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I. INTRODUCTION

In the method of types [1], given a parametric model family, the set of sequences of length n over a
finite alphabet A is partitioned into type classes, where two sequences belong to the same class if and only
if they are assigned the same probability by all models in the family.! Since all sequences in a class are
equiprobable, the universal probability assignment problem for the given model family reduces to optimally
assigning probabilities to type classes.

This reduction is optimally performed by the Normalized Maximum Likelihood (NML) code [3], which
can be interpreted as a description of the type, generated by assigning to it a probability proportional
to its ML probability, followed by an enumeration of the sequences in the type class. Unfortunately, in
general, implementing the NML code is difficult for most popular model families, including the family of
tree models studied in this paper (see [4] and references therein for efficient implementation of NML for
some specific model families). Other universal methods, based, for example, on the Krichevskii-Trofimov
sequential probability assignment [5], are computationally efficient, and also assign the same code length
to all the sequences of a given type. They do not, however, provide a separate and identifiable description
of the type. In this paper, we are interested in universal enumerative codes that possess both qualities:
they provide a separate description of the type class of the encoded sequence, and this description can
be efficiently computed. By “universal” we mean codes whose normalized average length differs from the

IOan " plus lower order terms,” where K is the number of free statistical

entropy rate of the source by K
parameters in the family, matching Rissanen’s lower bound [6, Theorem 1]. By “efficient computation”
we mean one whose encoding time is polynomial in the length of the input sequence, and with code
construction time that is also polynomial in the number of free parameters of the family.?

For (non-curved) exponential families of probability distributions (see, e.g., [7]) satisfying some mild
regularity conditions, most type classes have, to first approximation, the same ML probability [8, Appendix
Al]. This observation leads to enumerative source codes that are universal (in expectation), and for which
uniform coding is used both for the set of type classes and for the set of sequences of each type class. In

particular, for finite—state machine (FSM) models [9],* such a code can be efficiently implemented. Indeed,

IType classes were defined in terms of empirical distributions for memoryless models in [1]. The more general definition of type
class used here was introduced in [2, Sec. VII], where extensions of the method of types to wider model families are considered.

2Unless specified otherwise, logarithms are to base two.

30ur complexity requirement will focus on the description of the type class, as there are known efficient methods to do the
enumeration of the class itself for most cases of interest. Notice that, since the number of types in the cases of interest is generally
exponential in the number of free parameters of the family, a construction of the NML code relying on the computation of the ML
probability of each type would be very inefficient.

4 Although FSM models are not strictly exponential families (they are curved exponential families), conditioning on a fixed final
state s does define an exponential family of probability distributions over the length-n sequences with final state s (see, e.g., [10]).
Since all sequences in an FSM type class share the same final state, conditioning the probability of a type class on its final state,
say s, amounts to dividing the probability of the type class by the probability of observing state s at time n. This division does not

affect the mentioned approximate equiprobability of the ML probability for most type classes.
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Fig. 1. Tree models over A = {0,1}

for an FSM F with a finite set of states S and alphabet of size «, there are’ © (nl1(@=1)) type classes

of sequences of length n [11, attributed to N. Alon]. Thus, a uniform encoding of the type class gives

log

a normalized cost of up to [S|(a — 1)=%

4 O(%) Moreover, upper bounding the size of a type class
by a trivial combinatorial expression, using Stirling’s formula, and bounding the expectation as in [12],
one obtains, for the type class of a random sequence, that the expected normalized logarithm of the class
size is upper-bounded by H — |S|(a — 1)% + O(L), where # is the entropy rate of the source. Thus,
the term subtracted from H compensates for half the cost of describing the type class, yielding an overall
penalty of |S|(a— 1)102% + O(1/n) over H, which is universal, as it matches the bound of [6]. Since the
description of the type class is not difficult in this case, and efficient methods exist for enumerating the
class, the resulting enumerative code satisfies our requirements.

The question arises: Is a similar technique applicable to useful model families where approximate ML
equiprobability of the type classes may not hold? In this paper, we address this question for the popular
tree models [12], [13], [14], which, in general, do not induce an exponential family of distributions [15]
or equiprobable types, and have proven very valuable as modeling tools in data compression and other
applications in information theory and statistics (cf. [12], [13], [14], [16], [17]).

A tree model over a finite alphabet A of size |A| = « consists of a full a-ary tree® T and a set of
conditional probability distributions on A, one associated with each leaf of the tree. Each edge of the
tree is labeled with a symbol from A and each node is labeled with the concatenation of the edge labels
found on the way from the root to that node. The probability of the next symbol, x; 1, of a sufficiently
long string given all the past, 2%, is determined by the conditional probability distribution associated to the
unique leaf in the tree whose reversed label is a suffix of %, i.e., the leaf obtained by descending from
the root, matching the labels of the edges with the symbols in the string, starting from the last symbol

and progressing in reverse order. The leaves of the tree are called, thereby, the states of the model. In the

SWe use conventional asymptotic notation: O(f(n)) denotes a function g(n) such that |g(n)| < c|f(n)] for a positive constant ¢
and sufficiently large n, ©(f(n)) a function g(n) such that g(n) = O(f(n)) and f(n) = O(g(n)), and o( f(n)) a function g(n)
such that limy,, o0 g(n)/f(n) = 0.

®We say that an a-ary tree T is full if every internal node of T has exactly « children.



binary tree 71 of Figure 1, for example, all strings ending with O select State 0, while in tree 7%, strings
ending with 00 select State 00 and strings ending with 10 select State 01.

The number of type classes for a tree model with set of states S grows polynomially as n*, but the
exponent k£ may be larger than («—1)|S7|, which would be the exponent in the FSM case. The asymptotic
number of type classes for a tree model is fully characterized in [18], generalizing the corresponding result
for FSMs. A simple example that illustrates the discrepancy with the FSM case is easy to construct:
Consider the binary trees 77 and T3 of Figure 1. Since the number of occurrences of symbol 1 in states 00
and 01 of T, are determined, respectively, by the number of occurrences of states 100 and 101, it is not
difficult to see that each type class of T} is partitioned into up to a constant number of type classes in 7.
Now, the tree T, has the “FSM property” (in the sense that the occurrence of a symbol in a state defines
the next state), so the number of type classes, by the above discussion on FSMs, is ®(n5) for both trees,
even though 77 has four states. Since, as noted, the partitions are essentially the same, lower-bounding the
average code length appropriately, we can readily see that an enumerative scheme using a uniform code
for the type classes would not exploit the reduction in the number of model parameters of 7} with respect
to T,. Notice, however, that a type class with significantly different conditional empirical distributions for
states 00 and 01 of 7% will have small probability under the model 7} for any choice of model parameters,
which suggests that the savings in code length might be recovered with a non-uniform code for the type
classes.

