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1 Introduction

Consider a lossy source coding scheme that operates strictly above that rate-distortion func-
tion of a given source. In other words, some degree of redundancy is present, which is
normally the case. Although undesirable from the strict rate-distortion tradeoff point of
view, this redundancy often provides certain degrees of freedom to design codebooks that
possess other desirable properties. One well known example is that of codebooks that achieve
the optimum source coding error exponent (see, e.g., [1],[2]), that is, the fastest exponential
decay of the probability of the nonexistence of codewords within a given distance from the
random source vector.

In this paper we consider a different, though somewhat related, approach for utilizing the
degrees of freedom provided by the coding redundancy. We seek codebooks that are optimal
in the sense of maximizing the expected number of codewords that are within the given
distance from the input vector. We shall refer to the set of codewords within a sphere of a
given radius, centered at the source vector X as a list of codewords for X, or simply as a list
for X. There are a few motivations for maximizing the expected list size. One motivation
is that a typically large list size is likely to yield reduction in the number of needed metric
computations until finding the first codeword that represents the source within the desired
distortion level. Another motivation is that if there is a large variety of candidate codewords
for encoding the source within a certain distortion, one has the flexibility to select among
them the best one in the sense of having some other desirable features. For instance, one
would like to minimize distortion discontinuities near the block edges, or to minimize another
fidelity criterion, and so on. The goal of maximizing lists in lossy source coding is somewhat
dual to that of minimizing lists in channel decoding (see, e.g., [3],[4] and references therein).
The motivations, however, are substantially different.

The main contribution of this paper is in deriving a single-letter characterization of the best
achievable exponential growth rate of the expected list size as the block length tends to
infinity. In particular, in Section 3 we provide a coding theorem and a converse theorem
that characterize the highest attainable exponential rate. In Section 4, we discuss some
properties of this exponential growth rate as a function of the coding rate and the distortion
level, along with some examples.

2 Problem Definition

Let X = {1,2,...,.J} be the alphabet of a memoryless source characterized by a vector of
letter probabilities P = {p(1),p(2),...,p(J)}, and let Y = {1,2, ..., K'} denote the reproduc-
tion alphabet. Let p(z,y) > 0, x € X, y € ), denote a single-letter distortion measure. Let
X™ and V" denote the nth Cartezian powers of X and ), respectively. The distortion be-
tween a source vector @ = (xq, ..., 1,,) € X™ and a reproduction vector y = (y1,...,yn) € V"
is defined as p,(x,y) = X7 p(x;,y;). Let C denote a codebook of M code vectors of
length n, Yy, Y, ...,y in V", where M = e"? R being the coding rate in nats per source
symbol. Throughout the sequel, random variables will be denoted by capital letters while
specific values they may take on will be denoted by the respective lower case letters. Thus,
X = (X4,...,X,) € A" will denote a random source vector drawn by the given memo-
ryless source P, and Y = (Y,...,Y,) € Y" will denote the random reproduction vector
corresponding to X for a given codebook C.

Let R(D) denote the rate-distortion function of the source w.r.t p(-,-). We shall assume that



the coding rate R is strictly larger than R(D) for a given allowable per-letter distortion level
D. For a given input vector £ € X™ and codebook C, let L(x) denote the number of code
vectors {y;} that satisfy p,(x,y;) < nD, i.e.,

L(z) = Hpu(®,y,) < nD}, (1)

i=1
where I{-} denotes the indicator function.

Our goal is to characterize the best achievable exponential growth rate of EL(X) as n — oo
among all rate R codebooks that satisfy Ep,(X,Y) < nD.

3 Main Result

Before we present the main result, we first define some additional notation.

For a given vector & € X", the empirical probability mass function (EPMF) is the vector
Py = (px(z),r € X), where pg(x) = ng(x)/n, ng(x) being the number of occurrences of
the letter  in the vector . The type Ty of a vector @ is the set of all vectors ' € X'™ such
that Ppr = Pg. The empirical entropy associated with @ is the entropy associated with its
EPMF Py, i.e.,

Hg(X)=H(Pz) = - pz(r)npz(v), (2)

TeEX
where both notations will be used interchangeably. Similarly, the EPMF of the sequence y
will be denoted Qy = (qy(y),y € V), where qy(y) is the relative frequency of y in y. The
respective type will be denoted by Ty, and the associated empirical entropy will be denoted

by Hy(Y') or H(Qy).

