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Abstract

In this paper we describe how the joint large deviation properties
of traffic streams are altered when the traffic passes through a shared
buffer according to a FCFS service policy with stochastic service ca­
pacity. We also consider the stationary case, proving large deviation
principles for the state of the system in equilibrium and for departures
from an equilibrium system.
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1 Introduction

Consider a single server queue with arrivals process X n and service process
Cn: for each integer time n, Xn denotes the amount of work arriving at the
queue and Cn denotes the amount of work that can be serviced; 'the queue
length at time n is defined recursively by the Lindley equation

(1)

For each n set

(2)

with the convention that Ao = Bo = Wo = O. If X and C are stationary
processes and EXI < ECl , then Q is stationary and

d
Qo = supWno

n
(3)

The identity (3) can be used to deduce the asymptotic behaviour of the
queue-length distribution from the large deviation properties of W. More
precisely, if the sequence Wn/n satisfies the large deviation principle (LDP)
with good rate functions I, then, under mild hypotheses on I [2,.9, 11, 16],
the tails of the queue-length distribution satisfy the order relation

for large b, where

10gP(Qo > b) '" -ob

6 = inf I(w)/w.
tU>o

(4)

(5)

As this is such a general result, it may be useful for real applications: in
particular, it provides a basis for predicting overflow probabilities at a si ngle
buffered resource [6, 10].

It also sugge~ts the possibility of a kind of network calculus at the level
of rare events. For example, given an arbitrary network with several in­
puts, it may be possible to estimate the probability of overflow at a given
(buffered) node in terms of the large deviation properties of the inputs.
The obvious starting point is to ask how the large deviation properties of
traffic are altered when the traffic passes through a buffer, possibly sharing
that buffer with other traffic. In a recent paper, de Veciana, Courcoubetis
and Walrand [9] give a partial answer to this question. Suppose we have
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two independent, ergodic arrival processes Xl and X 2 sharing an (initially
empty) deterministic buffer according to a work conserving policy with ser­
vice rate c. Suppose also that the corresponding partial sums satisfy the
LDP with respective rate functions 11 and 12 • Then, under certain con­
ditions [9, Corollary 3.2], if D; denotes the total departures upto time n

corresponding to the first traffic stream, the sequence D;/n satisfies the
LDP with good rate function given by 11 on the interval [EX;, c - EXf].
In this paper we consider a more general problem. For a single-server queue
with an arbitrary number of inputs, served according to a FCFS policy with
stochastic service rate, we prove that, under suitable hypotheses, the col­
lection of associated departure processes satisfy the LDP with rate function
given by the solution of a finite-dimensional optimisation problem. We also
consider a stationary version of the problem, where the queue is assumed
to be initially in equilibrium. In this case we prove an LDP for the state
of the system in equilibrium, and an LDP for the departure processes. The
latter results were motivated by an observation of Chang and Zajic [5] that
(in the one-dimensional case) the LDP for a stationary departure process is
not necessarily the same as the LDP for departures from an initially empty
queue.

For related work, see [1,4, 3, 13, 14, 17, 19, 20] and references therein.
The methods used in this paper can be applied, in principle, to most network
configurations. The main tools used are (i) the description of interesting
objects as functionals of the inputs and configuration, (ii) the contraction
principle, to deduce LDP's for these objects, and (iii) convex analysis, to
simplify the corresponding rate functions. In view of (iii), this simplifica­
tion is far easier if the inputs are assumed to satisfy a sample-path LDP
with 'linear point-to-point geodesics' (see the hypothesis (H2) below); un­
fortunately, this assumption is not generally satisfied by the corresponding
departure processes [15], and so the recursive application of these simplifying
results is not possible in general.

The format of the paper is as follows. Departures from an initially empty
buffer are considered in Section 2 and some equilibrium results are presented
in Section 3; Section 4 is devoted to proofs.

