Aj-condition near infinity.

(ii) For some é > 0,

hmsup—logEexp (6}:B (x1 [)) < oo,

n—ee k=1
foreach j=1,...,d.

The hypothesis (H2) is guaranteed in many situations. For example, if the
(X&) are bounded, it holds. If the (X}) are i.i.d., then (i) implies (i) (this
follows from (8, Lemma 5.1.14]). The hypothesis (i) is certainly guaranteed
if the effective domain of A* is finite. The hypothesis (ii), although it is
essentially a mixing condition, appears to have no direct connection with
the mixing conditions introduced in [7].

Let (B;) be the N-functions of (H2), and write B for the R%valued
function with coordinates (B;). Recall that if ¢ is absolutely continuous,
then ¢ exists almost everywhere. Define a space

5= {p€AY0,1): ¢ €L, j=1,...,d}.

We will consider a variety of topologies on Xg: the uniform topology, which
we will denote by 7,; the topology inherited from the product space []; Ls;,
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which we will denote by 7p; the corresponding weak topology, T%; and the
smallest topology containing both 7, and 7§, which we will denote by op.
The topology op is the smallest extension of the uniform topology for which
the functions

B / #(s)g(s)ds

are continuous for all ¢ € Lp,, and for each j = 1,...,d. By Lemma 1, 2
sequence ¢, converges in this topology if, and only if, it converges uniformly
and the sequences [|¢}||p; are bounded.

Theorem 1 If (H1) and (H2) are satisfied then S, satisfies the LDP in
(XB,0B), with good rate function given by

1(¢) = /0 ' A% (@)ds.

Proof. It follows from (H1) and [8, Lemma 4.1.5] that S, satisfies the LDP
in this space when equipped with the relative (uniform) topology; here we
have also used (H2) and the fact that Lg = Kp to infer that Dy C Xg. To
strengthen this to the space (Xp,0p) we appeal to the ‘inverse contraction
principle’ [8, Theorem 4.2.4, Corollary 4.2.6], by which it suffices to prove
that the sequence S, is exponentially tight in this space.

It is convenient to consider the natural imbedding of the weak topology
7% in the space C?[0,1]. This is complete, by (H2). Goodness of the rate
function in (H1) implies exponential tightness in the space C%[0,1], when
equipped with the uniform topology, since this is a Polish space (see, for
example, (8, Exercise 4.1.10]). Thus, by Lemma 6, we need only check that
Sn is exponentially tight in (X3, 7%).

For each a > 0, set

K, = {¢ €Ap: mJa‘x”qSJ“BJ < &}.

By the hypothesis (H2), the spaces Lp,; are reflexive and so K, is compact
in (Xg,7E). For each a > 0, set

Co = {¢ € A%0,1] : m:;x.x‘/.1 B;(|#|)ds < a}.
: i Jo

Lemma 2 For a sufficiently large, Co C K.



Proof. For a sufficiently large we have, by convexity of the B;, that
1 .. 1 ..
ma.x/ Bi(|#)ds < a = maxa/ B;(1¢7]/a)ds < a
2 0 2 0

1

= m'@:/ Bj(|¢’|/e)ds < 1
2 0 )

= mJaXIIéVIIB,- <a.

0
The exponential tightness of S, in (X5, %), and hence the statement of
the theorem, is thus established by the following lemma.

Lemma 3 If (H2) is satisfied, then

. 1 = e
all’néoh’xlx:s;p ;log P(S, € C5) = —o0.
Proof. By Chebyshev’s inequality we have, for a,é > 0,

P (mpx: 38030 > o)

=1

P(5, €CE)

n
< e max Eexp (5 > Bj(IXil) :
J k=1
The result is obtained by choosing § > 0 as in (H2), considering the nor-
malised logarithmic limit as n — oo, and then letting & — 0. ]

4 The LDP in Lipschitz spaces

For a > 0 we denote by Lip,[0, 1] the space of a-Holder continuous functions
on [0,1], equipped with the norm

18(2) — 6(s)|

|t — s|*

lléll« = sup (8)
s#t
Set R;j(z) = A*(z) A A*(—z). We will begin by recording some hy-
potheses. Note that (H5) follows automatically from (H1) if the (Xj) are
stationary.

(Hla) (H1) holds with A lower semicontinuous and differentiable at the ori-
gin.