In this paper, we construct such non-uniform code, leading to an efficient enumerative coding scheme
which is universal (in expectation) for the family of tree models. Furthermore, in the twice—universal
setting, in which a tree is not given and optimality is rather required for any possible tree, we show that,
by suitably estimating a tree from the data, the sequences in the aforementioned “atypical” type classes
for each given tree would in fact estimate a different tree. These type classes can thus be discarded from
the coding space, leading to a twice—universal enumerative code in the family of tree models.

Our implementation of the second part of the enumerative code, namely, the index of ™ in its type
class, will be based on the enumeration of tree type classes from [18]. As for the first part, namely, the
description of the type class, a key building block in our scheme will be a collection of codes for encoding
counts of occurrences of certain patterns within the input sequence. In the example of Figure 1, given the
empirical conditional distribution, p, in state O of 73, and the number of occurrences, ng, of the pattern
00, we can estimate the number of occurrences, né‘”, of symbol a in state 00 of 75 as ﬁga) = ngp(a). If
ns and p have already been described to the decoder, we can then encode the difference ng“) — ﬁga) by
assigning high probability to small absolute differences. This observation will be generalized to encode,
efficiently, a collection of pattern counts that uniquely determines the type class of a sequence.

The rest of the paper is organized as follows. In Section II we introduce our notation and formal setting,
and review some results from [16] and [18]. In Section III we present a universal enumerative code for

tree models, for which we introduce variable length codes for the encoding of pattern counts, following



the observation above. These codes, which are based on Golomb codes [19] and dubbed string count codes
(SCC), will be used for the encoding of type classes and will also help us obtain a precise asymptotic
upper bound on the expected size of the type class of a sequence with respect to a given tree. Finally,
in Section IV we present two approaches for the twice-universal setting. The first approach is a standard
plug-in scheme where the tree is first estimated, and then the previously derived universal enumerative
code is applied as-is, using the estimated tree in lieu of a given one. In the second approach, we take
advantage of the observation above that for any given tree, there will be sequences that are “atypical”
for the tree, and will not estimate it regardless of the model parameters. Thus, the enumerative code is
significantly simplified in the twice-universal setting by excluding such sequences from the coding space

for the estimated tree.

II. BACKGROUND AND PRELIMINARIES
A. Tree models

Let A be an alphabet of o > 2 symbols and let A*, A, and A" denote, respectively, the set of finite
strings, positive-length strings, and length-n strings over A. We denote by uf the string wjujq1 ... ug
over A, with uf = ), the empty string, when j > k. We omit the subscript when 7 = 1. For a string
u = uf, we let & = upus_1 ...u; denote its reverse, |u| = k its length, and we write head(u) = u;, and
tail(u) = uk ; |S| also denotes the cardinality of a set S. Concatenation of u and v is denoted uv, and
u=v (resp. u<v) denotes the prefix (resp. proper prefix) relation.

Our models will be based on directed full a-ary trees (or simply, trees), in which each of the o edges
departing from an internal node is labeled with a different symbol from A, and each node is labeled with
the string formed by concatenating the edge labels on the path from the root (labeled by \) to the node.
We identify a tree T' with its set of nodes, and each node with its label, e.g., u € T indicates that there
is a node of T labeled u. The leaves of T are called states. The set of states is denoted St and we let

Z(T) =T\ St denote the set of internal nodes of 7. For a set of nodes of a tree, W, we let P (W)

denote the set or parents of nodes in W, i.e.,
PW)={uec A" :ua € W for some a € A}. (1)

Although the definition (1) can be applied to an arbitrary set of strings W, we will always regard W as
a subset of some tree.

For a sufficiently long sequence =", we refer to the (unique) prefix of =™ in Sp, denoted o(x"), as
the state selected by x™ (the dependence of ¢ on T will be assumed from the context). For the purpose
of selecting states, we assume that ™ is preceded by an arbitrary fixed semi-infinite string #° . This
convention uniquely determines, for any given tree, an initial state sg “selected” by A, and guarantees that
any (short) sequence selects a state. Thus, ™ uniquely determines a state sequence sg, Si, ..., Sy, With

s; = o(x?), 0 < i < n. We refer to s,, as the final state of 2™ with respect to T and we say that the symbol



Ziy1 occurs in state s;, 0 < 1 < n. The notion of occurrence is extended to arbitrary strings, namely, if
for & = u* and some index i, 0 < i < n, we have x§7k+1 = u, we say that x;4; occurs in context u in
™ (notice that, for consistency with our state labeling convention, the reverse of u is matched with z™).

Trees do not necessarily define a next-state function. In the tree 7} of Figure 1, for example, the
occurrence of symbol 1 in state 0 does not determine whether the next state will be 100 or 101. When a
next state function exists for a tree T° we say, concisely, that T" is FSM. The following theorem characterizes
FSM trees.

Theorem 1 ([16, Theorem 2]): A tree T' is FSM if and only if every suffix of a state of 7" is in 7.

A tree T" is an extension of T if T'C T". If a state s of T is an internal node of an extension 7", we
say that T" extends s. The tree T obtained from T by adding all the suffixes of states of T is called its
FSM closure; T is the minimal FSM extension of 7' [16]. In Figure 1, T5 is the FSM closure of T3.

A model parameter for a tree T, denoted pr, is a set of |Sp| conditional probability distributions over
A, one associated to each state of T". The tree T" and the model parameter p, define a tree model, denoted

by (T, pr), which in turn defines a probability assignment [20] Pz ,,.,(-) given by
Pirpny(A) =15 Py (2") = HPT(J%|5¢—1), n>1. 2)
i=1

For each n > 0, the assignment (2) determines a probability distribution on A" and, thus, (T, pr)
completely defines a stochastic process or source. We use the notation P,y {-} to refer to the probability
of an event that depends on a random sequence X" € A" drawn with probability P (7 ,,.(-), where n will
be clear from the context. For example, we write P(p .y { f(X") = 0}, for some function f, to denote
the probability 3. ¢(,n)—o P(1,pr) (")

Different trees and sets of conditional probabilities can generate the probability assignment (2); a tree
model (T, pr) is minimal if for every internal node u of T there exist states uv and ww such that p,(-|uv) #
pr(-Juw). In the sequel, when there is no ambiguity, we will loosely use the symbol T to refer both to
a tree model and to its underlying tree. For example, we will simplify the notation Pi7 .y {-} to Pr {-}.

All expectations E [ -] will be with respect to P,y {-}, where (T',pr) will be clear from the context.