We will adopt the following convention throughout the paper: if:1: is a
vector-valued object, denote by xi the components of:1: and by x the sum
of the components of:1:.
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2 Departures from a shared buffer

Suppose we have d arrival streams X = (Xl, ... , X d ) sharing an infinite
buffer, initially empty, according to a FCFS policy with stochastic service
rate C: we will begin by making this statement precise. For the moment,
the only assumption is that Xl, ... ,Xd and C are non-negative sequences
of random variables, indexed by the positive integers. For each n, set

(6)

The total amount of work in the queue at time n is given by the recursion
(Qo = 0)

(7)

and the total departures (amount of work serviced) up to time n is given by

(8)

or, equivalently,
(9)

It remains to specify the quantities of interest, namely the amounts of work,
D n = (D~, ... ,D~), serviced from each input stream by time n. To do this
we set

Tn =sup{k ~ n: Ak ~ Dn}, (10)

D n =A~n +(Dn - ATJXTn+dXTn+l. (11)

Note that D n =D; +... +D~, and so our notation is consistent.
In words, work is serviced in the order received and simultaneous arrivals

from each source are thoroughly mixed in the queue.
To state the main result we set, for 0 ~ t ~ 1,

(12)

and
1

Bon(t) = -D[nt). (13)
n

For each positive integer k denote by £k the subspace of paths in Loo([O, IJ)k
with non-decreasing components, by Ck C £k the subspace of continuous
paths starting at zero, and by A k C Ck the set of those paths with absolutely
continuous components. We will record the following hypotheses.
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(HI) LDP for arrivals and service processes. For all, E JR,

sup Ee"Y(x/c+c/c) < 00, (14)
k

and the sequence Sn satisfies the LDP in £d+1 with good rate function
I.

(H2) Linear geodesics. For each A E JRd+1, the limit

A(A) = lim ~logEexp(t A' Xk)
n-oo n k=l

(15)

exists as an extended real number and is finite in a neighbourhood of
the origin. Note that A is automatically convex. (Hi) holds and the
rate function I is given by

I(c/» ={ J~ A*(4))ds c/> E .Ad~l
00 otherwzse

(16)

where A* is the Fenchel-Legendre transform of A.

(H3) Asymptotic independence of arrivals and service processes.
(H2) holds, and A* is of the form

A*(z,c) =A:(z) + Ab(c), (17)

for (z,c) E JRd XJR.

For fairly general conditions under which the hypothesis (H2) is satisfied,
see [7J.

Theorem 2.1 If (Hi) is satisfied, then the sequence Rn satisfies the LDP
in £d with good rate function given by

Id(.,p) = inf{I(c/»: A(c/» = .,p},

where A : Cd+1~ Cd is defined by

(18)

A(c/» = (¢}, ... ,¢d), (19)

D(c/»(t) = inf [A(c/»(vt) - ¢d+I(vt)] +¢d+I(t), (20)
0$11$1

T(c/»(t) = inf{r: A(c/»(r) = D(c/»(t)}, (21)

A(c/» = A(c/» 0 T(c/». (22)
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Corollary 2.2 If (H3) is satisfied, then Dn/n satisfies the LDP in ffi.~ with
good rate function given by

Ad(z) = inf{,6A:(x/,6) + erA: (Z:X) +,6Ab(c)+(1-,6)Ab(~=;):

,6,er E [0,1], c E ffi., ,6 +er:5 1, x:5 ,6c}.

We can deduce the large deviation properties of departures from a queue
fed by a single arrivals stream by setting d = 1. This generalises results of
de Veciana et al. [9, Theorem 3.1] and Chang et al [4], and sharpens a
result of [12, Theorem 3]. For a closer look at the optimisation problem in
Corollary 2.2, see (15].

3 Equilibrium results

In the last section we assumed that the buffer was initially empty. In the
case of a single input (d = 1), Chang and Zajic [5] prove a stationary version
of Corollary 2.2 and make the important observation that the rate function
for the departures in the stationary case is generally different from the 'tran­
sient' case when the service rate is stochastic (otherwise it is the same)j the
difference stems from the fact a large (positive) deviation in the departures
can be encouraged by starting with a very long queue. Recall that the tail
decay of the queue length distribution is determined by A~ and Ab. Their
result states that, under additional mixing hypotheses, if there is just one
arrivals process, the rate function for the stationary departure process is
given by