(H4) For each j, there exists 0 < §; < 1 such that

liminf inf 7R;(rm%™1) = +oo.
T—00 0<7<1

(H5) For each € > 0 and 8 € RY, there exists C > 0, such that
Eexp(6 - [Sn(t) = Sa(s))) < C exp(n(t — s)[A() + e,
forall0<s<t<1. ' | -

Theorem 2 If (Hl1a), (H4) and (H5) are satisfied and 0 < a; < B; for
each j, then the sequence S, satisfies the LDP in []; Lipaj [0, 1] with good
rate function.

Proof. First note that (H4) implies

Dy C ][] Lipg,[0,1] € J] Lipa,[0,1)-
j ' j
Indeed, if ||¢7||, > 7, for some j, then

1(¢)

[ A(yas
[ 456

: (prBi—1
ér_:i;l TR;(rm%7%).

v

v

0

We also have, trivially, that

P (S‘n € [ Lip,, [0,1]) =1,
i

for all n. Therefore, it suffices to prove that 5, is exponentially tight in the
space []; Lipg;[0,1]. To do this, we consider the sets

K(r) =Y+ 1#lls, < 7).



These are compact in []; Lipaj[O, 1] (c.f. [13, Corollary 3.3]). By Cheby-
chev’s inequality and (H5) we have, for each ¢ > 0 and for each pair
01’02 € ]R)

. 1 "
limsup ~ log P(|5ills, > r)
n—+00 n

< limsup sup —l-log P(|Si(t) - Si(s)] > r(t - s)f)
n—oo 0<s<t<1 N

< [ swp (- 90 - (2= 50l +

0<s<t<1

Vv [ sup [(t — s)A;(62) + r(t — s)%0;) + e] .
0<s<t<1

Since this holds for all € we can let € — 0 to get

1 -
lim sup —log P([|S3[ls; 2 7)

< sup [TAj(6,) — r7Pi61) v sup [rA;(62) + rTPi6,).
0<T<1 0<7<1

Next we take the infimum over 6; > 0 and 6, < 0. To justify the interchange

of inf and sup, note that wherever 6; > 0 and A;(6;) is finite,

(7,81) — TA;(8:) — r7Pi8,

is a closed, proper, concave-convex function (see, for example, [20, Corollary
37.3.1]). Here we have used the fact that A is lower semicontinuous and
proper, by (H1a) (see, for example, [8, Lemma 2.3.9]). A similar argument
applies to the second term when 8, < 0, so we have

limsup  log P(|ils, > r)
n—oo T J

< sup inf [TA;(6;) — r7Pi6;]V sup inf [rA;(6;) + rTPi6,).
0<7<16120 0<r<16250

Finally, we use that fact (see, for example, [8, Lemma 2.2.5]) that for z >
[AS(0)],
A3(z) = suplfz ~ A;(6)]
>0

and
Aj(—z) = sup[fz — A;(9)],
6<0



to deduce that for r sufficiently large,
1 x
li - Illg; > - i (rrhim 1),
msup —log P(||S3[lg; 2 ) < — inf TR;(rr%7)
Exponential tightness now follows from (H4). a

Note that if A*(z) = |z|?, then (H4) is satisfied with §; = 1/2 for each
7. This provides a generalisation of Schilder’s theorem and was presented
as an exercise in (8, Exercise 5.2.14]. If the effective domain of A" is finite,
then (H4) holds with §; = 1 for each j.

5 The LDP for sample paths indexed by R,

Denote by C(IR4) the space of continuous functions on R4 and by A(R4)
the subspace of absolutely continuous functions starting at zero. Consider
the sequence of partial sums processes 5, defined by (2) on the entire half
line. Using the Dawson-Gartner theorem for projective limits, an immediate
consequence of (H1) is that the sequence S, satisfies the LDP in C%(R4)
when equipped with the topology of uniform convergence on compact inter-
vals, with good rate function given by

I(¢)={ JE A ($)ds ¢ € AYRY) (6)

00 otherwise.