B. Tree type classes and enumerative coding

For a sequence z"”, a string u, and a symbol a € A, define
n@Em)y={i:0<i<n, Tiju41 = U, Tiy1 = all, 3)
namely, the number of occurrences of a in context u (or, if w € Sp, in state u) in z". Define also

nu(z") =Y nlP@"). “

acA
We omit the dependence of counts on " when clear from the context. Notice that, by (3), we have

n{® =" nly) )

beA



and, summing (5) over all a € A, by (4), we obtain

=" - ©)

beA
Furthermore, denoting by i(w) and f(w) the indicator functions of the predicates W = ;zzo_lw‘ 4, and
w= $2—|w\ 41 respectively, we have
Naw + flau) = n{® +i(au), (7

for every string u and every a € A. To simplify expressions, we will use a generic constant § to account
for border adjustments due to terms of the form i(w) and f(w). In coding situations these terms will be
known to the decoder, and in any case border effects will have no bearing on the asymptotic results.

From (2), using a simple algebraic argument, it follows that for sequences ™ and y™, we have

Pirpry (@) =Pirpry (")

for all choices of the model parameter p,, if and only if nga)(x") = n§“>(y") for all s € St, a € A.
Thus, in the case of tree models (as in other cases of interest), the notion of type defined in probabilistic
terms in Section I admits a combinatorial characterization. For a tree 7', and a sequence =", we denote by
K(T,z™) the collection of counts {n,ﬁ") }sesr, aca. The type class of x™ with respect to T' can then be
defined as

T(T,z™)={y" € A" : K(T,y")=K(T,z")}.

An encoding of z™ with an enumerative (source) code for T' is comprised of two parts: a description
of (T, z™), and an index of =™ within 7 (7, z™). By using a trivial bound
ng!

7T, =) < [1 o
seST HaE.A ’I’Lg )'

Stirling’s formula, and applying bounds on expectations from [12], we obtain the following lemma, which
bounds the length of the second part of the enumerative code.
Lemma 1: Let T be a tree model with all conditional probabilities nonzero, and let H be the entropy

rate of the corresponding source. Then,

1 1 1
~E [log |T(T,a")|] < H — |Srl(a~1) " +0 (n) : ®)

The following theorem states that we can efficiently implement the second part of the enumerative code,
which involves computing an enumeration of 7 (7', z"), i.e., a one-to-one mapping f from 7 (T, z™) to
the set of indexes {0,1,...,|7(T,z")|—1}, and its inverse, f~*.

Theorem 2: Given K(T,z™), an enumeration of 7 (7, z™) and its inverse can be computed in time that
is polynomial in n and in |T|.

Proof: Tt is shown in [18, Theorem 3] that, given the so-called pseudo-state transition matrix [18] of
a™ with respect to T, an enumeration f of 7 (7, ") and its inverse, f —1 can be computed in time that
is polynomial in n. Given K(T, ™), the construction of the pseudo-state transition matrix, in turn, can be

done in time polynomial in |T'|, as it follows from [18, Lemma 14]. |



C. Minimal canonical extension

We say that a state s € St is forgetful if as € Z(T) for all a € A. In a forgetful state, a next-state
transition cannot be determined for any occurring symbol a € A. A tree with no forgetful states is called
canonical. It can be shown [18, Lemma 2] that, by sequentially extending forgetful states until no such
state is left, a tree T' is brought to a unique minimal canonical extension, which will be denoted T¢. Any
canonical extension of 7' is an extension of 7. In a sense, forgetful states are the farthest away from
satisfying the FSM property, and T, brings a tree T “closer” to its FSM closure T. Thus, we have the
following relation among 7', T¢, and TF.

Lemma 2: The trees T, T¢, and T satisfy T' C T, C T, and they are all of the same depth.

Proof: Since T; is an extension of 7', we have 1" C T,. T’r is also an extension of 7" and it is clearly
canonical, as it defines a next-state function. Since any canonical extension of 7" is an extension of T, we
must have T, C Tr. Finally, since TF is obtained from 7" by adding all the suffixes of states of T', T
and T are the same depth. [ ]

We denote by o.(u) the state selected by w in 7. The following lemma follows immediately from [18,
Lemma 8] and [18, Corollary 2].

Lemma 3: K(Tc,x™) can be reconstructed from a description of (T, 2™) and o(«™). This computation

takes a number of operations on registers of length O(logn) bits that is polynomial in |T|.

D. The number of tree type classes

We define the state transition support graph Gp=(Vr, Er) of a tree T, with vertex set Vp=Sr, and
edge set B comprising all state pairs (s,t) such that some sequence x™ causes a direct transition from
s to t in T'. By the definition of state selection in trees, the symbol x;,; causes such a transition if and

only if head(t) = x;1; and the reverse of both s and tail(t) are prefixes of x%. Thus, we have
Epr ={(s,t) : s <Xtail(t) or tail(t) < s} . )

The following theorem establishes the asymptotic number of type classes induced by a tree T on
sequences of length n, in terms of the state transition support graph of T¢.

Theorem 3 ([18, Theorem 4]): The number of type classes induced by 7" on sequences of length n is
Np =6 (nlETcI*‘VTc‘) . (10)

When T is FSM, T is also canonical, and there are exactly « edges departing from each state in 7.
Thus, in this case, the exponent in (10) is |Er.| — [Vr.| = |S7|(ev — 1). Thus, (a—1)|S7|logn+ O(1) bits
suffice to describe T (T, z™) when T is FSM and, therefore, by (8), an enumerative code for an FSM tree
T, based on uniform coding of the type class, is universal (in expectation). Moreover, such an enumerative
code can be efficiently implemented, as it follows from Theorem 2 and Lemma 4 below. We denote by

Kp(T, z™), beA, the collection of |Sy|(cw — 1) counts

Ku(T,2") = {n{"}sesr, acafo) - (11)



Lemma 4: If a tree T is FSM, then for any b € A, Kp(7T, 2™) and the final state, o(2™), of 2™ in T
completely determine K(T, 2"™). The computation of (T, z™) takes a number of operations on registers
of length O(logn) bits that is polynomial in |T|.

Lemma 4 follows by applying [18, Lemma 15(ii)] to the state transition support graph of a tree that
is FSM. For a general tree model, however, (7, z™) and o(2™) are insufficient to determine IC(T, z™).
The exponent |Er,| — |Vr| in (10) may be larger than |St|(a — 1) and, as discussed in Section I, an

enumerative code with a uniform encoding of type classes may be suboptimal.

III. UNIVERSAL ENUMERATIVE CODING

In this section, we present an efficiently computable description of the type class 7 (T, 2™) (or, equiva-
lently, the counts KC(T,2™)). By Theorem 2, the index of a sequence within its type class can be computed
and uniformly encoded, efficiently, using the combinatorial characterization of the tree type class in [18].
These descriptions of IC(T, ™) and the index of =™ within its type class, together, yield an enumerative code
for tree models. We also analyze the expected code length of this code showing that it is universal in the
family of tree models. For this purpose, we study the expected length of the the proposed description
of IC(T,z™) (code length of the first part of the enumerative code), and the asymptotic behavior of
E [log|T(T,X™)|] (code length of the second part of the enumerative code). We assume, throughout,

that the tree is not trivial, i.e., |S| > 1.