In the same manner, for sequence pairs (z,y) € X" x V" the joint EPMF is the matrix
Vﬂ?’y = {Umy(fvay)ax € X,y € Y} where Umy(x) = nagy(x,y)/n, nmy(x,y) being the
number of joint occurrences of x; =  and y; = y. The joint type Tpy of (x,y) is the set of
all pair sequences (z',y’) € A" x Y" for which Vgryr = Vigy. The empirical joint entropy
denoted as Hgy(X,Y) or H(Vgy) is the joint entropy associated with the EPMF Vgy.

A conditional type Tpjy for a given y is the set of all sequences &’ in A™ for which (x',y) €
Tzy. The conditional EPMF is defined as the matrix Wy = {wejy(zly),z € X,y €
YV}, where wgy(z|y) £ vey (T, y)/qy(y) if qy(y) > 0 and zero otherwise. The empirical
conditional entropy of ® given y is given by

Hajy(X|Y) = Hgy(X.Y) ~ Hy(Y) = = 3 Y vay(e.y) muwy(ely).  (3)

rEX yey

Now, for a given output EPMF Qy and distortion level D, let

Gn(D;Qy) = {W:my C Y ay(y) D way(ely)p(r,y) < D} , (4)

yey reX



and for a given memoryless source P, let

A wejy(rly)
Fu(D; Qy) = n e 5
(DiQy) =, B o) y%}qy a;w:cm wly)n =5 (5)

where the minimum is understood as infinity if G,,(D; Qy) is empty. Finally, let

E.(R, D) 2 max(R A H(Qy) = F.(Di Qy)) (6)

where the maximum is taken over all EPMFs of vectors in Y.

We are now ready to state the main theorem.

Theorem 1 Let P be a memoryless source with a rate-distortion function R(D) w.r.t a
distortion measure p(-,-).

(a) Converse part: For any rate R block code of length n,
EL(X) S (TL + 1>JK716nEn(R,D). (7)

(b) Direct part: If R > R(D) there exists a rate (R+ (In2)/n) block code of length n such
that Ep,(X,Y) < nD for large n, and at the same time

EL(X) > (n+1)"UK=lenba(®D) (8)
The theorem is meaningful if E,(R, D) converges to a limit F(R, D) as will be discussed in
the next section.
The remaining part of this section is devoted to the proof of Theorem 1.
Proof. We begin with the converse part. First, observe that
M
EL(X) =Y Pr{p.(X.y,) < nD}. (9)
i=1

Therefore, we shall primarily focus on the behavior of the probability of the event S(y) =
{z: p,(x,y) <nD} for a given yeyn.

Pr{S(y)} = > P(=

res(y)
= Z |Tm‘y| exp[n Z pe () Inp(x)]
< max  (n+ 1)V "X explnH (X|Y)]ex x)In
S ch|yC5(y)( ) P[ zc|y | p IGZXPCB p ]

_ wm\y($|y)

= (n+1)V DK max exp | —n qu(y w xly)In —F———

( ) Waz|y€Gn(D;Qy) % y( )xez/y :I:\y( | ) p(x>
= (n+ )Y W exp[-nF,(D; Qy)], (10)
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where we have used the facts [6] that [Tz y| < "y XIY) and that the number of distinct

conditional types {Tx|y} associated with pair sequences of length n is upper bounded by
(n +1)=DX_ Therefore, by substituting eq. (10) into eq. (9), we get

FL(X) < (n+ 1)”*1)]‘) i exp[—nF, (D:; Qyi)]
= (n+ 1) VRS Ty (|- exp[-nF,(D; Qy)]
Ty
< (n41)VU-DE > exp[n(R A H(Qy))] - exp[—nF,(D; Qy)]

< (n+1)"" texp{n %ZX[R N H(Qy) — Fu(D; Qy)l}
= (n+ 15 Lexp{nE,(R, D)}, (11)

where sAt 2 min{s, t}. The second inequality follows from the fact that number of codewords
in Ty cannot exceed either M = e or |Ty| < ¢"Qy) [6], and the third inequality follows

from the fact that the number of distinct types of sequences in Y™ is less than or equal to
(n+ 1)%='. This completes the proof of the converse part.

As for the direct part, let @* denote an EPMF on ) that achieves E,(R, D). Also, let Qg
denote the output PMF corresponding to the test channel [5] associated with R(D). Now,
there are two possibilities: H(Q*) < R or H(Q*) > R. In each case we will use a slightly
different strategy.

1. If H(Q*) < R, construct a codebook that includes all sequences in the type T* corre-
sponding to Q* plus €™ codewords drawn at random according to Q.

2. If H(Q*) > R, construct a codebook that consists of " arbitrary codewords from T*
and e random codewords drawn from Q.