However, as is pointed out by Dobrushin and Pechersky in [6], this topology
is not strong enough for many applications. For example, a typical quantity
of interest in queueing theory is the steady-state queue-length at a deter-
ministic buffer with inputs given by a real-valued stationary sequence (Xk):
this can be represented by

Q = n sup[Sa(t) —1].
£>0

To apply the contraction principle, and hence deduce tail asymptotics for
@, one requires that the mapping

¢ — sup[¢(t) — ¢] (M)
>0

is continuous with respect to the topology on path space for which the LDP
is assumed to hold. Dobrushin and Pechersky [6] introduce a finer topology

10



(a guage topology) for which the restriction of above mapping to a subspace
of non-decreasing paths is continuous, and prove the LDP in this topology
for a class of Markov jump processes. In this section we will demonstrate
that the hypothesis (H1), plus differentiability of A at the origin, is sufficient
to strengthen the LDP to a finer topology for which mappings such as (7) are
continuous (without the non-decreasing path restriction). The hypothesis
(H2), in addition, yields the LDP in a topology which is finer a.gam
We COIlSldel‘ the set of paths

Y= N {(ﬁ € CRy) : Jim &) exists } ,

141

‘and equip ) with the norm

¢ (1)
1+t

l|¢]l. = sup sup
b ) t

Note that ) can be identified with the Polish space Cd(IR:_) of continuous
functions on the extended (and compactified) real line, equipped with the
supremum norm, via the bijective mapping ¢(t) — ¢(t)/(1+t). In particu-
lar, Y is a Polish space.

Although this topology is quite different from the gauge topology intro-
duced by Dobrushin and Pechersky [6], conceptually it is quite similar: the
idea is to get some kind of uniform control over the sample average. We
have also used some ideas from their paper in the proof of Theorem 3 below,
-in order to construct compact sets that support most of the measure.

Theorem 3 If (H1) holds, and A is differentiable at the origin, then S,
satisfies the LDP in Y with good rate function given by (6).

Theorem 3 provides a new tool for looking at large deviations for queueing
systems in equilibrium. Equilibrium systems have generally been treated
on a case-by-case basis, and much work and/or additional hypotheses are
required to prove large deviation principles (see, for example, Chang and
Zajic [4] or Ramanan and Dupuis [19]). To illustrate this, consider the
function f defined by (7) in the case d = 1. Recall that f(S,) is equal
in distribution to the normalised queue length at a single-server queue. If
A'(0) = p, say, then a corollary of Theorem 3 is that the LDP holds in the

subspace
- ¢(t)
y“_{¢ey hm1+t ,u}.

11



If p < 1, then the restriction of f to Y# is finite and continuous. To see this,
observe that if ||¢ — ¢'||. < ¢, then there exists a tg, independent of ¢, such
that | f(#) — f(¢')] < 2tpe. We can therefore apply the contraction principle
and Jensen’s inequality to get that the sequence Q/n = f(.S.'n) satisfies the
LDP in IR with rate function given by

J(g)

Il

inf { /0 = A*(d)ds : s;x;g[¢(t) —ct] = q}

= il;f(;inf {/; A*(d)ds : ¢(T) —cr = q}
= ix;i(')TA‘(c +q/T).

This fact has previously been demonstrated by several authors (3, 9, 10,
12], under similar conditions. The i.i.d. case is due to Cramér [5] and
Borovkov [2]. The advantage of the above approach is that the existence of
an LDP is established by continuity which, using the above tépology, is quite
accessible, and the rate function is easier to compute. For more complicated
examples of this approach, see [15, 16, 17].

Proof of Theorem 3. By considering S,(t) — tVA(0) we can, without

loss of generality, assume that VA(0) = 0. We first show that D; C ) and

P(S, € ¥) =1, for all n. By the convexity of A*, and Jensen’s inequality,
tA™(¢(2)/t) < I(4)-

Since this holds for all ¢, we must have ¢(t)/t — 0 as t — oo (VA(0) = 0
implies that A* has a unique zero at the origin). By hypothesis we can
choose, for each j, & > 0 such that A;(8) and A;(—6) are finite; if we let

1 .
es(n) = ‘;log Ee™Sh1) _ A (p)

e-(n) = %log Ee~™Sh(1) _ Aj(_o)' ,

then €4 (n) V e_(n) — 0, as n — oco. Thus, for each § > 0,

Q)
P > 4, for somet > tg
141t
< E e—SRO+A O +et () 4 Z ¢—OkO+A(=6)+e (k).
k>ntg k>ntg