A. Outline

Our encoding of type classes will consist of two parts: a description of Ky(T, 2™) as defined in (11) for
some b € A (which is generally insufficient to characterize the type class), and a set of additional counts
that completes the description of (T, ™). These additional counts can be efficiently described, as stated
in the following lemma.

Lemma 5: Let T be a tree model with all conditional probabilities different from zero and let X™ be a
random sequence emitted by the corresponding source. Then, there exists a code for describing IC(7', z™)
whose code length, L(X™), satisfies

E[IL(X")] < 5(a— DISrllogn + 5 (1Br| ~ Val)logn + 0(1). (12

Moreover, such a code can be obtained by encoding K, (T, 2™), using |S7|(a—1) counts of log n bits’ each,

the final state of 2™ in T¢, using a constant number of bits, and an additional |Er,| — |V | — |S7|(av — 1)

counts, requiring on average %logn + O(1) bits of description each. The overall encoding of (T, z™)
requires a number of operations on registers of length O(logn) that is polynomial in |T'| and in n.

The crux of the proof of Lemma 5 will be to find a minimum set of counts, and the order in which they

are described, that suffice to determine C(7', z™), and, at the same time, can be described economically.

"To simplify discussions, we will sometimes ignore integer constraints on code lengths, referring, for example, to log n bits instead

of the more precise “at most [logn] bits.” This loose convention will be immaterial to the main asymptotic results of the paper.



In Subsection III-B we present our enumerative code by defining, for the first part, algorithmically, the set
of counts to be encoded, the order in which they are encoded, and how K(T, ™) can be reconstructed by
the decoder. The encoding of the counts themselves is defined in Subsection III-C, where we introduce
string count codes (SCC). As mentioned, the second part of the enumerative code will be based on the
enumeration of the tree type class in [18].

SCC will also serve as a tool, in a coding argument, to analyze the asymptotic behavior of the expected
type class size in Subsection III-D. When T is FSM, the bound (8) on the expected type class size leads
readily, by means of Lemma 4, to the optimality of enumerative coding where type classes are encoded
uniformly. For general trees, however, describing the type class requires, by Lemma 5, an average of
L (|Ere| = V| — (e — 1)|Sr]) log n additional bits with respect to the (e —1)|S7|log n+O(1) bits that,
by Lemma 4, suffice in the FSM case. Thus, we need a tighter upper-bound on E [log |7 (T, X™)|] to
offset the length increase of the type class description part. In Subsection III-D, we prove the bound in
Theorem 4 below, which satisfies our requirements.

Theorem 4: Let T be a tree model with all conditional probabilities different from zero, H the entropy
rate of the corresponding source, and Gr,=(Vr,, E1.) the state transition support graph of T¢. Then, for

a random sequence X" emitted by this source,

1 Er.| — 1
—E [log |[T(T, X™)|] SH—MlognJrO (> .
n 2n n

Notice that, again, when T is FSM, we have |Er.| — |Vr.| = |S7|(ov — 1), bringing Theorem 4 in
agreement with Lemma 1. Theorem 4 complements, by providing an asymptotic interpretation, the exact
combinatorial characterization of the tree type class in [18]. While the combinatorial characterization is
instrumental in implementing the enumerative code, the asymptotic result helps us estimate the average
code length.

We prove Lemma 5 in Subsection III-E. Together with Theorems 2 and 4, these results will show that
the proposed enumerative code is universal and efficiently implementable, as summarized in Theorem 5
below, which is our main result. This theorem is also proved in Subsection III-E.

Theorem 5: Let T be a tree model with all conditional probabilities different from zero and let H be
the entropy rate of the corresponding source. Then, there exists an enumerative code for 7', which can

be efficiently implemented, and whose code length, L(X™), for a random sequence X" emitted by this

E[L(Xn)]g%urST|(O‘_1)IOgn+O(1>. (13)

source, satisfies
n 2n n

B. Algorithmic description of the enumerative code

Let h and d denote, respectively, the minimal and maximal depth of leaves in T". For h < k < d, let Tkl
denote the truncation of 7" to depth k, and Tc[k] the canonical extension of 7'¥!. Notice that, by Lemma 2,
Tc[k] has depth k. We denote by Sc[k] the set of states of Tc[k], and by a£k] (u) the state selected by u in

Tk,
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Algorithm EncodeTypeClass (7T,z")

1. Choose b€ A; encode Ky(T,z") and the final state of z" in T¢.
/By Lemma 4 and the fact that Tl is Fsm,
this completely describes K(TUH gn). s/
2. set h=min{|s|:s € St} and d =max{|s|:s € Sr}.
3. For k=h+2 to d
4. Encode K(Tc[k],x”) given K(Tc[k_ll,x”).

Fig. 2. Encoding of K(T',z™)

To encode the type class of ™ with respect to 7" we will describe IC(7¢, z™), which, since T¢ is an
extension of T', suffices to reconstruct (T, ™). This description, in turn, will be done by truncation levels,
starting from a description of IC(TCULH] ,x™), and progressively describing each count set K(7, il ,x™), for
h+ 2 < k < d, based on the previous description of the count set K(Tc[k_l], ™).

Algorithm EncodeTypeClass, shown in Figure 2, lists the main steps in the proposed encoding of
K(T,x™). The algorithm starts by encoding, uniformly, the counts in K, (T, 2™) for an arbitrary b € A
with logn bits per count, and the final state of ™ in T¢, using a constant number of bits. It then iterates

],x”), for

to describe, incrementally, each count set IC(TCW ,x™) given a previously described set IC(Tc[k*1
h+2 < k < d. Notice that since T is a full balanced tree, 1"+ is FSM, and, hence, T\" "1 =
T+ By Lemma 4, K(T"+1 27) is completely determined by (7T, z") (which, clearly, describes
h+1] ")

also /Cp (T4 2™)) and the given final state. Thus, a decoder can reconstruct IC(TC[ from the

information provided in Step 1 of EncodeTypeClass, and can recover K(Tc[d],x”) from the information

] is an extension of 7', this is

encoded in the loop of Steps 3—4 of the algorithm. As mentioned, since Tc[d
sufficient to reconstruct K(7', z™).

