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1 Introduction

Symmetry sets for planar shapes have received a great deal of attention from the mathematical,
biological, and computer vision communities since original work by Blum [7]. The symmetry set
of a planar curve is defined as the closure of the locus of points equidistant from at least two
different points on the given curve, providing the distances are local extrema [9]. The fact that
the distances are local extrema means that the symmetry set point lies on the intersection of the
(Euclidean) normals at the corresponding curve points. This leads to an equivalent definition
of the symmetry set, as the closure of centers of bitangent circles. Blum actually defined the
symmetry set in a different way: If fire is turned on at the boundary of the shape, and it travels
with uniform speed, the symmetry set is the points were two or more fire fronts collapse. These
points are called shocks in wave equations [31].

A sub-set of the symmetry set, usually denoted as medial axis or skeleton, is defined as those
points corresponding to centers of bitangent disks completely inside the shape. Figure 1 shows
an example ofthis structure in the discrete Euclidean plane. As we see from Figure 1, the medial
axis is a very attractive shape representation. If we observe the axis itself, it represents the shape
'without width.' This turns out to be very important for scale invariant shape representation for
example. Moreover, the medial axis, together with the corresponding radii of bitangent disks,
can be used to reconstruct the original shape [11, 29, 30]. The shape is just the union of those
disks, and its boundary is the envelope of the disk boundaries [10]. These are the main reasons
why the computer vision and shape analysis communities became very interested in studying
symmetry sets. Reviewing the incredible large computer vision literature in the subject is out
of the scope of this paper; see for example [21, 25, 29, 30] and references therein.

Figure 1: Example of the Euclidean medial axis on a Matisse painting. This figure was computed
using discrete mathematical morphology on a discrete image, resulting in a discrete medial axis.
Note how the medial axis captures the general shape of the figure. (This is a color figure.)

The computation of symmetry sets is not straightforward, specially for noisy shapes obtained
from real images, and this has been the subject of extensive research as well [15, 25, 26, 29].
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Approaches include the derivation of the set via the computation of Voronoi diagrams, 1 re­
defining the medial axis for discrete shapes, and simulations of Blum's prairie-fire transform.
Since for noisy shapes, the symmetry set is very noisy, 'pruning' algorithms were proposed in
the literature as well.

Symmetry sets and medial axes found their way beyond computer (or "artificial") vision.
Symmetry is in general an attractive feature for human vision [22]. 2 Recent results show that
symmetry sets may playa role in biological vision as well [18, 19, 20]. Both psychophysical
and physiological studies show that biological visual systems might have better performance
when observing points in certain positions on the medial axis. The experiments in [18] for
example are based on measuring the human detection sensibility to a Gabor-type patch placed
at different positions inside a given closed curve, defined itself also by oriented Gabor-type
patches. Increased sensitivity was found at certain points on the medial axis of the shape
defined by the given closed curve. The interested reader is referred to the mentioned papers for
more details on these very exciting results.

In addition to its properties for shape analysis, the symmetry set turned out to be a very
interesting mathematical structure as well. Following Blum's work, who already presented a
number of mathematical properties of the medial axis, researchers studied the formal repre­
sentation properties of the symmetry set [11, 29], its differential structure [8, 9, 10, 15], its
topological structure (see Matheron's chapter in [30]), its relation with curvature [21], and many
other mathematical properties. Relations between singularity and bifurcation theory [1, 2, 3, 4]
and symmetry sets are described for example in [9], where an extensive list of references on the
subject can be found as well.

Symmetry sets, medial. axes, and Voronoi diagrams, are based on the classical definition
of the 12 Euclidean distance between points, being therefore only Euclidean invariant (it and
llX! metrics were used to define Voronoi diagrams as well). In this work we present and study
symmetry sets which are affine invariant. Two alternatives to affine invariant symmetry sets are
presented. The first one is based on a definition of affine invariant distances, obtaining the affine
symmetry set as the closure of locus of points affine-equidistant from at least two points on
the curve, providing that the distances are local extrema. In the Euclidean case, the analogous
requirement is that the Euclidean distances from a point of the symmetry set to two points on
the curve are equal and local extrema.

The second approach is based on affine bitangent conics. In this case, the symmetry set is
defined as the closure of the locus of centers of conics having at least a three-point contact with
two or more different points on the curve. This is equivalent to saying that the conic and the
curve have the same affine tangent at those points. This also is analogous to the Euclidean case
where 'three-point contact conic' is replaced by 'two-point contact circle.' As pointed out above,
the analogous Euclidean definitions are equivalent. This is not true for the affine group.

Following the formal definitions of the affine symmetry sets, we present a number of their
properties, studying mainly their local structure, but also investigating the possibility of deduc­
ing global affine symmetry of a curve from its affine symmetry set. We conclude the paper with'
a discussion of the extension of this work to higher dimensions, other transformation groups,
and invariant Voronoi diagrams.

1This diagram is defined by the plane partition obtained dividing the planar points according to their proximity
to points in a given set: Points closer to a given set point than to any other one in the set, belong to the same
group, and groups boundaries give the Voronoi diagram.

2 Note that the symmetry set is a collection of straight segments for symmetric shapes.
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2 Planar affine differential geometry

We now present basic concepts on affine differential geometry of planar smooth curves (bound­
aries of planar shapes). For more details on classical results, see [6].

Let I(t) : [0,1]-+ JR2 be a planar curve parametrized by t. The basic idea behind planar
affine differential geometry is to define a new parametrization, s, which is affine-invariant (we
restrict our analysis to special, area-preserving, affine transformations). It can be proved that
the simplest affine-invariant parametrization s is given by requiring at every curve point ,(s)
the relation

(1)

In (1), subscripts denote derivatives 3 and [".] stands for the determinant of the 2 X 2 matrix
defined by the JR2 vectors. The vector Is is the affine tangent and Iss the affine normal. The
affine normal is the locus of centers of conics with at least four-point contact with the curve. It
is clear that (1) can not hold at inflection points, and affine differential geometry is not defined
at inflection points. Therefore, we assume from now on that I is a strictly convex curve (this
curve is also called an oval). 4

From (1) we observe that given an arbitrary.parametrization,

For example, if v is the Euclidean arclength (bv, IV) = 1), then

ds = lIv"vv]1/3dv = [t, ~iiP/3dv = ~1/3dv,

where t, ii, and ~ are the Euclidean unit tangent, unit normal, and curvature respectively. This
relation was introduced in [27, 28] for the study of affine invariant curve deformations. From
the above, the relation between the affine and Euclidean tangents is obtained,

Differentiating (1) we obtain

Therefore,

IS = ~-1/3t.

ISSS + J-l,s = 0

(2)

(3)

for some J-l( s) E JR. This function J-l is the affine-invariant curvature, and is the simplest non­
trivial affine differential invariant, defining I up to an affine transformation. It is easy to see
that

J.t = lim ISSS]' (4)

Curves have constant affine curvature if and only if they are conic sections. There are at least
six points such that J.ts = 0 in a closed convex curve [6, §19]. These points are called sextactic
and are the affine vertices of a curve. Osculating conics passing through ,(s) have five-point
contact with the curve if ,(s) is not sextactic, and at least six-point contact (generically exactly
six-point) if it is.

3We will also denote derivatives by the prime '.
4 Since inflection points are affine-invariant, segmenting the curve into convex portions does not bring a major

problem for most shape understanding problems.
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3 Affine symmetry sets: Invariant distances

In this Section we present and study the first of our affine invariant symmetry sets. Since it
is based on distance functions, we begin with the presentation of an affine invariant distance
[6,17,24] and its main properties.

3.1 Affine invariant distance

Definition 1 Let X be a generic point on the plane, 5 and ,(s) a strictly convex planar curve
parametrized by affine arclength. The affine distance between X and a point ,(s) on the curve
is given by

d(X,s):= [X -,(s)"s(s)]. (5)

Note: In order to be consistent with the Euclidean case and the geometric interpretation of the
affine arclength, d(X, s) should be defined as the 1/3 power of the determinant above. Since
this does not imply any conceptual difference, we keep the definition above to avoid introducing
further notation. In [17] the above function d(X, s) is called the affine distance-cubed function.