12



letting to — oo we see that §i(t)/(1 + t) — 0, almost surely, as t — oo.
We have thus shown that Dy C Y and P(S, € V) = 1. Now by (H1),
the Dawson-Gartner theorem for projective limits, and [8, Lemma 4.1.5}, we
have that S, satisfies the LDP in ) when equipped with the topology of
uniform convergence on compact intervals. To strengthen this to the topol-
ogy induced by the norm |} - ||, we appeal again to the inverse contraction
principle, by which it suffices to prove exponential tightness in the space
- -

For each t, denote by C%[0,1] the projection of C%(IR) onto the interval
[0,1], equipped with the uniform topology, and by #[0,t], for ¢ € C*(R+),
the restriction of ¢ to the interval [0,¢]. Goodness of the rate function in
(H1) implies that the sequence 5,[0, 1] is exponentially tight in the uniform
topology on .A%[0,1]. In other words, for each a > 0, there exists a compact
set K, in A%[0,1] such that

lim sup %logP(S’n[O,l] ¢ K,) < —a.
It follows that for each t > 0,

K, (1) :={¢ €C¥0,t]: {s+— ¢(st)} € K.}

is compact in C%[0,1], and for each 0 < € < a,

lim sup%logP U{540,1] ¢ Ka(t)} < Lim sup%logP UH{8nel0,1] ¢ Ka(1)}
n >1 n t>1
< limsup 1 log Z e (a—e)k
n n k>n
< —a+e€.

Since € is arbitrary we have, for each a > 0,

1 -
limsup ~log P | J{54(0,1] ¢ Ka(t)} < ~c. (8)
" t>1
For a,t > 0, set
a? t<a?
da‘(t) = { t—1/2 t> az

and consider the sets

Dazﬂ{¢€y: qp(t)

; 1+1¢

< dg(2), for all £, [0,1] € Kaft) for all t > 1} .

13



The exponential tightness of S, in (I, || - ||u) will be established by the
following two lemmas.

Lemma 4 For each a > 0, D, is compact in (Y,|| - [.)-

Proof. Let ¢, be a sequence in D,. By Tychonoff’s theorem, the set

Ne>1Ka(t) is compact in )V when equipped with the topology of uniform

convergence on compact intervals, so there exists a subsequence n(k) such

that ¢ converges to some ¢ € N;>1K,(t) in this topology. It follows that,

for each T' > 0, and for each j,

Sy (1)
14+t 1+t

lim sup =0.

k—oco t<T

Note that this implies, for each t and 7,

)

141t

< da(t)i

and so ¢ € D,. Now for each ¢ > 0 (sufficiently small), we have for &
sufficiently large,

A0 ¥
141 1+t

A  #()
t<1/e? 1+t 1+t

< e+2d,(1/€?) = 3e.

|nr) — Sll <

t>1/e2

The set D, is therefore sequentially compact, and hence compact, in (), || -
”u) 0

Lemma 5 If (H1) is satisfied, then
- 1 & _
al_l_‘néohm:up - log P(S, ¢ D,) = —oo.
Proof. First we have, by the contraction principle,
limsup P | J {|8a(8)] > @®(1 +t)} < — inf  TR;(a?/7) < —?R;(1).
n 0<r<a?

t<a?
(9)

14



Here we have used that fact that 7A*(e@?/7) and 7A*(—a?/7) are both non-
increasing functions of 7, which can be checked using Jensen’s inequality.
We also have, for each 7 and some 6 > 0,

P US> (+0da@®} < P U L) {I5i(k+i/n)] > (1 + E)da(k))

t>a? i=0 k=[a?)
< n E C(o)e—ﬂnkd.,(k)
k=[a?]

< nC(f)DetnVe?-1/2,

Here we have used (H1), Chebyshev’s inequality, and the inequality

Z e—PVE < De=?VFko-1/2,
k2>ko

It follows that

limnsup%logP U 3@ > 1+ Dda(8)} < -6V —1/2.  (10)

t>a?