Clearly, the crucial step in EncodeTypeClass is the encoding of the refinement of counters from Tc[kfl]
to Tc[k] in Step 4. For u,v € A*, we denote by N, , the number of times a transition from context u to
context v occurs in ™ (i.e., the number of indexes 7, 0 < ¢ < n, such that x; occurs in context u and
Zi4+1 occurs in context v). In particular, when u and v are states of a tree, IV, , denotes the number of
times state v is selected immediately after state u. Notice that, for a state ¢, we have

ny = Z Ny s = Z Ngip+9. (14)
s€ST s€ST

Our implementation of Step 4 will amount to describing all state transition counts N, ;, with s,¢ € Sc[k].
This set of counts is sufficient to determine IC(Tc[k],x”) since nsa) = Zau esl Ny qu. However, not all
the counters in the set will be explicitly described, since some will be derivable from K (Tc[k_l],a:”) and

earlier portions of the description of K(Tc[k],x"). All explicit encodings will be for counts N, with

s, t € Sc[k] satisfying s < tail(t) (which, by (9), is a subset of all state transitions), for which we will

11



make use of the following lemma.
Lemma 6: Let s and t be states of a tree such that s =< tail(¢). Then, N, = n; + 9.
Proof: Notice that s is the only source of state transitions into ¢ and apply (14). [ ]
The proposed encoding of IC(TC[k] , ™) given K(Tc[kfl] , &™) will rely on relations between the consecutive
truncations, 7' (=11 and T[k], of T', and their respective canonical extensions, Tc[kfl] and Tc[k]. We investigate

these relations next. We define the truncation increment,
ATHE = PRI\ P10 < k< d, (15)

namely the set of nodes of 7% at level k. The following lemma is an immediate consequence of the
definition of T'¥]. We recall that Z (T') denotes the set of internal nodes of a tree 7', and P (W), defined
in (1), denotes the set of parents of a set of nodes .

Lemma 7: Let h < k < d. Then, we have
AT = S \ Spoey, and P (ATW) = Spiu \ Sy = {rez (T[kl) | =k —1}.
In analogy to (15), we define the canonical truncation increment,
ATH = R\ =« < a. (16)

Notice that, in general, Tc[k] is different from (Tc)[k] and, therefore, ATc[k] is not necessarily the set of

]

nodes of T, at level k. It is true, however, that Tc[k] is an extension of T.;[kf1 , as stated in the following

lemma, whose proof is deferred to Appendix A.

Lemma 8: Let h < k < d. Then, Tc[k] is an extension of Tc[k_l].

By Lemma 8, Tc[k] is obtained from Tc[kfl] by adding the nodes in ATc[k]. We distinguish between nodes
in ATCM that are added to Tc[k_l] for they belong to 7% (but not to 7=, and nodes in ATc[k] that
arise in Tc[k] in order to take T!*! to canonical form. The latter set, called the canonization increment, is

given by
ATE = ATVINTH h<k <. (17

The following lemma will be instrumental in identifying an appropriate set of counts to describe
IC(TC[k] , ™) given IC(Tc[k_l], ™).

Lemma 9: For h<k<d,a€e A andr € P (ACTLH), we have ar € 7 (Tc[k]).

Proof: Since r € P (ACTW), by (17) and (16), r is the parent of a node in Tc[k] \T[k] and, therefore,

by the definition of canonical tree, r is a forgetful state of some tree 7" built in the process of making 7'*]
canonical (recall the process for making a tree canonical from Subsection II-C). Thus, by the definition of
forgetful state, ar is an internal node of some tree 7" satisfying 7% C 7' C Tc[k]. ]

The following lemma establishes some relations among the objects in the foregoing definitions. The
proof is deferred to Appendix A.

Lemma 10: Let h < k < d. Then,
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Procedure RefineTypeClass

1. For each TE’P(S.L,M) taken in non-decreasing order of length |r|:
2. 1f 7€ P (ATY
/% Since P (ACTLH) cP (ATCUC]), by (19), this implies r € SBH]. */

3. Take d € A such that dr gI(Tc[kfl]) .

/% Such d must exist (see proof of Lemma 12).%/
4. Use P (r,c) to describe counts NS,t

for every s€ Sék](r), c€ A4, and t€ S¥ such that ¢ = head(t).
5. [Let Nsgs= ngd) =ns — Zcidngc), for all s € S£k](r). ]

[x We have dsGSyc] and ns is known (see proof of Lemma 12).

The last equality follows from (4).*/

6. else, If TEI(TC[’“*H)
7. For each c¢€ A such that cr ¢I(Tc[k]),
8. [For each s€ Sc[k](r), s = O’Lk](@) is well-defined, thus N, =nl?.]

/% Since TEI(TC[kfl]), the child s of r belongs to Tc[kfll,
therefore n'® is known from K(Tc[kfll,x") ./
9. For each c€ A such that CTEI(TC[H),
10. Use P(r,c) to describe counts Ny

for every s€ Syc](r), and every t € S¥ such that ¢ =head(t).

11. else, /By Lemma 11, TEP(AT[k]).*/
12. For each se€ S¥(r), sBy Lemma 7, s¢€ Srw and |s| =k. %/
13. [For each a€ Ay, let s = al_’“] (@s) and therefore N,y = n{® . ]

f Since s € S, n'” is known from Ko(T,z™) . */
14. [For § = U£k] (bs), take N o = n® = n, — Za# n{® . ]
/* ns 1s known (see proof of Lemma 12).

The last equality follows from (4). */
[k—1]

Fig. 3. Encoding and decoding of IC(Tc[k] , &™) from (T ,x™)

@) Tc[k] extends states of Tc[k_l] by at most one level, i.e., Z (Tc[k]> - Tc[k_l} .
(ii) Given r € A* and a € A, we have r € P (ATc[k]) if and only if ra € AT,
(i) The sets AT and P (ATJ’“]) satisfy

ATH = gl glk=1 (18)
P (AT) = st sl = stz (1) = 7 (T T (1Y) (19)

We now present the implementation of Step 4 of EncodeTypeClass, which is shown as Procedure
RefineTypeClass in Figure 3. Decoding steps are shown in brackets, to verify the losslessness of the
code. In RefineTypeClass, b is the same symbol as in Step 1 of EncodeTypeClass. For d € A, we let
Ag=A\{d}. Forh<k<dandr € P (Sc[k]>, we denote by Sik] (r) the subset of S that are children
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of r, ie.,

SM(r) = {s € SH : s = ra for some a € A}. (20)

Procedure RefineTypeClass iterates over nodes r € P (Sc[k]), and for each s € Sc[k] (r), it describes all
potentially nonzero state transition counts N, with ¢ € Sﬁk]. The actual encodings in the procedure will
be done through an auxiliary procedure P, to be defined later in Figure 4. Given a node r and a symbol ¢,
P(r, c¢) will describe N, , for every s € s (r), and every ¢t € S such that ¢ = head(t). The correctness
of the procedure is established in Lemma 12 below. The code length is analyzed later, when we prove
Lemma 5. We make use of the following auxiliary lemma, whose proof is deferred to Appendix A.