In contrast with the Euclidean case, the affine distance is defined between a generic JR,2 point
and a curve point. Since the basic geometric affine invariant is area, we need at least three points
or a point and a line segment to define affine invariant distances. This is the reason there is no
affine distance between two points on Euclidean space.

The above definition of affine distance was used in [17] to study the affine evolute and
the curve ,ss (a number of properties of the curve ,ss are given in [27] as well). We present
now some of the basic properties of d(X, s) (see also [17, 24]). Replacing the affine concepts by
Euclidean ones, the same properties hold for the classical (squared) Euclidean invariant distance
(X -"X -,).

Proposition 1 The affine distance satisfies:

1. d(X,s) is an extremum (i.e., ds = 0) if and only if X -,(s) is parallel to ,ss, i.e. X lies
on the affine normal to the curve at ,(s).

2. For non-parabolic points (where the affine curvature is non-zero), ds(X, s) = dss(X, s) = 0
iff X is on the affine evolute.

3. , is a conic and X its center if and only if d(X, s) is constant.

4. X -,(s) = a,s(s) - d(X,shss(s), for some real real number a.

Proof:

1.

Then, ds = 0, that is, d has a local extremum, iff X - , is parallel to the affine normal
,ss, which means that X is on the affine normal. 0

5We use capital bold letters to indicate points in 1R2
•
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2. From (1) and the relation dss(X,s) = [X -1',l'sss] -1, it follows that the first and second
derivatives of the affine distance vanish iff (non-parabolic points) X = I' + J1- 1 I'ss, which
is the definition of the affine evolute. 0

3. The proof is left to the reader (or see [24]).

4. We have X - I'(s) = aI's + f3l'ss for some real numbers a and 13. Now take the 'bracket'
[,] of both sides with I's to show 13 = -1. 0

3.2 Affine invariant symmetry sets

From the definition above, we are now ready to present the first possible affine invariant sym­
metry set. As pointed out in the Introduction, the same definition is frequently used for the
classical Euclidean symmetry set, replacing all affine concepts by Euclidean ones.

Definition 2 The affine distance symmetry set (A1JSS) of a planar convex curve 1'(s), also
called an oval, is the closure of the the locus of points X in 1R2 on (at least) two affine normals
and affine-equidistant from the corresponding points on the curve. In other words, X E 1R2 is a
point in the affine distance symmetry set of 1'(s) if and only if there exist two different points
s}, S2 such that d(X, Sl) = d(X, S2), and ds(X, Sl) = ds(X, S2) = 0, or if X is a limit of such
points.

We present now a number of basic properties for the A1JSS.

Proposition 2 Let X(v) : IR --+ 1R2 be a segment of the affine invariant symmetry set, and
Sl (v ), S2( v) the corresponding points on 1', where we use affine arclength s as parameter on I'
(see §3.4 for smoothness conditions). Then

1. The tangent to X(v) is parallel to I's(Sl(V)) -l's(S2(V)).

2. The A1JSS has an inflection point iff

where d(X) is the common affine distance and J1}, J12 the affine curvatures.

3. The tangent to the A1JSS and the two tangents to the ovalI' at the corresponding points
S1 and S2, all intersect at one point.

4. [,(Sl( v)) - 1'(S2(v)), I'ss( Sl (v)) - I'ss( S2(v))] = O. Conversely, if this holds, then the inter­
section X of the affine normals at 1'(Sl) and 1'(S2) satisfies the conditions of Definition 2
above.

Note: The last result provides a method of drawing the affine distance symmetry set: Using
arclength parameter on 1', find the solutions of the equation in two variables S1, S2

(6)

This set in (s}, sz)-space can be called the pre-A1JSS. Then for each solution, find the inter­
section X of the affine normals at I'(Sl),I'(S2). Of course it is an easy matter to rewrite the
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above condition in terms of any given parametrization of 'Y. If 'Y(t) = (X(t), Y(t)) is an arbitrary
regular parametrization of'Y then (using' for dldt) write k(t) = X'Y" - X"Y'. We have

'Yss = k-2/3'Y" - ~k'k-5/3'Y'.

Proof of Proposition 2:

1. Let Sl and S2 be the corresponding curve points for X(v) E A1JSS, and v the Euclidean
arclength. From the equal distance condition we have

Tacking derivatives with v, and defining h(s) := dsldv, we get

[Xv(v) - h(Slhs(Sl),'Ys(Sl)] + [X(v) - 'Y(sl),h(slhss(sd] =
[Xv(v) - h(S2hs(S2),'Ys(S2)] + [X(v) - 'Y(s2),h(S2hss(S2)].

Since X is in the affine symmetry set, the second term on each side of the equality is zero,
and we get .

[Xv(v), 'Ys(sd] = [Xv(v), 'Ys( S2)].

Therefore, Xv is parallel to 'Ys(Sl) - 'Ys(S2),

o

2. Now, let's compute the Euclidean curvature:

The curvature "'x is [Xv, X vv]. Therefore

"'x = [f(V)(-ys(Sl) - 'Ys(s2)),fv(v)('Ys(Sl) - 'Ys(S2)) +
f(v)(h(Slhss(Sl) - h(S2hss(S2))] =
[f(v)('Ys(Sl) - 'Ys(S2)), f( v)(h(slhss(Sl) - h(s2hss(S2) )].

Since bs, 'Yss] = 1 for all s, the condition for inflection point on the A1JSS, that is "'x = 0,
IS

Let's compute now the function h. Since X E A1JSS, we have

b((Sl(V)) - X(v),'Yss(Sl(V))] = o.

Differentiating with respect to v we have,

where d is the common value of the affine distance ['Y( Si) - x, 'Ys( Si)], i = 1,2, and 1-l1 the
affine curvature at 'Y(Sl). A similar result holds for ds2/dv. We also know from before
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[,(S2), 1'(Sl) - (1/ I, O)T]
Y'(Sl)

['(S2), ,'(sd - (1/1, a?]
Y'(Sl)

that Xv(v) is a multiple of IS(St} -ls(S2). This multiple cancels out from the inflection
equation when substituting for ds1/dv and ds2/dv, obtaining

(1- [,s(S2)"ss(Sl)])2(1-1-l1d) = (1- [,s(Sl)"ss(S2)])2(1-1-l2d).

Incidentally if 1-l1 = 1-l2 (the shape is locally affine symmetric, see next) and [,s(S2), , ssesI)] =
[,s(Sl)"ss(S2)], then the inflection condition holds. The second of these conditions is the
same as requiring that the tangent to the AVSS passes through the midpoint of the chord
joining ,(sd and ,(S2). 0

3. We assume the tangent at the point X E AVSS corresponding to the pair C!(Sl),/(S2)) E
I( s) is the x-axis. We also know by now that the tangent to the AVSS is parallel to
,'(Sl) -I'(S2). Then

(l,a? = l(v)(,'(Sl) -,'(S2))'

where I(v) is the normalization factor. We then have that

,'(S2) = ,'(sd - (1/1,0?,

or, writing the explicit coordinates of the points in ,(s) = (X(s), yes)),

X'(S2) = X'(Sl) - 1/1, Y'(S2) = Y'(Sl).

Now, the intersection of 1'(Sl) with the x-axis is given by

[,(sd,,'(Sl)] _ X(Sl)Y'(Sl) - X'(SI)Y(Sl)
Y'(sI) Y'(Sl)

In the same way, the intersection of ,'(S2) with the axis x is (using the relation above
between ,'(sd and ,'(S2))

[,(S2), 1'(S2)]
Y'(S2)

We have to prove that both intersections are the same, that means we have to prove the
equality

[,(Sl),,'(Sl)]
Y'(Sl)

which is equivalent to proving

[,(Sl),,'(Sl)] = [,(S2),,'(Sl)] - [,(s2),(1/1,0?].