The statement can now be obtained from (8), (9) and (10), via the principle
of the largest term. O
This concludes the proof of the theorem. |
We will now conclude this section with the observation that the hypoth-
esis (H2), in addition, yields the LDP with respect to an even finer topology.
Consider the space

Vg = n{qs €Y: ¢[0,1] € Lp,[0,t] for all t > 0},

7

where B; are the N-functions of hypothesis (H2). Denote by 75(t) the
product of the weak topologies on []; Lg;[0,%], and by 75(co) the projective
limit, as ¢ — oo, of the 7§(t). The restriction of 7§(c0) to Vp is the weakest
topology for which the mappings ¢ — f; 9(s)d(s)ds are continuous, for all
t > 0and g € []; Lp;[0,t]. Now write wp for the smallest topology on Vg
containing the topology of the norm | - || and the restriction of 7(oc0).

Theorem 4 If (H1) and (H2) are satisfied, and A is differentiable at the
origin, then S, satisfies the LDP in (Vp,wp) with good rate function given
by (6).

15



Proof. It suffices to prove that S, is exponentially tight in (¥YB, T8(0)).

This follows from Lemma 6, as in the proof of Theorem 1: 7§(00) can be

thought of as a projective limit of weak topologies, each of which is complete

by (H2), and so the natural embedding of 75(o0) on Y is also complete; by

the previous theorem, we have exponential tightness in ), which is Polish.
The sets

K, = ﬂ{qse Vg : sup 1+t”¢1[0 tllis, < o}
2

are compact in (¥g, 7§(00)), by Tychonoff’s theorem. It follows (c.f. Lemma 2)
that, for a sufficiently large, the sets

Ca=ﬂ{¢ey3: su

J

b [ Bi#(s)ds < a)

are precompact. Now, by (H2),

k=1

[nt] )
PS.¢Ca) = PU {Z B;(1x{)) > an(1 +t>}

IA

o !
ZP{ZE (1xiD > a(n+z)}

=1 1

=)
< e—6an Z e—5al+CI’
=1

for some constants §,C > 0. For a sufficiently large, the last summation is
finite and bounded, and the result follows. ]
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Appendix

Lemma 6 If are 7y and 1, are both complete metric topologies on a space
Z, and the sequence Z, is exponentially tight with respect to both topologies,
then it is ezponentially tight with respect to 7 V 73 (the smallest topology
containing 1y and T3).
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Proof. Let d; and d; be a pair of complete metrics that respectively gen-
erate the topologies 7, and 7. By hypothesis, for every a > 0, there exist
1;-compact sets K for which

lim sup % log P(Z, ¢ K!) < —a.
It follows from the principle of the largest term that
1
lim sup ;logP(Zn ¢ KLNK2) < -a.

Recall that a set in a complete metric topology is precompact if, and only
if, it is totally bounded. The sets K1 N K2 are thus totally bounded in
both metrics, and hence in the metric d; V d2, which generates the topology
71 V 12. The statement follows. 0

Proof of Lemma 1. Suppose f, converges weakly to f in L¢g. In other
words, for every g € L¢-,

[ intshatyds = [ #(s)a(s)s. a
0 0

Then (i) follows from general principles (see, for example, [11, Theorem
4.10.7]) and (ii) follows from (11).
Now suppose that (i) and (ii) hold. To deduce that

1 1
| #@ae)ds = [ fs)als)as,
for every g € Lc-, we need the following lemma.

Lemma 7 If A is an N-function satisfying a Aq-condition near infinity,
then any h € L4 can be written as an almost everywhere limit of step func-
tions hyn, with ||k, — hlj4 — 0.

Proof. Without loss of generality we can assume that & is non-negative.
(For general h simply split it into its positive and negative parts.) Then h
can be written as 2 monotone increasing sequence of simple functions (see,
for example, 11, Theorem 2.2.5]), which therefore converge in the mean
and [1], since A satisfies a A,-condition near infinity, in L4. Furthermore,
each simple function can be written as an almost everywhere limit of step
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functions, which also converge in the mean, by bounded convergence, and
hence in L4. a

Now (ii) implies that
l/fng—/fgl—>0,

for all step functions g. For general ¢ € Lg., write g as a limit of step
functions gm, as in the above lemma, so that [|g — gm|/cc — 0. Now we
have, applying (3) for each m,

l%mfup /fng—/fgl
= limnsup /fng—/fngm+/fngm“/fgm+/fgm—/fg'
< limsup {2nfﬂncug = gmllcs +2[fllcllg — gmlle- + l/ fagm - / i g’"l}
< 2Ae+|flic)llg = gmllc

where a = sup,, || fu]|c, and since this holds for all m we can let m tend to
infinity for the result. o
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