Ad(z) =oz - sup [ox - A:(x)] +Ab(z V fJ.b),
x:::z

for z ~ A~(O), where

0= inf(A:(w + c) +Ab(c)]/w.
'W,e

(23)

(24)

The additional mixing hypothesis is assumed because the queue-length at
time zero is not necessarily independent of subsequent service and arrivals.
One might therefore expect a similar result to hold for departures from a
shared buffer when the system is assumed to be initially in equilibriumj note,
however, that to describe the state ofthe system in equilibrium requires more
than just a single queue-length, or even d queue-lengths.
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We will begin by setting up a stationary version of the system described
in the previous section. Suppose {(Xk, Ck): k E ~} is an ergodic, station­
ary sequence in m.t x m.+. It is convenient to define cumulative arrivals and
service on intervals: set

I

Ak,l = L Xj,
i=k+l

I

Bk,l = L Cj;
i=k+l

(25)

we will write An for Ao,n and B n for BO,n. As before, for 0 =5 t =5 1 we set

(26)

and for 0 =5 r =5 Lin, set On(r) = N([rn])ln. We will continue to refer to
the hypotheses recorded in the previous section. The following hypothesis
will guarantee stability, and facilitate the proof of Theorem 3.1 below.

(H4) Stability. (H2) holds, and p. = yoA(O) exists with A(j.L) < J.Ld+l.

The (total) amount of work in the queue at time n E ~ is given by

(27)

Lemma 3.1 If (H4) holds, then P(Qn < 00) = 1 for all n.

The hypothesis (H4) will be in force throughout this section. Note that
Q satisfies the Lindley equations (1). The (total) departures during the
interval (k,l] is given by

(28)

Set
K =inf{k 2: 0: Q-k = O}, (29)

and note that Qo = A-K,O - B-K,O'
Just as in the previous set-up, we need to specify the quantities of in­

terest, and this requires an assumption about how service is distributed
between inputs. Let

L =- sup{k =5 0: A-K,k =5 D-K,O}

and define the departures D-K,O = (D:K 0" .. ,D~K 0) from the respective
inputs on the interval (-K, 0] to be' ,

D-K,O = A-K,-L + E,
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where

€ = (D-K,O - A-K,-L)X1-L/X1-L.

To justify our notation, note that D:K °+... +D~K°= D-K,O'
To describe the state of the system 'at time 0, we ~onsider the following

IR~-valued process: set N(L) = A-L,O - €, and for k = 1, ... ,L - 1 set
N(k) = A_k,o. Note that Ni(k) is the amount of work of type i that's been
waiting in the queue for at most k units of time; N(L) = Qo, and Ni(L)
is the amount of work of type i in the queue at time O. For clarity we will
write Q°for N (L ); Q n' the respective amounts of work in the queue at any
other time n, is defined similarly. Write On for the polygonal approximation
(see, for example, (38)) to {A_nt,o/n, t ~ O} on the interval [0,1], where
1 = L - £/X 1-L. Note that On(l) =Qo/n. The first result of this section
is an LDP for On.

We will begin our preparations by extending the range of path spaces:
for each positive integer k denote by .c~ the subspace of paths in Loo([O, r])k
with non-decreasing components, by C: C .c~ the subspace of continuous
paths starting at zero, and by A~ C C: the set of those paths with absolutely
continuous components. Finally, we set

Bk = {8 EC:: T > O}, (30)

and equip Bk with the topology defined by the metric

k k

d(8I, ( 2 ) = sup L 18~ (t) - 8;(t)/ + L 18~ (rd - 8;(r2)1, (31)
°9~Tll\~ i=l i=l

Theorem 3.1 If (H4) holds, then On satisfies the LDP in Bd with good
rate function given by

K(8) = inf{pA*(:z:,c) +1/3 A*(9,¢):

:z: E IR~, {3,p, c E II4, ¢ E A.a, r(x - c) = ¢({3)}.