We have now to connect I(Sl) with I(S2). For this, we use the fact that those points define
a certain point on the AVSS. This point has coordinates X = (p, of. Then, from the
equal affine distance condition we have

[X -,(Sl),,'(Sl)] = [X -,(S2),,'(S2)]'

We again substitute ,'(S2) to obtain

[X - I(Sl), 1'(Sl)] = [X - I( S2), 1'(sd - (1/1, O?].

Then, since X = (p, of ([X, (1/1,0) = OD, simplifying the equality above we obtain

-[,(st}, 1'(St}] = -[,(S2), 1'(Sl)] + [,(S2), (1/I, O?],

which proves the relation above, that is, the condition for the AVSS and the two corre­
sponding oval tangents to all intersect at one point. 0
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4. Let us drop the variable v from the notation. Since [X-,(sI), ,ss(st)J = [X-,(S2), ,ss(S2)J =
0, we can write

(7)

for some real numbers A, J.L. However bracketing these equations with,s(Sl) and ,s(S2)
respectively and using the affine arclength condition lis, ,ssJ = 1 gives A = J.L. Subtracting
the two equations in (7) now gives ,(sI) -,(S2) parallel to ,ss(Sl) -,ss(S2) as required.
Conversely it is easy to show that if the latter condition holds and if the first vector is -A
times the second, then X defined by X = ,(Sl) + A,ss(Sl) = ,(S2) + A,ss(S2) satisfies the
conditions to be on the ADSS . 0

In passing we note that the last result of the proposition makes it possible to draw also the
affine invariant equivalent of the midpoint locus or smoothed local symmetry (see [15]), where
the midpoint of the chord joining ,(Sl) to ,(S2) is taken in preference to the point X. Figure
2 shows examples of the ADSS and other affine invariant characteristics of the curve. These
drawings were obtained using the relation in Proposition 2 to compute the pre-AVSS, and were
implemented in Maple [13J and the Liverpool Surface Modeling Package [23J.

Theorem 1 Let ,(s) be a strictly convex planar closed curve. For every non-sextactic point
,(so) there exists a point X E JR2 and at least a second point ,(Sl) such that X is in the affine
distance symmetry set (X E ,ss(so), X E ,ss(st), and d(X, so) = d(X,Sl))' Exceptionally, the
point X will be 'at infinity, ' when the affine normals through ,(so) and ,(Sl) are parallel.

Proof: Given a Cartesian coordinate system (x, y), we can assume that ,(so) = (0,0), ,s(s, 0) =
(0,0), and ,ss(so) = (0, ,8), where 0,,8 E JR. The orientation of the affine tangent and normal
vectors at So can be selected since any angle can be transformed into 90 degrees by an affine
transformation. It is also easy to prove, see Equation (2), that ° = 1',-1/3, where I', is the
Euclidean curvature at ,(so). Since d(X, so) is minimum, X E 'ss(so). Therefore, X = (O,A),
A E JR. In order to find a second point ,(Sl) having the same affine distance to X as ,(so)' we
have to show that there exists Sl such that

and

The first condition comes from the equal affine distance while the second one comes from the fact
that X must be on the affine normals corresponding to So and Sl. Writing ,(s) = (x( s), y( s)),
combining the two conditions above, and substituting X = (O,A) and ,s(so) = (1',-1/3,0), we
obtain that a necessary and sufficient condition for the existence of a second point Sl is given
by the function

h( ) - 1/3S - xYss - xssY - Xl', ,

having a zero for Sl =F so. This gives a finite point for X provided the affine normals at ,(so)
and ,(Sl) are not parallel (X ss (Sl) =F 0). The affine distance symmetry set 'goes to infinity' if
they are parallel.

If ,(so) is not a sextactic point, then it is easy to prove that the function h has a 3-fold zero
at (0,0), and since it is smooth and periodic, it must have another zero. For sextactic points, a
4-fold zero is obtained, and nothing can be deduced for the existence of another zero. 0
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Figure 2: Example of the AVSS. The first row shows the oval (left), together with the affine
evolute (green) and points on the AVSS (red) on the right. Note how the AVSS ends at evolute
points, as proved in this paper. The second row shows the pre-AVSS (left) and the complete
AVSS (right). On the third row we see the Euclidean (left) and affine (right) curvatures of the
oval.
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This result means that (almost) all the points on the curve have an associated second point
such that the pair defines a point on the affine distance symmetry set. Sextactic points will define
the ends of the ADSS, where So becomes equal to SI in the limit, as we see in the following
Section. In fact with a little more trouble one can strengthen the result of Theorem 1 to show
that, if ,(so) is not a sextactic point, then there are at least two other points ,(SI),,( S2) giving
points of the ADSS. We are grateful to S. Tabachnikov for pointing this out to us. We do not,
in this paper, enter into a detailed description of the ADSS, and the result just presented is
enough for our goal. For relations to general questions see [32].

As mentioned before, fronts motion can be used to obtain the Euclidean medial axis (a sub­
set of the symmetry set such that the corresponding disks are included in the shape). More
specifically, being T the evolution time, this is obtained via the shocks (front collisions) of the
flow ~ = ii, where ii is the Euclidean unit normal. The analogous flow in the affine case will
be to (locally) move the front with constant affine distance in the direction of the affine normal,

that is, ~ = ~, which is exactly the affine heat flow introduced and studied in [27]. Note
than in contrast with the Euclidean constant motion above, this affine motion does not create
singularities (the normal is not preserved), and smoothly deforms the shape to an elliptic point
[27]. More hints on why the affine heat flow might be considered the equivalent of the Euclidean
constant motion are given in [27].

3.3 Straight affine distance symmetry sets

If the Euclidean symmetry set is a straight line, then the curve, consists of two portions which
are symmetric by a reflexion in that line. It seems that there is no completely general analogy
to this in the case of the ADSS. We give a brief account of this matter below. As we shall see
in §4, there is an alternative construction for affine invariant symmetry sets which does have a
property completely analogous to the Euclidean case.

First of all, let's define what we mean by symmetry in the affine case.

Definition 3 .A planar shape is affine symmetric if it is the affine transformation of a shape
which is symmetric by a reflexion in a straight line.

Note that an affine symmetric curve, is composed of two arcs related by an affine transfor­
mation, that is, lJ.Lll = 1J.L21 for all corresponding points in the two arcs ,I and ,2' (Here, J.L is
affine curvature.)

It is straightforward to show that the ADSS of an affine symmetric curve contains a straight
line. We are now concerned with the question if a straight ADSS implies an affine symmetric
shape. Suppose then that for a given curve divided in two segments, the two pieces of curve
define an ADSS which is a straight line. Let the straight line be the x-axis, and let one of
the pieces of curve be , = (X(s), Y(s)), where s is affine arclength. Let the affine normal to
this curve meet the x-axis at (a(s),O) and let the tangent line meet the x-axis at (b(s),O). Let
(U(s), V(s)) be another piece of curve which, together with" gives the ADSS along the x-axis.
Note that we cannot assume that s is arclength on the second piece, corresponding points of the
two pieces of curve have the same parameter s so we cannot guarantee that affine arclength is
'transferred' from one to the other. We do know the following:
(i) The tangents to the two pieces meet on the x-axis, since this is tangent to the ADSS at
every point. Let the point of the x-axis where they meet be (b(s), 0), so that

XY'- X'Y
b = Y'

11
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(ii) The tangent to the ASS is in the direction of

(X', Y') - k- l
/
3(U', V'), where k = U'V" - U"V'.

This uses the formula '')'~ - ')'~' (see part 1 of Proposition 2) for the tangent direction, and allows
for the fact that s is arclength on (X, Y) but not necessarily on (U, V). Since this tangent is
along the x-axis we know that

Y' = k- l / 3V' for all s.