In both cases the number of codewords is less than or equal to 2 - e®® which means that
the coding rate is at most R + (In2)/n nats per source symbol. Since in both cases the

codebook consists of e"® random codewords governed by @Qp and since R > R(D) then by

the standard random coding argument (see, e.g., [5]) there exists a set of e™ codewords
that yields an average per-letter distortion less than or equal to D, provided that n is
sufficiently large. In both cases, the number of codewords from T* is lower bounded by
|T*| A enR Z (n_|_ 1)—([\’—1)enR/\H(Q*) [6]

Similarly as above, by using the method of types [6] it is easy to show that

Pr{S(y)} > (n+ 1)~ DX exp[—nF,(D; Qy)). (12)
Thus, for the above described code

EL(X) = Z Pr{S(y,)}



> (n41)7KU=0 S expl—nF, (D; Q)]
{i:yiET*}
> (n+1) " Vexp{n[R A H(Q) — Fu(D; Q)]}
(n+ 1)_(JK_1) exp[nE, (R, D)], (13)

proving the direct part.

4 Properties of the List Size Exponent Function and
Examples

In this section we study some properties of the asymptotic exponent of the expected list size.
We first have to establish the convergence of E,(R, D) to a limit E(R, D) as n — oc.

The asymptotic list size exponent function E(R, D). Let Q = {q(y),y € Y} be an arbitrary
probability mass function (PMF) on the reproduction alphabet, and let W = {w(z|y),x €
X,y € Y} denote an arbitrary conditional PMF on X" given y. Now, let

G(D;Q) = {W > aly) > wizly)e(w, )SD}, (14)

yey reX

and for the given source P, let

F(D:Q) = inf  U(QW), (15)
where (ly)
w(z|y

g}q x;{ zly) In @) (16)

Finally, let
E(R,D) 2 sup[RAH(Q)—- F(D;Q)]
Q

— swp s [RAH(Q) - U(QW)) a7
Q WEeG(D;Q)

where H(Q) = — >,y q(y) In¢(y) and where the first supremum is taken over all PMFs on
V.

Obviously, for D > D, (Q) £ Y yey q(y) mingex p(z,y), the set G(D;Q) is nonempty as
it contains at least the conditional PMF w(x|y) that puts all its mass on an z € A" that
minimizes p(x,y) for a given y. Since the function (R A H(Q) — U(Q, W)) is bounded and
continuous in both @ and W and since the set {(Q, W) : W € G(D;Q)} is closed, the above
supremum is actually a maximum. Let (Q*, W*) attain E(R,D). Clearly, E,(R,D) <

E(R, D) for all n as the latter is defined as a supremum over the continuum of pairs (Q, W
rather than rational PMFs with denominator n only. On the other hand, since for D >



info Dpmin(Q) 2 Dypin = mingey mingey p(2,y), the double supremum in the second line of

eq. (17) it taken over a set of pairs (Q,W) that is equal to the closure of its interior [7,
pp. 293-294] and since the set of pairs of rational EPMFs (Qy, Wgy) with denominator n,

n =1,2,..., is dense in the set of all pairs (Q, W), we can find a sequence of such rational
pairs (Qn, P,) in {(Q,W): W € G(D;Q)} such that
RANH(Qn) —U(@n, W) = RAH(QY) —U(Q",W*) = E(R, D), (18)

due to continuity. Thus, we have established the fact that lim, . E,(R,D) = E(R, D)
for D > Duin. For D < Dyin, En(R,D) = E(R,D) = —oo. However, since Dy, can be
assumed zero without loss of generality, this range in not interesting.

A Parametric Representation to F(R, D). We next show that F(R, D) can be represented
as
E(R,D) = max max[H(Q) AR+ " q(y)Ao(y) + 6D], (19)

6>0
= yeY

where

=1In Y p(x)e Pty (20)

zeX

First, observe that F(D; Q) is a monotone decreasing convex function of D for fixed Q. The
monotonicity is obvious as Dy > Dy implies G(Dy; Q) D G(Dy; Q). As for convexity, let W
achieve F'(Dy; Q) and let W5 achieve F'(Ds; Q). For 0 < a < 1, obviously aW; + (1 —a)W, €
G(aD; + (1 — a)Ds; Q), and so

F(aD;+ (1 —a)Dy;Q) U(Q,aW; + (1 — a)Wy)
aU(Q, W) + (1 — a)U(Q, W)

aF(Dy;Q) + (1 — a)F(D2; Q). (21)

where the second ineqwuality follows from the fact U(Q, W) is convex in W for fixed Q.
Thus, F(D; Q) is strictly decreasing in the range