Lemma 11: Let h < k < d. Then, (77 (Sc[k]> \ P (ACTQCD ) \Z (Tc[k_l]) =P (AT[k]). Thus, by the
conditions of Steps 2 and 6 of RefineTypeClass, we must have r € P (AT[k]) in Step 11.

Lemma 12: Assume that KCp(T, z™), K(Tc[k_l],z"), and oc(z™) are known, and assume that P(r,c)
correctly describes N, ; for every s € s (r), and every t € 5™ such that ¢ = head(t). Then, Procedure
RefineTypeClass fully describes IC(TCUC]7 ™).

Proof: The procedure iterates over all nodes r € P Sc[k] . Then, in each of the three cases distin-
guished by the conditions of Step 2 (nodes in P (ACT£H>, which, by (19) and the fact that P (ACTLH) -
P (ATC[M), are in Sc[kfl]), Step 6 (nodes in 7 (TJ’“”)), and Step 11 (all remaining nodes r € P (Sc[k]>),
its computations (possibly involving the use of Procedure P) allow the decoder to recover the counts for

}. Notice that the conditions

all state transitions that depart from every child of r that is a state of Tc[k
of Steps 2 and 6 imply that s € Sy and |s| = k in Step 12. Indeed, by Lemma 11, we must have
rep (AT[k]). Therefore, by Lemma 7, we have |r| = k — 1 and the child s of r is a state of T!*l at
depth k. We next show that conditions required at various points of the computation are satisfied.

In Step 3 we ask for a symbol d such that dr € 7 Tc[kfl]). The condition r € P (ACTW) satisfied in
Step 2 and the fact that P (ACTL’“]) cPp (ATJ’”), imply, by (19), that r € S¥ . 1f dr € T (TJ’“‘”)
for all d € A, then r would be a forgetful state of Tc[k_l], contradicting the definition of Tc[k_l]. Hence,
the symbol d called for in Step 3 must exist.

In Step 5 we compute Ny 4, as ngd), implicitly assuming that ds is a state of Tc[k]. Indeed, since
rep (ACTW) (as tested in Step 2), by Lemma 9, dr is an internal node of Tc[k]. However, by its
definition in Step 3, dr is not an internal node of Tc[kfl]. Therefore, by Lemma 10(ii)—(iii), we must have
ds € SM.

The computations in Steps 5 and 14 require the knowledge of n,. We claim that when picking an element
r of P (Sc[k]) in an iteration of Step 1, the description provided up to that point suffices for the decoder
to reconstruct ng for every s € S (r). Consider a state s € SiHl (r), and let v = tail(s). f v € Z (Tc[k]>,
by Lemma 10(i), we have v € Tc[k_l], and with @ = head(s) we have n, = nEf” + ¢, which is known,
given the final state in 7. Otherwise, if v € 7 (Tc[k]), all transitions into s come from the unique state

s" of Tc[k] such that s’ < v. Then, by Lemma 6, we have n, = Ny , + d, and, since s’ is shorter than s,

Ny s has already been computed in a previous iteration of the loop in Step 1, as the elements of P (Sc[k])
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are taken in non-decreasing length order. Thus, the claim is proven, showing the validity of the decoding
computations in Steps 5 and 14.
The fact that all states s € Sc[k} () in Step 12 belong to T!*! and have length k validates the use of

K(T, 2™) to determine nga) in Step 13, as well as the definition of s’ in Steps 13 and 14, since the depth

of Tc[k] is k and, thus, @s is sufficiently long to determine a state in Tc[k] for every symbol a. [ ]
We next define Procedure P. The following lemma establishes a condition that will be assumed in the
procedure.
Lemma 13: When P(r, ¢) is invoked in Step 4 or Step 10 of RefineTypeClass, the node  and the symbol
c satisfy r € P (S,Ek]> and cr € 7 (Tc[k]>.
Proof: The condition r € P (S’c[k] is satisfied in both Step 4 and Step 10 since it is imposed in
Step 1. Now, in Step 4, we have r € P (ACTLIC]), since this condition is imposed in Step 2, and the claim
follows from Lemma 9. In Step 10, the condition cr € 7 (T c[k]) is imposed in Step 9. |

Forw e T (Tc[k]), we denote by ATc[k] (w) the subset of nodes in the canonical truncation increment,

ATc[k], that descend from w, i.e.,
ATHw)y={te AT :w=<t}, h<k<d. 1)

It is readily verified that the set of parent nodes of ATc[k] (w), P (ATCW (w)), is, in fact, the subset of
nodes in P (ATc[k]) that descend from w.

Procedure P is shown in Figure 4. In the procedure, b is an arbitrary but fixed symbol. Again, decoding
steps are shown in brackets, to verify the losslessness of the code. The following lemma establishes the
correctness of the procedure.

Lemma 14: Let r € P (Sc[k]) and ¢ € A such that ¢r € 7 (Tc[k]> (see Lemma 13). Assuming that
K(Tc[kfl],:c”) and o.(x™) are known, P(r,c) correctly describes Ny, for every s € s (r), and every
t € S™ such that ¢ = head(t).

Proof: Since cr € T (Tc[k]), all possibly non-zero state transition counts, N, ;, such that s € Sc[k] (r)
and ¢ = head(t), satisfy tail(t) £ s. Therefore, by (9), s =< tail(¢). We claim that all such state transition
counts are correctly described.

We first analyze the case in which the condition in Step 1 is satisfied. In this case, since Step 1 checks
that cr is a state of Tc[k_l], the count n., required in Step 3 is known from K(Tc[k_l],x”). Notice that,
by the condition in Step 1, we have r € Sc[kfl] and cr € Sc[kfl], and also, by the assumptions, we have
rel (Tc[k]) and cr € T (Tc““]). Therefore, for d € A, by Lemma 10(ii)(iii), d and crd belong to
S, Hence, all state transitions from s € St (r)ytote SHM such that ¢ = head(t) must be of the form
s=rd, t =crd, d € A, as implicitly assumed in Step 4. The reconstruction N, ;=n¢,q + 0 in the same
step follows from Lemma 6.

When the condition in Step 1 is not satisfied, the procedure starts a loop in Step 5, and, for each

5 € Sc[k] (r), it checks whether cs € 7 (Tc[k]). Ifesel (Tc[k]) , the procedure describes all state transition

counts, N, ¢, with ¢ of the form ¢ = csv, v € AT, distinguishing those destinations ¢ that do not belong to
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Procedure P (7, c)
Assumptions: r € P (Sc[k]) , ecr el (Tc[k]> .