(We expect that if increasing s induced anticlockwise orientation on (X, Y) then it will induce
clockwise orientation on (U, V), i.e. that k will be < 0.)

There are also two other conditions which we know to hold:
(iii) The affine normals meet on the x-axis, at say (a(s), 0);
(iv) The affine distances from (a(s),O) to the two pieces of curve are equal.

It is of course possible to write down these two last conditions too, but it is not hard to show
that they actually follow from (i) and (ii) above.

We want to use (i) and (ii) to deduce the relation between (X, Y) and (U, V), that is, we
assume (X, Y) are given, with X'Y" - X"Y' = 1 for all s, and try to find U and V. Now (i)
and (ii) can be written as

V,3 = (U'V" - V'U")f, uv' - U'V = V'g, (8)

where we have temporarily written f for the 'known' function y,3 and 9 for the 'known' function
(XY' - X'Y)/Y'. We deduce from the first equation of (8) that

so that , '1 v' , ( )U = - V jds + ClV Cl = constant .

On the other hand from the second equation of (8) we deduce

d(U) V'g JV'g- - =-- sO U= -V -ds+c2V
ds V V2' V2'

for a constant C2.
Differentiating the la~t equation and equating with the other expression for U' we obtain

1v' 1V'g 9
- jds + (Cl - C2) = - V2 ds - v'

which on differentiation gives
VV' = fg' =YY',

the last "=" here being by direct calculation from the expressions for f and g, using X'Y" ­
X"Y' = 1. We can therefore deduce that

for a constant c.
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Suppose first that c = o. We then have V' = YY' IV, and substituting this and V 2 = y 2 in
the equation of (i) above we get

( ) ' (' ') . . d (X -U)X - U Y = X - U Y, whIch gIves ds Y = O.

This gives U = X + const.Y which together with V = ±Y shows that,the two pieces of curve are
related by an affine transformation (and also shows that k = ±1 so that in fact the parameter
s is affine arclength on the second piece of curve). Recall that, as above, we expect k < 0 when
the two pieces of curve lie on opposite sides of the x-axis.

It is, however, possible to have c =1= 0 and in that case we can construct examples where
the two pieces of curve are not related by an affine transformation. For example, if ,(s) =
(-s/2,1 - s2), we can follow the construction just presented to find the corresponding segment
(U, V) that defines together with, a straight A1JSS, although it is not related to , by an affine
transform. This example is shown in Figure 3, for a specific selection of the constants in the
construction above. The A1JSS is part of the x-axis, and the two arcs are not related by an
affine transform.

/
Figure 3: Example of a straight AVSS defined by two arcs which are not related by an affine
transformation. One of the arcs is given by ,(s) = (-s/2, 1- s2), and the second one is obtained
from the construction developed in the paper. The AVSS is on the x-axis.

Note that from the condition of inflection points in Proposition 2, if c is not zero, then the
tangent to the A1JSS (the x-axis) does not pass trough the midpoint of the chord joining ,(Sl)
and '(S2). Then, (1 - [,s(82), ,ss(Sl)]? '" (1 - [,s(81), ,ss(82)]?' and since the equality holds
(the A1JSS is a straight line), III '" 112 and the shape is not affine symmetric. We then obtain
that for the shape to be affine symmetric, in addition to the A1JSS to be a straight line, the
midpoint of the chord joining two corresponding points in the curve, has to lie on the A1JSS
as well. This second property will automatically hold in the alternative affine symmetry set that
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we present in §4, and the fact that the symmetry set is a straight line will be enough to conclude
that the shape is affine symmetric.

3.4 Singularity theory and the affine distance symmetry set

It is proved in Proposition 1 and in [17] that the function d of Definition 1, regarded as a
family of functions on , parametrized by the points of the plane, has bifurcation set which is
precisely the classical affine evolute [6] of the curve ,. The bifurcation set is by definition the
set of points X in the plane (or, exceptionally, at infinity) where there exists a value of s for
which ds(X, s) = dss(X, s) = 0, s being, as usual, affine arclength. This makes the function
d completely analogous to the well-known distance-squared function of Euclidean differential
geometry, whose bifurcation set is the Euclidean evolute of , (for an exposition of this see
for example [9, §§2.27, §§7.1]). For instance, the fact that the affine evolute has ordinary
cusps corresponding to sextactic points of , is exactly analogous to the fact that the Euclidean
symmetry set has cusps corresponding to vertices of, ([17]). (This was also deduced in a similar
but less straightforward way in [14].) Likewise the affine evolute is the envelope of the affine
normals, just as the Euclidean evolute is the envelope of the Euclidean normals.

We can include the affine distance symmetry set in the bifurcation set of the family of
functions d: it then becomes the full bifurcation set or levels bifurcation set (see e.g. [8]) which
includes all non-Morse functions in the family. A function is non-Morse if it has a degenerate
singularity (first two derivatives zero, as above) or if it has two singularities (where ds = 0) at
which the function has the same value. The latter case is precisely the affine distance symmetry
set as defined in Definition 2. The limit points will be points which belong to the affine evolute,
in exactly the same way as the Euclidean symmetry set [8, 10, 15] has end-points in the cusps
of the Euclidean evolute.

Geometrically, Definition 2 amounts to saying that X is the center of two conics, having 4­
point contact with, at ,(sd, ,(S2), and having the same affine distance from, (see Proposition 1
and Theorem 1). In terms of these, and using the full bifurcation set structure as in [8], we find
the local structure of the affine distance symmetry set.

Theorem 2 Locally, the affine distance symmetry set is:

• smooth when both conics have exactly 4-point contact with "

• an ordinary cusp when one of the conics has 5-point contact with , (X is then on the
affine evolute too but at a smooth point of it),

• an endpoint when X is the center of a 6-point contact conic (tangent to , at a sextactic
point): the endpoint is then in a cusp of the affine evolute,

• a triple crossing when there are three conics centered at X having equal affine distance and
4-point contact with,,. this is a stable phenomenon.

Note that the pre-ADSS in the parameter space of pairs of points of, defined by the equation
(6) can be used, as in [15], to analyze the simpler structures of the ADSS . For example, the
curve (6) will have a tangent parallel to the S1-axis when the ADSS has a cusp on account of
the conic tangent at ,(S1) having 4-point contact there. The pre-ADSS is smooth unless both
conics have 5-point contact.

One can also use the techniques of [8] to analyze the events in the evolution of affine distance
symmetry sets when, undergoes a generic change in shape. For example, we can analyze the
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behavior of the ADSS for a curve deforming according to the affine invariant heat flow studied
in [27]. This is the subject of further work and will be reported elsewhere; see §5.

3.5 Remarks on affine-invariant Voronoi diagrams

Assume we have a finite set of points {Pd~~~-l E JR2, defining a polygon i(Pi), and we want
to extend the classical Euclidean Voronoi diagram to the affine group. Following the results on
previous sections, the basic idea is to define an affine distance between a given point X E JR2 and
the points Pi. For this, we have to define the affine tangent to the polygon at i(Pi). One possible
way of doing this is to consider the vector Pi+! - Pi (points are counted modulo N). (Note
that all points on a parallel to a line segment have the same affine distance with the segment
according to this definition.) In order to. avoid bias towards one direction on the polygon, both
vertices around Pi can be used to define the discrete tangent. Another possibility is to follow the
approach approach in [12], that is, construct the conic defined by (Pi-2, Pi-I, Pi, Pi+I, Pi+2),
and compute the affine tangent to this conic at Pi.

After the discrete affine tangent is defined, the affine distance follows as before, and the
affine Voronoi diagram is defined as in the Euclidean case. Note that the affine Voronoi diagram
can be defined for non-convex polygons as well.