I VARVAN

Dunin(Q) < D < Daua(Q) 2 33 pl()a(y)pl, y), (22)

rEX yey

and hence the minimizing conditional PMF W* must be such that the inequality constraint
that defines the set G(D; Q) is met with equality. Therefore, F(D; Q) can be calculated by
minimizing the Lagrange function

L w(ly)
= q(y) Y w(zy) |l N +0p(x,y)|, (23)

yey reX

which leads to
p(x)e=0r@y)

Zx’eX p(x’)e*op(x’vy) ’

w*(zly) =
and @ is chosen such that

> aly) D w*(zly)ple,y) = D, (25)

yey TEX



or, equivalently,

> a(y)Ao(y) = - D, (26)

yey

where Ag(y) is the derivative of Ag(y) w.r.t 6. This equation has always a unique solution
0 = 6y > 0 because of the following consideration. First, observe that the second derivative
of Ag(y) w.r.t 0 is positive as it can be interpreted as the variance of p(X,y) w.r.t w*(z|y).

Therefore, the first derivative Ag(y) is a continuous monotone increasing function of @ for
fixed y. Next, it is easy to check that

lim > qly ~Dinx(Q) (27)
yeY
and
hm Z q(y —Dmin (Q). (28)
yey

Hence by continuity there must exist a unique solution 6y to eq. (26). By substituting eq.
(24) into eq. (16), we get

F(D;Q) = 3 q(y)[fohey(y) — Mgy (y)]
yey

= —00D — > q(y)Ng,(y (29)

yeY

Note that (0D + >, ¢(y)As(y)) is a convex function of ¢ as it has a positive second order
derivative, and the first derivative vanishes at 8 = 6. Therefore, #; minimizes this function,
and so F/(D; @) can also be expressed as

F(D;Q) = — rgnn 0D + Z q(y)Na(y)], (30)

yeYy

which in turn leads to eq. (19).

Concavity. The function E(R, D) is concave in the pair (R, D). In other words, for every
two points in the R — D plane, (Ry, D1) and (Rs, Ds) and for every 0 < o < 1,

E(aRy + (1 —a)Ry,aDy + (1 — a)Ds) > aE(Ry, D1) + (1 — a) E(Ry, D3). (31)

This can be shown by a standard time-sharing argument. Let C: be a rate R; codebook
of length n and let C;, be a rate Ry codebook of length m, both optimal in the sense of
maximizing the expected list size for distortion levels D; and D,, respectively. Consider
now the block-code of length (n + m) formed by applying C; to the first n components and
Cr, to the last m components of (xy,...,2,1m). The rate of this code is aR; + (1 — a)Rs,
where @ = n/(n + m). The size of the list for (xq,...,7pim) at D = aD; + (1 — @)Dy is
at least as large as the product of the size of the list for (xq,...,2,) at D; and the size of
the list for (2,41, ..., Zpnym) at Dy. This is true because encoding the first m components



at distortion nD; and the last m components at distortion mD,, guarantees an overall per-
letter distortion aD; + (1 — ) Dy. Thus, for a list-optimal codebook of rate aR; + (1 — ) Ry,
distortion aD; + (1 — «) Do, and length n + m,

EL(X1, .. Xnim) > E[L(X1, ., X)) L( X1 ooy Xopm)]
EL(X1,..., X») - EL(Xpi1, s Xoim) (32)

where the second line follows from the memorylessness of source. Since the left-most side is
of exponential order

exp[(n 4+ m)E(aR; + (1 — a)Ry, Dy + (1 — a) Ds)]
and the right-most side is of exponential order
exp[nE(Ry, Dy)] - exp[mE(Ry, D-)],
concavity is established.

Simple bounds to E(R, D). The function E(R, D) satisfies following inequalities.

H(Qo) A R = R(D) < E(R,D) < R — F(D), (33)

where @) is the output PMF induced by the test channel corresponding to R(D) and F (D) 2
ming F'(D;@). Both bounds are tight in the sense that there are situations in which they
hold with equality. These inequalities imply that the rate Ro(D) at which E(R, D) crosses
zero for a given D, is bounded by

F(D) < Ry(D) < R(D,). (34)

The lower bound in (33) follows from the following consideration. First, observe that
F(D;Qy) < R(D) because the backward test channel corresponding to R(D) is a mem-
ber of G(D; Qp). Therefore,

E(R, D) max|H(Q) AR — F(D;Q)]

Q
> H(Qo) ANR— F(D;Q)
> H(Qy) AR~ R(D). (35)

Note that R(D) < H(Qy) thus, in the range R(D) < R < H(Qy) the lower bound is given
by R — R(D), and for R > H(Qg) the lower bound is H(Qy) — R(D) independently of R.