1. If r and cr are states of Tc[kfll

2. Encode a—1 counts nerd, d € Ap.

3. [By (6), reconstruct Ners = Ner — Zd# Nerd - ]

/*ncr is known (see proof of Lemma 14). >(</
4. [ Reconstruct N;si=neq+d for all deA, with s=rd, t=-crd.]
/*All state transitions from sGS£k](T) to te€SM such that ¢ = head(t)
are of the form s=rd, t=crd, d€ A (see proof of Lemma 14).x/

5. else,

6. for each s€ Sc[k](r)

7. If csEI(Tc[k])

8. For each csuEP(ATc[k](cs))

9. Encode a—1 counts nNesud, d € Ap .

10. [By (6), reconstruct 7Ncsub = Nesu — Zd# ncsud.]
[%Nesu 15 known (see proof of Lemma 14).%/

11. [ Reconstruct Nst = Nesua +0 for all d€ A, with t=csud . ]
/*csudESc[k] for all d€ A (see proof of Lemma 14).%/

12. For each state tzcsngATc[k](cs) of Tc[k]

13. [Reconstruct Nst = nNeso + 0. ]
/*ncsv is known (see proof of Lemma 14). */

14. else

15. [Reconstruct Ny;=mnes+d, for t=cs]

/*csesi’“] and nes 1s known (see proof of Lemma 14). */

Fig. 4. Encoding of state transition counts

Tt e ATH (cs)), from those that do belong to T ¢ ¢ ATH (cs)). Transition counts for those ¢
that belong to AT (cs) are described in the loop of Step 8, which iterates over P (ATc[k] (cs) ), the set of
all parent nodes of elements in ATc[k] (cs). Now, if csu € P (ATCM (cs)), by (19), we have csu € Sc[k_l].
Thus, the count n.g4,, required in Step 10, is known from K(Tc[k_l],x”). Moreover, by Lemma 10(ii)
and (18), we have csud € Sc[k] for all d € A, as implicitly assumed in Step 11. The reconstruction
Nt = Nesud + 0 in Step 11 follows from Lemma 6. Transition counts for those ¢ not in ATCW (cs)
are described in the loop of Step 12. By the definition of ATC[H (cs), if csv is a state of Tc[k] such that
csv & ATc[k] (cs), then we must have csv € Tc[k_l]. Hence, the value n.g, required in Step 13 is known
from IC(TCU“I]7 x™). Again, Lemma 6 is used for the reconstruction in this step.

Finally, if cs € 7 (Tc[k]) in Step 7, then, by the assumption cr € 7 (TW), we must have cs € S.W.
Therefore, N, s is the only transition count departing from s that needs to be described, which, by

Lemma 6, can be obtained as N, .s = nss+0. Now, we must have either cs € Tc[kfl], or s € Tc[kfl}, for
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EnumCodeT (7, z™)

1. Encode K(T,z") with EncodeTypeClass
2. Encode the index of z" within T(T,2")

Fig. 5. Enumerative code for tree models

otherwise, their respective parents cr and r, would belong to P (ATc[k]>, which, by (19), implies that cr
and r belong to Sc[kfl] and Step 1 would not have branched to Step 5. Therefore, the count n.s is known
from K(TF 7Y, 27), either directly or via n'”. [
The overall scheme of an enumerative code for tree models is summarized in Figure 5. The enumeration
of the type class for Step 2 is studied in [18]. In Subsection III-E we show that EnumCodeT can be
implemented efficiently and that the code is universal for tree models. To prove the universality, in the
next subsection, we will show that, using SCC, the encoding of each count that is explicitly described
in Procedure P takes, on the average, %logn + O(1) bits. We finish the current subsection with a
characterization of these counts, which will be useful for this purpose.
Lemma 15: All counts explicitly encoded in Procedure P are of the form n;, where t € Sc[k] satisfies
s" < tail(t) for some state s" of T
Proof: All encodings take place in Steps 2 and 9. In Step 2, as argued in the proof of Lemma 14,
t = crd is a state of Tc[k], which, since Tc[k] is a tree of depth k, implies that |r| < k — 1. Now, by the
condition in Step 1, we have r € S and, since TF—1 € T~ Y there exists a state " of T1*~1) such
that s’ < r. Moreover, since |r| < k — 1 and Tk=11 is the truncation of T to depth k£ — 1, s’ must also
be a state of T. Thus, s’ < tail(¢t) = rd as claimed. Similarly, in Step 9, ¢t = csud is encoded, where,
as argued in the proof of Lemma 14, csud € S,Ek]. By the condition imposed in Step 7, we must have
|cs| < k. Thus, by the condition in Step 6, s is a state of Tc[k] and it satisfies |s| < k, which, again, implies

that there exists a state s’ in 7" that is a prefix of s. Thus, s’ < tail(¢) = sud. ]

C. String count codes

We introduce string count codes (SCC), a class of non-uniform codes, which will be used in all explicit
encodings in Procedure P and, also, as a tool to bound the expected size of the tree type classes in
Subsection III-D. To this end, we describe counts n; (as characterized in Lemma 15) by encoding the
difference between n; and an estimate of n; based on values that will be known to the decoder. We start
with some definitions and a lemma, and then describe the codes.

Let ¢ be a string of length ¢ such that s’ < tail(t) = ¢ for some state s’ of T'. By our assumption of
T being non trivial, we assume g > 2. If ¢ is a suffix of a string z7, then, m is a suffix of /~! and,
thus, 27~! must select the state s’. Further, let £(t) be the largest integer such that each suffix tz( 0

—i+1
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of t, 0 < i < £(t), has a (necessarily unique) state s; as a proper prefix (at least £(¢) = 2 satisfies this
condition), i.e.,

((t)=max{j: Vi,1<i<yj, 3’ € Sy st. s <tl}, (22)

where we notice that, since 7' is non trivial, we have £(t) < ¢. In the sequel, to lighten notation, we
omit the dependence of £(¢) on t, and write simply £. Then, the occurrence of ¢ in z™ implies also the
occurrence of ﬁ, which selects state s;, followed by the sequence of symbols ¢,_1,t,_> ...t;, where each

symbol ty_;, 0 < ¢ < £, occurs in state s;. Thus, with the short-hand notations
mip=ng, N =N, n?:ng“"'), O<i<t, (23)

we expect the estimate m; Hf;ll % to be close to n; for a typical sequence of the source. For example,
in the tree 7 of Figure 1, for ¢ = 100, we have ¢ = 3 and ¢ = 2, since t3=0¢&T. We have s; =0, and

the symbol #; = 1 occurs in state s; whenever ¢ occurs in ™.

The following lemma states that the estimate m4 Hf;ll 7: is available to the decoder when a count 7
is encoded in Procedure P.