4 Affine symmetry sets: Envelopes of conics or lines

We will now consider an alternative definition of affine invariant symmetry set. Let i be a simple
closed smooth curve in the plane. Strictly we do not any longer need i to be an oval, though we
shall explore the non-oval case in more detail elsewhere. The alternative definition is based on
conics having 3-point contact with the oval in at least two places. In the Euclidean case there
is only one reasonable definition of symmetry set, based on bitangent circles, and indeed it can
be argued that in the Euclidean case the distance based and envelope based definitions reduce
to the same thing. But for the affine group there do seem to be two alternative constructions.

We shall see that the new definition has natural relations with the theory of envelopes and
for that reason we call it the affine envelope symmetry set (A£SS).

Definition 4 Given a simple closed smooth curve i (which we generally take to be an oval
below), the affine envelope symmetry set (A£SS) is the closure of locus of centers of conics with
at least 3-point contact with the curve in two or more different points. This is equivalent to
saying that the curve and the conic have the same affine tangent in at least two points.

Note: From Proposition 1, the affine distance from the conic center, as defined in Definition 1,
will be equal for both curve points involved in the A£SS. In contrast with the ADSS as defined
in Definition 2, this distance has not to be a local extremum, and the center of the conic has
not to be on the corresponding affine normals (in Section 4.2 we show what happens with the
AfSS when this center is on at least one of the affine normals). Also, in the AVSS, two distinct
4-point contact conics are involved in the construction. On the other hand, in the AfSS, only
one conic, with at least a double 3-point contact, is needed.

The properties of the AfSS can be obtained by considering either envelopes of conics or
envelopes of lines. We shall give details of each approach here since they give different insights
into the A£SS . The 'envelope of lines' approach is analogous to that adopted in [16] for the
Euclidean case, where the lines are perpendicular bisectors of segments joining points on the
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curve, and these lines are shown to envelope the symmetry set. There does not seem to be an
analogue of the 'envelope of conics' approach in the Euclidean case.

4.1 Envelopes of conics

·Consider an oval 'Y and a fixed point of the oval, which we take to be the origin. Suppose that 'Y
is tangent to the x-axis at the origin. We seek a conic which has 3-point contact with, at the
origin and at another point. Initially we consider conics which have 3-point contact with 'Y at
the origin and pass through a second point. We shall in particular be interested in the centers
of such conics. Note again that from (2), 3-point contact is equivalent to having the same affine
tangent ((8). We shall see that the AeSS can be described as the set of points of regression on
a certain envelope ·of conics.

Consider a general conic C with equation

ax2+by2+2hxy +2gx +2fy +c = o.

Using the definition of the center as the pole of the line at infinity with respect to the conic, the
coordinates (p, q) of the center satisfy

ap +hq +g = 0, hp +bq + f = o.

If C is to touch, at the origin then g = c = o. Suppose, has local parametrization of the form

2 (3 3Y = ax + x + ... (9)

near the origin. We may suppose a > o. The (Euclidean) curvature K, at the origin is 2a, and
substituting the parametrization into the equation of the conic we find that the condition for
3-point contact between C and, is a + 2fa = O. If a = 0 this means that f = 0, and C is the
degenerate conic consisting of the tangent to , at the origin together with the chord joining the
origin to ,(t). If a f: 0 then we can take a = 1 and f is determined by the 3-point contact
condition: f = -1/2a = -1/K,(0). Note that this makes f < 0, assuming a > o.

Solving the equations for the center of the conic, we have

fh
p = - h2 - ab'

af
q = h2 - ab·

In fact we are more interested in the reverse process, expressing the coefficients in C in terms
of p and q. We suppose from now on that a f: 0, and divide through to make a = 1. Then

Ph = --,
q

_ qh2 - f _ p2 - fq
b- - .q q2

The conic C therefore has the form q2 x2+ (p2 - fq)y2 - 2pqxy +2fyq2 = O. Now suppose that
C passes through a second point (X(t),Y(t)) of" which we take to be other than the origin.
This amounts to replacing x, y by X(t), Y(t) in the above equation. Omitting t we get

(10)

Important things to notice for the moment are:
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1. For a fixed t, (10) now gives an equation of degree 2 in the variables p, q. This shows
that the locus of centers (p, q) of conics C having 3-point contact with, at the origin and
passing through ,(t) is itself a conic. We denote it by Vet), or later by Veto, t) where to is
the parameter value of the origin on ,. Note that the conic (10) passes through the origin
p = q = O. This corresponds to the degenerate conic C consisting of the tangent to , at
the origin together with the chord joining the origin to ,(t): the 'center' of this conic is at
the origin (the case a = 0 above).

2. The discriminant of the conic (10) is -2fy3 • With f < 0 and the oval, in the region
y ~ 0 this discriminant is positive, so the conic Vet) is a hyperbola.

3. Equation (10) can be written in the form

(pY - qX)2 = fqY(Y - 2q).

Note that, in p, q coordinates, pY - qX = 0 is the equation of the line £ joining the origin
to (X, Y), q = 0 is the equation of the tangent T at the origin, and 2q = Y is the equation
of the line M parallel to T passing through the midpoint of the segment from the origin to
(X, Y). Thus with a suitable choice of equations for these lines (multiplying by constants),
the conic Vet) can be written £2 = MT.

4. One consequence of the last fact is that Vet) passes through the midpoint of the segment
from the origin to (X, Y), and is tangent to the line M there. Thus it is a hyperbola with
one branch having 3-point contact with the oval, at the origin, and the other branch
tangent to M at the point £ n M.

Equation (10) is a I-parameter family of conics, in (p, q) coordinates, parametrized by t. The
envelope of this family is obtained by differentiating (10) with respect to t:

q2 XX' + (p2 _ jq)YY' _ pq(XY' + X'Y) + fq2y' = O. (11)

Equation (11) is the same as the additional condition required for the conic C to be tangent
to , at (X(t), yet)). Thus the envelope of the conics (10) is the locus of centers of conics C
having 3-point contact with, at the origin and tangent to , somewhere else. For a given t we
expect (10) and (11) to have a unique solution (p, q), since there should be a unique conic having
3-point contact with, at the origin ,(to) and 2-point contact with, elsewhere - at ,(t). (If
t = to then we might still expect a unique solution, namely the osculating conic for, at ,(to).)

Taking Y' X (10) - Y X (11) gives

- pY(XY' - X'Y) +q(JYY' +X(XY' - X'Y)) = o. (12)

Note that assuming t =/: to, so that Y =/: 0, we can recover (11) from (10) and (12). It follows that
the envelope point of the family of conics (10) is the unique intersection of (10) for a particular
t with the line (12), disregarding the intersection at the origin ,(to).

A short calculation shows that the limiting line (12) as t ---+ to is the affine normal2pa2+qf3 =
0, using the local parametrization of, is (9). The limiting conic (10) is the affine normal together
with the tangent to , at the origin.
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4.1.1 Double 3-point contact conics

We now derive the condition for the conic C to have 3-point contact with, at ,(t) as well as at
the origin. This amounts to differentiating (11) again, so corresponds to points of regression on
the envelope of the conics (10): The point (p, q) is on the A£SS, i.e. is the center of a conic C
having 3-point contact with, at ,(to) and ,(t), precisely when ,(t) is a point of regression ([9,
§5.26) - generically a cusp - on the envelope of the conics (10).

There are various ways of calculating the condition on t (and to) for this to hold. One way
is to differentiate (10) again, and to derive a second line through the origin which meets 1)(t) in
the intersection of V(t) with this second derivative. This comes to

p (-2Xyy'2 _ Xy2y" + 2X'Y2Y' + X"Y3)

+ q (X 2yl2 +X 2YY" +2fyy12 + fy2y" - X X"y2 - X 12y2) = o.

We can then calculate the condition for this line to coincide with (12), which comes to

fy3(X"Y' - X'y") = (Xy' - X'y)3. (13)

Note that the coefficient of f will not be zero so long as t =J. to: Y =J. 0 as the oval is on one side
of the tangent at the origin, and X"Y' - X'y" =J. 0 as the curvature is nonzero.