As for the upper bound,
E(R, D)

max[H(Q) AR — F(D; Q)]

max| R — F(D; Q)]

R —min F(D; Q)

R- F(D). (36)

IA



To demonstrate tightness in the above sense, consider the binary symmetric source (BSS)
with the Hamming distortion measure. Let h(a), 0 < o < 1, denote the binary entropy
function. In the BSS case, it is readily seen that for D < 1/2,

F(D;Q) = 1— Zi:Q(y)h(w*(l —yly))

Vv

<2 A (1= yly)
(D) = R(D). (37)

<

1—h
> 1—h
By setting w*(1 — y|ly) = D, y = 0,1, both inequalities become equalities, and therefore
F(D;Q) = R(D). (38)
Note that here F(D; Q) is independent of Q. Thus,
E(R,D) = mgx[H(Q) AR—R(D)=R - R(D) (39)

which coincides with both the upper bound, because F(D) = R(D), and the lower bound
because Qo = (1/2,1/2) and then H(Qy) =In2 > R.

E(R, D) is constant for large R and fired D. Let Q be the PMF that maximizes H(Q) —

N

F(D;@Q). Then, for every R > H(Q) and every output PMF @, we have

HQ)AR-F(D;Q) = H(Q)— F(D;Q)
> H(Q) - F(D;Q)
> H(Q)ANR-F(D;Q), (40)

which means that Q also maximizes H(Q) A R — F(D; Q) and hence E(R,D) = H(Q) —

F(D; Q) independently of R. In other words, there is no point to increase R beyond H(Q)
because the list size exponent E(R, D) will not improve any further.

We next provide a numerical example. Fig. 1 depicts F(R,D = 0.2) as a function of
R for a Bernoulli source with letter probabilities p(0) = 1 — p(1) = 1/3 and the Hamming
distortion measure. As can be seen, E(R, D) is a monotone increasing, concave function of R,
starting from negative values at low rates, where the probability that L(X) = 0 is very high,
and ending with a plateau as anticipated in the previous paragraph. To demonstrate the
numerical procedure for calculating F(R, D), we use the parametric representation provided
in eq. (19). In this case,

142e¢"
Ag(0) = 1n+Te (41)

and »
Ag(l):ln2+36 | (42)



Following eq. (26), for a given output PMF parameterized by ¢ = ¢(0) = 1 — ¢(1), the value
of By is determined by solving the equation

+(1—q)- =D, (43)

where s = e ?. The solution is

5D — 3¢ —1+,/(5D — 3¢ —1)2+16D(1 — D)

44
’ 41— D) (44)
For D = 0.2, this amounts to
VIZ +2.56 — 3¢
s = . (45)
3.2
Consequently, according to eq. (29),
2 1 2
F(0.2,q) =0.2Ilns —¢ln i —(1—q)ln$jL (46)
For large R, it is found numerically that
E(R,0.2) = max [h(q) — F(0.2,q)] = 0.5004. (47)

0<q<1

The maximizing PMF is given by ¢* = 0.4 and hence the last equation is valid for every
R > h(0.4) = 0.673 nats/symbol, which is close to the maximum possible rate in a binary
alphabet, i.e., R =In2 = 0.693 nats/symbol. According to the construction in the proof of
the direct part of Theorem 1, the codebook contains all sequences from 7™, i.e., sequences
with 40% zeroes and 60% ones, as well as codewords of the best composition @) corresponding
the test channel of R(D), i.e., sequences with 22.2% zeroes and 77.8% ones.

5 Conclusion and Future Research

We have characterized and studied properties of the largest attainable expected list size
exponent function in lossy source coding. Possible directions for extending these results are
the following.

e General moments. Analogously to reported work on list channel decoding (e.g., [3],
[4], and others), it would be interesting to obtain single-letter characterizations of
E{L(X)’} for any p > 0.

e Large deviations performance. Another performance measure that would be interesting
to investigate is the asymptotic behavior of the probability that L(X) < en(P(EDP)=4)
for a given A > 0.

e Continuous alphabet sources. Since rate-distortion theory is primarily aimed at efficient
representations of continuous alphabet sources, this extension appears natural.
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e Universal list-optimal codes. Can one attain F(R, D) without knowing the source P
in advance? If yes, what would be the minimum attainable cost of universality?

e Side information. How can side information at the decoder best help in increasing the
expected list size exponent?

These topics are currently under investigation.
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Figure 1: E(R,0.2) vs. R for p(0) =1 —p(1) = 1/3 and the Hamming distortion measure.
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