Corollary 3.2 If (H4) is satisfied then On(L) (or equivalently, Qo/n) sat­
isfies the LDP in IR~ with good rate function

L(q) = inf{pA*(:z:,c) +{3A*(q/{3,p(x - c)/{3):

:z: E IR~, {3,p,c E IR+}.
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To state the LDP for the departures from an equilibrium system we
define the cumulative departures from respective inputs upto time n, by

(32)

and set Rn(t) = D[ntJ/n.

Theorem 3.3 If (H3) and (H4) are satisfied, and the queue is initially in
equilibrium, then Rn satisfies the LDP in .cd with a good rate function (the
expression is complicated), and Rn(I) (or equivalently, Dn/n) satisfies the
LDP in lRi with good rate function given by

Ad(z) = inf{L(q)+,81A* (ZI,8~q, ;:) +,82A*(Z2/,82,C2)

+rA~ (Z - z; - Z2) + (1 - ,81 - ,82)Ab(:~ ;: =;:) :
q,zl,z2 E lRi, c2,,81,,82, r E lR+, ,81 +,82 + r ~ 1,
,82c2 ~ Z2}.

4 Proofs

Proof of Theorem 2.1. Throughout the proof, II· II denotes the supremum
norm on .c and for ¢ E .ck, with a slight abuse of notation we write II¢II =
Li Iletill; this metric generates the uniform product topology in .ck. The
maps A : Cd+1 -+ Cd, D : Cd+1 -+ C, T : Cd+! -+ C and A : Cd+1 -+ Cd are
defined (as in the statement of the theorem) by

A(¢) = (¢>1, ..• ,¢>d) (33)

D(cP)(t) = inf [A(cP)(vt) - ¢>d+!(vt)] +¢>d+l(t), (34)
0$119

T(¢)(t) =inf{r: A(¢)(r) = D(¢)(t)}, (35)

A(¢)=A(¢)oT(¢). (36)

Lemma 4.1 The mapping A: Cd+l -+ Cd is continuous.

Proof. Suppose ¢,;P E Cd+! and IIcP -;PII ~ ( for some ( > O. Then
IID(¢) - D(4))II ~ 2£. For brevity, fix t and set r = T(¢)(t), T = T(;P)(t),
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d

L I¢i(r) - ¢i(f)1 <
i=l

d =D(¢)(t), d =D(4))(t). Since ¢i is non-decreasing for each i,

d

L I¢i(f) - ¢i(r)1 = IA(¢)(f) - A(¢)(r)1
i=l

< IA(¢)(r) - A(4))(f)1 + Id - dl
< 3(.

Thus,

d

L I¢i(r) - ¢i(r) +¢i(r) - ¢i(r)1
i=l

d

$ L l¢i(r) - ¢i(r)1 +(
i=l

< 4L

Since this holds for all t we have

and the result follows. 0

For each t, set

and

Note that a(Sn) = iln.
Recall that Sn and Sn are called exponentially equivalent if, for all 0 > 0,

1 -
lim sup -logP(IlSn - Snll > 0) = -00.

n-oo n
(40)

Lemma 4.2 If (Hl) is satisfied then Sn and Sn (Rn. and Rn) are expo­
nentially equivalent in £d+l (£d).
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Proof. Observe that

(41)

this implies that for all 'Y > 0,

P(IISn - Snll > 0) < nSUpP(Xk + Ck > on)
k::;n

< ne--ron sup Ee-r(XIc+C,.),
k

and now (40) follows from (HI) by considering first the normalised logarith­
mic limit as n -+ 00 and then letting 'Y -+ 00. The exponential equivalence
of Rn and iln follows, by a similar argument, from the fact that

(42)

o

Lemma 4.3 If (HI) is satisfied then Sn satisfies the LDP in Cd+1
•

Proof. By the previous lemma, Sn satisfies the LDP in £d+!. The LDP
in Cd+! follows from the fact that the domain of I is contained in Cd+1 and
Sn E Cd+l almost surely for all n (see, for example, [8, Lemma 4.1.5]). 0

We can now combine the above lemmas and apply the contraction prin­
ciple [8, Theorem 4.2.1] to get that iln satisfies the LDP in Cd with good
rate function

(43)

Now since Cd is a closed subspace of £d, kn also satisfies the LDP in £d,
and the result follows from the exponential equivalence of Rn and kn in £d.
o