There are a number of interesting consequences of (13), which we present now.

4.1.2 Euclidean condition for the double 3-point contact conics

We can turn (13) into a simple geometric criterion depending on Euclidean properties of,. Thus
we may assume Euclidean unit speed. Then XY' - X'Y is, up to sign, the perpendicular distance
from ,(to) to the tangent to, at ,(t). Similarly Y is the perpendicular distance from ,(t) to
the tangent at ,(to), which is the x-axis. Finally the other terms in (13) can be interpreted as
curvatures (,.,;), and we obtain

Theorem 3 The (Euclidean) condition for a conic to have 3-point contact with, at both ,(to)
and ,(t) is (up to sign)

(
,.,;(t) )1/3 = distance from ,(to) to tangent at ,(t).
,.,;(to) distance from ,(t) to tangent at ,(to)

The reader should not be surprised by the appearance of the 1/3 power in the expression
above. From the section on basic affine differential geometry, and the literature on the subject,
it is probably clear already that 1/3 is the 'magic' number of planar affine differential geometry.

4.1.3 Affine condition for the double 3-point contact conic

We can turn the condition (13) into an affine invariant condition by using affine arclength s
with X'y" - X"y' = 1 instead of the arbitrary parametrization t. Then f = -1/,.,;(so) =
-X'(so)3 and the condition reduces to a perfect cube. Taking the cube root gives X'(so)Y(s) =
X(s)Y'(s) - X'(s)Y(s), that is

1

X(s) X'(s) + X'(so) 1­
Y(s) Y'(s) +Y'(so) - 0,

since Y'(so) = O. This condition can be written for the general case (,(so) =J. (0,0)) as well.
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Theorem 4 The (affine) condition for a conic to have 3-point contact with, at both ,(so) and
,(s) is

[,(s) - ,(so),,'(s) + ,'(so)] = O. (14)

This relation defines the pre-A£SS in parameter space (so, s). Note that this is exactly
analogous to the Euclidean case, where the condition for a bitangent circle can be written as the
above when Euclidean arclength t is used, so that I'(t) +I'(to) is along the bisector ofthe angle
between the two oriented tangents to the curve, at ,(t) and ,(to). In spite of this, Equation
(14) might still be a bit of a surprise. The following Theorem gives the geometric interpretation
of this relation.

Theorem 5 If, is a conic, then (14) holds for every two points on ,.

Proof: Assume, is parametrized by affine arclength s. We prove the Theorem for ellipses and
parabolas. The proof is left to the reader for hyperbolas .

• Ellipses: Since parallelism is preserved under affine transformations, it is enough to present
the proof for a circle. We can follow several approaches to prove that (14) holds for any
two points on a circle. The first approach is just geometric: Drawing the tangent vectors
at two arbitrary points, it is easy to show that ,(so) - ,(Sl) is parallel to ,'(so) + ,'(Sl)'
Another alternative is just to write, = (cos 0, sin 0), °E [0,211"], and compute the matrix
and determinant involved, showing that it vanishes .

• Parabolas: From Equation (3), and since the affine curvature f..L is zero for parabolas, we
have that I'" = 0, or , = As2 + Bs + C, where A, B, C E IR2. Substituting this on (14),
we obtain the desired result. 0

4.1.4 Existence of double 3-point contact conics

An important consequence of (13) is that we shall always find a conic having 3-point contact at
,(to) and somewhere else. In fact, writing I locally as in (9) we find that the limiting value of
the right hand side of (13) is -1/2a. Note that we have actually chosen f so that this holds: this
was in order to make the conic C have 3-point contact with I at the origin. So (13), regarded
as an equation for t, has a solution at t = to. In fact a direct calculation shows that there is at
least a triple zero at to. To see this, take to = 0 and use X = t, Y = at2+ f3t3 +ot4 +.... Cross­
multiplying (13) we find that the coefficients of t on both sides are 6a2 f3, and the coefficients of
t2 on both sides are 12af32 + 9a2o. The coefficients of t3 agree on the two sides if and only if

It is not hard to check that this is the condition for I to have a sextactic point at ,(to).
If we assume that I does not have a sextactic point at I(to) then (13) provides us with a

function of t on the oval which has exactly a triple zero at t = to. Consequently it must have
another zero somewhere else. Thus

Theorem 6 Provided I does not have a sextactic point at l(to), there is always a conic with
3-point contact at I( to) and at some other point I( t), t i- to. If there is a sextactic point at I( to)
then of course there is a six-point contact conic at ,(to), which can be regarded as a limiting
case of the double-3-point contact conic.
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4.1.5 Center of the double 3-point contact conic

Suppose that we know two points of the curve, which satisfy the equation (14). How can we
find the center of the conic C which has 3-point contact with, at ,(to) and ,(t)? First we know
that it lies along the line (12). A vector along this line is

(fYY' +X(X'Y - XY'), Y(X'Y - XY')).

Now using affine arclength and assuming (14) we have as before f = -X'(to? and X'(to)Y(t) =
X(t)Y'(t) - X'(t)Y(t), so that the above vector is parallel to

-b'(to), ,'(t)J!'(to) + (,(t) -,(to)).

(Note that b'(to), ,'(t)] = X'(to)Y'(t) since Y'(to) = 0.)
In the case when C has 3-point contact at both ,(to) and ,(t) there will be a symmetrical

formula with the roles of to and t reversed. We then have that the center of the conic C must
be expressible as

center A1( -b'(to), ,'(t)J!'(to) + (,(t) -,(to)) + ,(to)

A2( -b'(t), ,'(to)J!'(t) + (,(to) -,(t)) + ,(t)

(15)

for real numbers All '\2. Using the equality of these two expressions we get

But we already know that ,(t) - ,(to) is parallel to ,'(to) + ,'(t), so, provided ,'(t) and ,'(to)
are not parallel, we can deduce that A1 = A2. This means that the center of C is defined by (15)
where A1 is the number uniquely determined by the condition (14). Explicitly, if ,'(to) +,'(t) =
v(,(t) - ,(to)) then

1
A1 = .

2 - vb'(to),,'(t)]

If the denominator here is zero, then C must be a parabola, with center at infinity. The two
lines through ,(to) and ,(t) must also be parallel.

Examples of the A£SS are given in Figure 4, generated as well with the help of the Maple
software [13] and the Liverpool Surface Modeling Package [23]. In Figure 5, a second example is
presented. Note that the curve is now non-convex. Basically, the inflection points are 'ignored'
where searching for the pre-A£SS. The analysis of the A£SS for non-convex curves will be
reported elsewhere.

4.2 Envelopes of lines

There is an attractive way to describe the AfSS in terms of envelopes of lines instead of
envelopes of conics and since this gives certain information which the other approach does not
(at any rate not so easily) we give some details here. In fact this approach makes it clear that
the A£SS is from the point of view of singularity theory the dual of a discriminant as opposed
to the AVSS which is a full bifurcation set. The Euclidean symmetry set is both of these things;
for details see [16].

Consider an oval, and two points on it, ,(t1),,(t2). We consider initially conics C which
are tangent to , at these two points. It is known from the general theory of conics that these
conics form a pencil; in fact if Ii, 72 are the tangent lines to the oval at the two points and £
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Figure 4: Example of the AESS. The top figure shows the AESS for the oval in Figure 2, and
the bottom-left shows again points in the AESS, together (right) with the midlocus for the same
oval. (This is a color figure.)
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Figure 5: Example of the AESS for a non-convex curve. The top-left figure shows a few points
on the AESS, while the top-right shows a more detailed part (more points) of it. On the bottom,
the midlocus for the same curve is shown. Note how the AESS and midlocus capture the affine
symmetry of the different parts of the shape. (This is a color figure.)
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is the line joining the two points, then the general conic of the pencil is 'Ii72 + ).£2 = o. Also
the locus of centers of these conics is the line M passing through the intersection of 'Ii and 72,
and the midpoint of the chord from l(tl) to l(t2). (There is another degenerate component of
the locus of centers, namely the line £, which corresponds to the double line £2 of the pencil,
whose center is indeterminate on £.) These lines are shown in Figure 6.