Proof of Corollary 2.2. We begin with a trivial application of the con­
traction principle to get that Dn/n satisfies the LDP in m.~ with good rate
function given by

J(z) = inf{I(¢): ¢(T(¢)(I)) = z}

= inf {11

A*(;P): ¢(T(¢)(l)) = z}.
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To simplify this, consider a path tP E A d+1 with tP(T(tP)(l)) = z: we will
show (and the statement of the theorem will follow) that there exists a path
tPl E Ad+I with

(44)

and

I(tP) ~ I(tPl) = (3A:(xjfJ) +(r - (3)A: (;=;) +(3Ai,(c) +(1- (3)Ai,(c'),
. . . (45)

for some 0 ~ {3~. r ~ 1, xE m.d, e,r! Em. with x.~ {3e and z-x = (l-{3)e'.
Set

(3 = sup{t: A(tP)(r)-A(tP)(t) =</i+1(1)_¢d+l(t)}, r =T(tP)(l), (46)

and recall that by the hypothesis (H2) there exists p, E m.d+I with A-(p,) = O.
Define tPl by its derivatives on [0,1]:

{

¢i({3)j{3 0 ~ s < (3
ci>i(s) = {¢i(r) - ¢i(~)}j(r - (3) {3 ~ s < r

J.l' r ~ s ~ 1

for i = 1, ... , d, and

(47)

(48)

That tPl satisfies (44) is easy to check and the inequality in (45) follows from
Jensen's inequality. 0

Terminology. Troughout the remainder of this paper we will refer to the
modifications in (47) and (48) as 'straightening'. For example, we say. that
¢t+1 is obtained from ¢d+l by straightening ¢d+l on the intervals [0, {3] and
[(3,1].

Proof of Theorem 3.1.
For t ~ 0 set

(

[nt) tnt) )

Pn(t) = EX_k,EC-k . (49)

To apply the contraction principle here, we need to work in a stonger topol­
ogy than the usual projective limit topology (note that On is a function of
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P n on the entire half line). Denote by AIL the space of absolutely contin­
uous functions ¢J : ffi.+ - ffi.d+l with non-decreasing components, ¢J(O) = 0
and

lim ¢J(t)/t = IL,
t-oo

equipped with the topology induced by the norm

In [18) it is shown that if (H4) is satisfied then P n satisfies the LDP in AIL
with good rate function given by

Define mappings u : AIL - ffi.+, D : AIL - ffi.+, (3 : AIL - ffi.+ and
E> : AIL - Bd by

u(ep) =inf{s ~ 0: A(ep)(s) - ¢d+l(s) = sup[A(ep)(t) - ¢d+I(t»)}, (50)
t

D(ep) = inf [A(ep)(s) - ¢d+l(s)] + ¢d+l(U(ep)), (51)
",$CT(ep)

f3(ep) =inf{s ~ 0: A(ep)(u(ep» - A(ep)(s) = D(ep)}, (52)

and for 0 :5 T:5 (3(ep),
8(ep)(r) = A(ep)(r). (53)

Note that 1 = n(3(Pn) and so 8(Pn) = On. The following lemma will allow
us to apply the contraction principle to obtain the LDP for On'

Lemma 4.4 The mapping E> : AIL - Bd is continuous.

Proof. Note that for ep,ep E AIL' (3(ep) and f3(ep) are finite (since A(IL) <
J.Ld+l ), and we have

and

A(ep)«(3(ep» = sup[A(ep)(t) - ¢d+I(t)],
t

A(ep)«(3(ep» = sup[A(ep)(t) - rpd+l(t)].
t

(54)

(55)

Thus, if lIep - epllu < € for some € > 0, there exists t(ep) > 0, independent of
ep, such that

IA(ep)(f3(ep» - A(ep)(f3(ep»1 < 2€(1 + t).

13
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(The value of t is chosen so that

lit~ -JLI < f,

for all s > t.) Now, since the paths A(ep) and A(cp) are non-decreasing, we

have

L IAi(cp)(,B(cp)) - Ai(cp)(,B(cp))1 = IA(ep)(,B(cp)) - A(cp)(,B(cp))1

< IA(ep)(,B(ep)) - A(cp)(,B(cp))I
+/A(ep)(,B(cp)) - A(cp)(,B(cp))1

< 2f(2 + t(cp) + ,B(cp)),

and so we have

L IAi(cp)(,B(cp)) - Ai(cp)(,B(cp))/ < IA(cp)(,B(cp)) - A(cp)(,B(cp))1

+IA(ep)(,B(cp)) - A(ep)(,B(ep))1

< 2f(3 + t(cp) +2,B(cp)).

Also, for r < ,B(bvphi) 1\ ,B(ep),

L IAi(cp)(r) - Ai(ep)(r)1 < f(1 + ,B(cp)).
I

It follows that d(6(cp),6(ep)) < 2f(2 + t(cp) + ,B(cp)) , and the statement
follows. 0

We now have by the contraction principle that On satisfies the LDP in
Bd with good rate function given by

K(6) =inf{Ioo(cp) : 6(cp) =O}. (57)

This can now be simplified by noting that for any cp E AJL with 6(cp) = 0,
there exists a path CPI with 6(CPI) = 0 and

K(cp) ~ K(CPI) = (0- - ,B)A*(x,c) +1{3 A*(8,¢)

where x E lRt, 0- > ,B > O,c,d > 0, '1/1 E A{3, (0' - ,B)(x - c) = 'I/1(,B); the
path is obtained by straightening cp (see remark after proof of Corollary 2.2)
on the interval [,B(cp), 0'(cp)], and setting

CPI (s) = JL( s - 0'(cp)) + cp(0'(cp))

14



on [CT(cp), 00]. o

Proof of Theorem 3.3.

(59)
s> r,

_ { c/J(r - s) - c/J(r)
Pr(CP,c/J) - cp(s - r) + c/J(r)

and Li : AJL X Ad+l _ Ad by

Li(cp,c/J)(r) = A(cp)(,8(cp)) + c/J(r) - A(Pr(CP, cP))(,8(Pr(CP, cP)))· (60)

Note that Li(.Pn,Sn) = iln, where iln is the polygonal approximation
to Rn.. The continuity of ~,and hence the LDP for fin, follows from
Lemma 4.4; just as in the proof of Theorem 2.1, we can deduce that the
LDP holds for Rn. in the space £d, with good rate function given by

id(,p) = inf{Ioo(cp) + I(c/J): ~(cp,c/J) = ,p}. (61)

As in the proof of Corollary 2.2, the contraction principle implies that
Dn/n satisfies the LDP in IRd with good rate function given by

J(z)=inf{Ioo(cp)+I(cP): ~(cp,c/J)(I)=z}. (62)

To simplify this, consider a path (cp,c/J) with ~(cp,c/J)(I)= z and set

,81 = inf{r > 0: e(Pr(CP,cP))(I) = O}, (63)

,82 =sup{r ~ 1: e(Pr(cp,c/J))(I) =O}, (64)

T =inf{t ~ 1: 0(cp)(I) +A(c/J)(t) =6(cp,cP)(I)}. (65)

If,81 ~ 1, then,82 ~ T ~ 1, and we can find a path (CPl' cPd with Li(CPl' c/J1)(1) =
z and
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for some :I:,q,ZI,Z2 E lRi, f3,p,c,C',CI,C2,/31'/h,T E lR+, with p(x - c) =
f3c', f31 + f32 +T ~ 1, and f3ICI = ZI, f32C2 ~ Z2. The path 'PI is obtained by
straightening c,o on the intervals [0, f3( c,o)], [f3(c,o), u('P)] and setting

c,ol(S) = p.(s - u(c,o)) + c,o(u(c,o))

on [u(c,o), 00]; cPI is obtained by straightening cP on [0, f3I] and modifying cP
on [f3I, 1] in the same manner as in the proof of Corollary 2.2. The case
f31 = 00 implies surplus queue-length at time 1, which can be removed by
modifying c,o in such a way that A(c,o,cP)(I) is unaltered and l oo ,l(c,o,cP) is
reduced. 0
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