Figure 6: Example of the lines used for the construction of the A£SS as an envelope of lines
(see text).

We examine this situation in more detail as follows. The conic C will have six homogeneous
coefficients, being the general equation of the form

ax2+ by2+2hxy + 2gx +2fy + c = o. (16)

Writing ,et) = (X(t), yet)), we can substitute x = X(t), y = yet) into (16) to measure the
contact ofC with the oval at ,et). Calling the resulting function C(t) we say that there is k-point
contact when C and its first k - 1 derivatives vanish at t while the k-th derivative is non-zero
there. Furthermore it is well known that the coordinates of the center (p, q) of C satisfy the two
linear equations Cx(p, q) = 0, Cy(p, q) = 0, where here and later subscripts x, y, t denote again
partial derivatives. Assuming C is tangent to I at both points ,(tl), ,(t2) we can eliminate
a, b, h, g, f, c from six linear equations, two coming from each point of contact and two from the
center of the conic. In order to write down the resulting determinant condition, we introduce
some abbreviations. Thus C(tl) stands for

(X 2, y 2, 2XY, 2X, 2Y, 1),

evaluated at t = tl . This is the vector in IR6 such that C(tl)(a,b,h,g,f,c)T = 0 gives the
condition for the conic C to pass through (X(tl), Y(h)). The vector C(t2) is similarly defined.
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(2XX', 2YY', 2(XY' + X'Y), 2X', 2Y', 0),

evaluated at t = t i . Thus Ct(tl)(a,b,h,g,j,c)T = 0 is the additional condition for C to be
tangent to the I = (X, Y) curve at (X(tl), Y(tl)). Likewise Cx(p, q) denotes the vector obtained
by differentiating (16) with respect to x, substituting x = p, y = q and writing down the resulting
coefficients of a,b,h,g,f,c. The same goes for Cy(p,q).

The determinant condition that there should exist a conic as in (16), with not all coefficients
zero, tangent to I at l(tl),/(t2) and having center (p,q) is then

C(tl)
Ct(tl)
C(t2)
Ct (t2)

Cx(p, q)
Cy(p, q)

= o. (17)

Of course, (17) is nothing other than the equation, in (p, q) coordinates, of the locus of centers
of conics C. Hence, writing M (ti , t2, p, q) = 0 for an equation of the line M above (using again
(p, q) as current coordinates), and £,(tll t2,P, q) = 0 for an equation of the chord, it must happen
that

O=M£'.

Let O(tll t2, p, q) = 0, that is, (p, q) is the center of a conic tangent to I at 1(t1) and
1(t2). So long as (p, q) is not the center of the chord, where M meets £', we can deduce that
£,(tl, t2, p, q) =I- O. Since tangents to a conic at opposite ends of a diameter are parallel, the only
case that gives a problem here is where the tangents to I at 1(tI) and l(t2) are parallel. For an
oval I this determines t2 uniquely from t i . Apart from that, the zeroes of 0 coincide with those
of M. The same holds for derivatives; for example

so that 0 = Ot = 0 is equivalent, away from £, = 0, to M = M t = O.
The function M gives us a 2-parameter family of lines in the plane, parametrized by the

pairs of distinct points of I' It is natural to ask whether M can be extended smoothly to all
pairs of points. The answer is yes, provided we define M(t, t,p, q) to be an equation of the affine
normal to I at I(t). (A geometric reason for this is the following: For fixed tll t2, the line M is
the locus of centers of conics having (at least) 2-point contact with I at 1(t1) and 1(t2). When
t2 ---t tl we shall obtain the locus of centers of conics having at least 4-point contact with I at
l(tl), which is the affine normal at this point.) In fact M gives rise to a map (compare with
[16])

B: I X I ---t V£', (18)

where D£, is the dual plane, or the set of lines in the ordinary plane JR?, and B(tl, t2) is the line
whose equation in current coordinates (p, q) is M(tl, t2,P, q) = O.

We can consider M as defining two envelopes of lines, one by fixing tl and the other by
fixing t2. We can also use the function 0 to measure contact between the conic C and I and
use the relation 0 = M£, to compare this contact with the properties of the two envelopes. We
collect the main results below, and then sketch the method of proof, which amounts merely to
differentiating the functions 0 and M sufficiently many times. In what follows, C will be the
conic tangent to I at 1(t1) and 1(t2), and having center (p, q).
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4.2.1 Results

As before, the AfSS of, is the locus of centers of conics which have 3-point contact with,
at two different places (or, in the limit, the centers of sextactic conics). We are now ready to
derive the AfSS as envelope of lines.

Theorem 7 For M, g, and B as defined in §4.2, the following holds:

1. Consider the 1-parameter family of lines M (tl, t2, p, q) = 0 where t2 is fixed. A point (p, q)
belongs to the envelope of this family, given by M = 8M/8tl = 0, if and only if the conic
C has 3-point contact (at least) with, at ,(tl).

2. Fixing t2,P, q, the function g is zero and has a singularity of type Ak at tl (i.e. the first
k derivatives vanish there but the (k +l)-st derivative is nonzero), if and only if the conic
C has (k +2)-point contact with, at ,(tl). The previous result is the case k = 1 of this.
The functions g and M have the same singularity type so long as (p, q) is not on the line
£.

3. (tl, t2) is a critical point of B if and only if there is a conic with 3-point contact at both
,(tl) and ,(t2). To say that (tI, t2) is a critical point of B amounts to saying that (p, q)
is a point of the envelope of both families of lines given by M, keeping tl constant and
keeping t2 constant, so this follows from Part 1 above.

4. At points where M = 8M/8tl = 8M/8t2 = 0, we have 82M/8t18t2 = O. (It is not
obvious to us what this condition means geometrically.) We note here that taking the
Euclidean case where M is replaced by the perpendicular bisector of the segment joining
,(tI) and ,(t2) (compare with [16]), the formula 82M/8t18t2 = 0 holds identically since
it is easy to see that M is a sum of functions of tl and t2. But in the present case this is
not so: we need M = 8M/8tl = 8M/8t2 = o.

5. The line M is tangent to the AfSS when there is a conic C having 3-point contact with
, at ,(tl ),,(t2)' This says that the tangent to the AfSS passes through the midpoint of
the chord joining the two points of, and through the intersection of the tangents to , at
these two points.

Putting this in a more formal way: the critical locus of B (the image of the critical set)
is the set of tangent lines to the AfSS of" that is the dual of the AfSS of ,. This is
completely analogous to the situation studied in [16].

6. If the conic C has k-point contact (k 2: 4) with, at ,(tl), then the dual of the AfSS
of, has an inflexion of order k - 3. An inflexion of order 1 - an ordinary inflexion ­
corresponds to an ordinary cusp on the AfSS, and arises when the conic C has 4-point
contact.

4.2.2 Methods

We shall not give the full proofs of the above statements, but indicate the methods, all of which
are elementary.

For definiteness, let us fix ,(t2) at the origin and the tangent there as the x-axis. Then the
conic C has the special form

ax2+by2+2hxy +2fy = 0,
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with four (homogeneous) coefficients. We rename tl as t for this section. The line M joins the
intersection of the tangent at ,(t) and the x-axis to the midpoint of the segment from (0,0) to
,(t). The function 0 will now be given by eliminating a, b, h, f and will be the 4 X 4 determinant

O(t,p,q):=

C(t)
Ct(t)

Cx(p, q)
Cy(p, q)

(19)

In (p, q) coordinates 0 = 0 is the equation of the locus of centers of the conics tangent to , at
,(t) and tangent to the x-axis at the origin. Writing ,(t) = (X(t), Y(t)) we have

O=M(Xq-Yp)

for a suitable equation M = 0 of the line M. We shall assume that the second factor here
is nonzero, i.e. that (p, q) is not the midpoint of the chord, which amounts to saying that the
tangent to , at ,(t) is not parallel to the x-axis. Then 0 and its first k derivatives with respect
to t vanish at (t, p, q) if and only if the same applies to M. We need to connect the number of
derivatives of 0 which vanish with the order of contact of the conic C with, at ,(t).

We again write C(t) for the result of substituting x = X(t), y = Y(t) in the equation of C,
and, as above, use C(t) also for the vector (X(t?, Y(t?, 2X(t)Y(t), 2Y(t)). Differentiating 0
with respect to t, we obtain

ao
7ii(t,p, q) =

Ct(t)
Ct(t)

Cx(p,q)
Cy(p, q)

C(t)
+ Ctt(t)

Cx(p,q)
Cy(p, q)

C(t)
Ctt(t)

Cx(p,q)
Cy(p, q)

(20)

Suppose that 0 = aolat = 0 at (t,p, q). Now the condition for C to have 3-point contact
with, at ,(t) is that the same values of a, b, h, f should allow C = Ct = Ctt = 0, i.e. that the
matrix

C(t) X2 y2 2XY 2Y
Ct(t) * * * *
Ctt (t) * * * * (21)

Cx(p, q) p 0 q 0
Cy(p, q) 0 q P 1

(the stars representing the second and third rows), should have rank < 4. However, it is easy
to check that the three rows given in the right hand matrix are independent, unless one of the
following happens:
(i) P = q = 0: the center of the conic C is at the fixed point of,. This is excluded because we
assume the center is on M.
(ii) Y = q = 0: this is certainly excluded by , being an oval, since the only point of, on the
x-axis will be the origin.
(iii) X = Y = 0: excluded because ,(t) is not at the origin.
(iv) (p,q) = (~X,~Y): i.e. the center ofC is at the midpoint of the chord, which implies that
the tangent to , at ,(t) is parallel to the tangent at the origin. We have excluded this case
above.

Now from 0 = 0 we know that rows 1, 2, 4, 5 of (21) are dependent, i.e. row 2 lies in the
space V 3 spanned by rows 1,4,5. Similarly from aoIat = 0 we know that row 3 lies in V. Hence
the matrix in (21) has rank 3 as required, which means that the conic C has 3-point contact
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with, at ,(t) when 9 = 8g / 8t = 0, or equally when M = 8M /8t = o. This proves Part 1 of
the results in §4.2.1, and repeating the argument with more derivatives of 9 proves Part 2.

Part 4 is proved in the same way but using the general form of 9 in (17). Part 5 follows
from the fact that the critical set of B is the set of

8M 8M
(tI, t2) such that M =~ =~ = 0 for some p, q.

utI ut2

Consider in fact the set S consisting of points

8M 8M
(tl,t2,p,q) such that M = -8 = -8 = O.

tl t2

The A£SS is the projection of this set to the (p, q)-plane. It is easy to check that the tangent line
to S projects to the line M itself, which is therefore tangent to the A£SS. (This is analogous to
the fact that the tangent to the envelope of a 1-parameter family of lines is always the current
line of the family; see for example [9, §5.25].)

Finally Part 6 is just a restatement of Part 2, using the interpretation of Part 5.

4.2.3 Straight affine envelope symmetry sets

We have seen that a straight AVSS does not necessarily mean that the curve giving rise to it
is affine symmetric. For the A£SS the situation is different and we give details below.

Theorem 8 Suppose that the A£SS for two arcs of an oval, is a straight line. Then either
of these arcs is obtained from the other by an affine transformation of determinant -1.

Proof: We take the straight line to be along the x-axis. Now, the tangent to the A£SS at a
point corresponding to two parameter values (tI, t2), always passes through two points (see part
5 of §4.2.1):
(i) the midpoint of the chord joining these two curve points;
(ii) the intersection of the two tangents at these two curve points.
It follows that in the present case, all these midpoints and all these intersections of corresponding
tangents lie on the x-axis.

Let one of the arcs be parametrized (X(t), Y(t)). The tangent to this arc meets the x-axis
at the point with x-coordinate (Xyl - X'Y)/Y'. The other tangent to the oval through this
point meets the oval at say (U(t), V(t)), and we therefore have

(Xy' - Xly)V' = (UV' - UIV)y' (22)

for all values of t.
Now the midpoint of the chord also lies on the x-axis, so that Y +V = 0 for all t. This gives

y' +V' = 0 for all t, and substituting in (22) we get, assuming Y and y' # 0,

I I I I . d (X) d (U)Xy - X Y = Uy - U y, l.e. dt y = dt Y ,

which gives
X = U +AY,

for a constant A. (The assumption Y # 0 is harmless since the oval will only meet the x-axis
in two points, and the condition Y' # 0 just avoids tangents which are parallel to the x-axis.
Clearly these do not affect the result.)
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Thus the arc (U, V) is obtained from the arc (X, Y) by the affine transformation with matrix

(
1 -A)
o -1

which has determinant -1. 0

Note of course that the condition b(td - ,(t2),,'(td + ,'(t2)] = 0, which holds at corre­
sponding pairs of the oval which give points of the A£SS, automatically holds in the case of the
theorem above, because of the affine transformation which takes one piece to the other. What
is interesting to note is that if the A£SS has an inflection, then the condition for the AVSS
holds, that is, b(td - ,(t2), ,"(tI) - ,"(t2)] = O. This means that if the A£SS has an inflection
the corresponding pre-AVSS and pre-A£SS coincide. Then, for affine symmetric shapes, the
pre-AVSS and pre-A£SS have common segments. Furthermore, both affine symmetry sets
have common arcs.

In figures 2, 4,and 5, we observe the relation between affine symmetric shapes and straight
symmetry sets. Note that both the AVSS and the A£SS contain straight segments, since the
shapes are affine symmetric (observe the affine curvature in Figure 2). Additional segments
appear, since the condition for the pre-images, both for the AVSS and A£SS, do not have to
hold just for pair of points belonging to the affine related segments of the curve.

5 Discussion and further research

We have presented two different definitions for affine invariant symmetry sets, one based on
distance functions and the second one on affine bitangent conics. A number of interesting issues
remain open and will be the subject of subsequent reports. We want to conclude this paper by
mentioning some of these issues.

The relation between the AVSS and the A£SS should be further investigated. We already
observed that when the shape is affine symmetric, both the pre-images and the symmetry sets
have common segments. This raises questions like if the 'differences' between both symmetry
sets can give a measurement of the deviation from affine symmetry of the given shape.

Another open question is the reconstruction from the AVSS and A£SS, being this of ex­
treme significance from the point of view of shape representation.

As pointed out before, following [8], the deformation of the AVSS and the A£SS can be
studied. Actually, all the research done for the classical Euclidean symmetry set can be now
carried on for the affine ones described in this paper.

The study of affine invariant Voronoi diagrams is an interesting topic as well. We already
mentioned how it can be defined from the AVSS. From the A£SS, symmetry sets for polygons
can be defined extending the definitions in [5] to 3-point contact of conics with polygons.

Probably more interesting is to extend the definitions and analysis of the AVSS and A£SS
to other groups and dimensions. Regarding the extension to higher dimensions, the AVSS can
be defined for any dimension since the the affine distance exists for higher dimensions as well
[24]. Some of the properties in Proposition 1 have their analogue in higher dimensions as well.
In the same way, the A£SS can be extended to higher dimensions, requesting for the right order
of contact with the right high dimensional shapes. Extending the definition of the A£SS to
other groups, as the projective one, requires the use of curves of constant projective curvature
instead of conics, and of course requesting the right degree of contact. The extension of the
ADSS is not so straightforward, since a projective invariant distance has to be defined first. Of
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course, following the definitions of the corresponding invariant symmetry sets, their study will
come.

To conclude, we believe that beyond the results here presented, this paper opens the door
to some new research in the area of symmetry sets.
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