Lemma 16: When a count n;, for some ¢t € A*, is encoded in Procedure P, invoked from RefineType-
Class, the values mq, n;, and n$*, 0 < ¢ < /, are available to the decoder.

Proof: Procedure P is invoked from RefineTypeClass to encode some of the counts involved in the
description of K(Tc[k],x”) given K(Tc[kfl], a™), for some k, h +2 < k < d. By Lemma 15, these counts
are of the form n;, where ¢ is a state of Tc[k]. Since, for 0 < ¢ < {, s; is a state of T that is strictly shorter
than ¢, and the length of ¢ is at most the depth k& of Tc[k], we must have s; € Spk-1. Therefore, since

k—1]

7k=1 ¢ 7*Y  the counts n; and ng, 0 < i < {, can be recovered from IC(TC[ ,z™). Similarly, since,

by (22), tZ 11 belongs to 1" and it is strictly shorter than ¢, we also have tz 41 € Tc[kfl] and, thus, by (7),
my can be recovered from IC(Tc[k_l],x"). [ |

In view of Lemma 16, we next specify how we can efficiently describe n; to a decoder that knows the

@
n;

values of m; and ng, n;, for all 7, 0 < ¢ < £. Given m;, we can estimate n; by m; Hf;ll provided

n;’

n; > 0 for all ¢, 0 < ¢ < ¢ (otherwise we must have n, = 0, which can be reconstructed by the decoder

with no need for encoding). Assume the condition n; > 0 holds for all i, 0 < i < ¢, and define

-1 ng 1 2z >0,
Zt:nt_m1H;7 Zi=|z|, and sg, =
i=1 " 0 otherwise.

As customary, denote by |z| (resp. [z]) the largest (resp. smallest) integer satisfying [z] < z < [z].

Clearly,
|_ZtJ + ’77711 Hf;ll %—‘ , Sg; = 17
e (24)
{ml Hf;% Z?J — | %], otherwise.

Hence, encoding | Z;| and sg, suffices for the decoder to reconstruct n;. Thus, we define a SCC for ny,

denoted Cy(n¢), as follows:
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o The sign sg, is described plainly using one bit.

o The integer | Z;| is encoded using a Golomb code [19] of parameter {\/mil] Specifically, we use a
unary code for the integer division | Z;] " = |Z,] / [\/m1], which takes | Z,] " +1 bits, and encode
|Z:)* = |Z] mod [\/m] uniformly with log ([\/721]) bits. When n; = 0 for some i, 0 < i < £,
or when m; = 0, we also have n; = 0, and the decoder can reconstruct n; with no need for encoding;
we define LthT = 0 in this case, to simplify discussions on expectations.

The intuition behind the SCC Cy(n;) is that we can think of Z; as the absolute difference between n,

-1

and its estimate, m [ %i which the decoder could guess from the known counters m; and n*, n;,

i=1 n;

for all 4, 0 < ¢ < £. The probability of the estimate differing from the true value decays exponentially fast,
which leads to a constant expectation of LZtJT, as stated in the following lemma.

Lemma 17: Let T be a tree model with all conditional probabilities different from zero. Then, the
expectation E [ | Z:] T} is upper-bounded by a constant independent of n.
The proof of Lemma 17 is deferred to Appendix B.

Lemma 17 and the fact that log [\/m;| < 1+ logn yield the following corollary.

Corollary 1: The expected code length of Cy(n;) is upper-bounded by 1 logn + O(1) bits.

D. The expected size of T (T,X™).

In this subsection we study the asymptotic behavior of E [log |7 (T, X™)|] and prove Theorem 4. We
first show how an economic description of K(TF,2™) can be obtained by means of SCC from one of
K(T,x™), where we recall that Tr denotes the FSM closure of 7. This description, together with the
bound (8) applied to Tr, and a coding argument, will lead to the bound claimed in Theorem 4.

Let

w1 = —(|Ere=|Veel) + |Sre(a—1). (25)

By Theorem 3, the asymptotic number of type classes in 7 and T is © (nlE%/=Vzel) and © (n/57rl(@=1),

respectively. Hence, by (25), there is, asymptotically, a factor of n"7 more type classes in T’ than in 7',

which suggests that roughly x7 counts of O(logn) bits each would suffice to describe K(Tr,z™) from

K(T,z™). Lemma 19 below confirms this intuition, and establishes the fact that the counts can be encoded

economically. We make use of the following auxiliary Lemma 18, whose proof is deferred to Appendix C.
Lemma 18: For every tree T' we have

kr= Y. (a=1)(k,—1), (26)

vEL(Tr)\I(Tc)
where, for a node v € Z (Tr)\Z (1), we let

Ko ={a€Aiat ¢ T(Te)}. 27)

Lemma 19: Given K(T,z™), the collection K(Tr,z") can be described with k7 counts n¢, t € AT,
plus a constant number of bits used to describe oy (z™), the final state of =™ in Tr. Each of the k7 counts,

n¢, can be encoded using a SCC, C¢(n;), as defined in Section III-C, requiring %logn + O(1) bits.
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Proof: Since oy(z™) determines o.(z"), by Lemma 3, K(T¢, z™) can be recovered from K(T,2™)
and o (2™). Hence, in order to recover K(Tr,z™), it suffices to recover the counts n'® for every v in the
set D =7 (Tr)\Z (T.) and every a,c € A. By (7), any such count n{® can be reconstructed from one
of the form n;, t = avc, as nq(fé) = ny + 6, where we recall that § is a (known) constant that accounts for
border adjustments. We claim that n; can be encoded using SCC. Indeed, since v € D, then v ¢ Z (T)
and, therefore, tail(¢) = vc ¢ T, which implies that there exists some state s’ of T that is a proper prefix
of tail(¢). In addition, since KC(T', ™) is known, all counts n;, n®, 0 < ¢ < ¢, are available to the decoder,
where ¢, n;, and n$ are defined in (22) and (23). It remains to check that m;, defined in (23), is also
available. By (22), t‘j 11 belongs to T" and, thus, by (7), m; can be recovered from (T, ™).

Now, we claim that, if we describe these counts ngfé) taking the strings v from D in ascending order
of |v|, nye can already be available at the time nq(f? is described. Let v = bu € D, with b € A, and
assume that, for all w € D such that |w| < |v| and all a, ¢ € A, nSﬁQ has already been recovered. Suppose
first that w € Z (T¢). Then, m(fc) is known from K(T¢,z™) for every ¢ € A and, thus, by (7), 1, can be
reconstructed as Ny = Npye = m(LbC) + 0. Suppose now that u ¢ Z (T.). Since, by Theorem 1, every suffix
of a state of T belongs to T [16] and bu € D C Z(Tr), we must have u € Z (Tr) and, therefore,
u € D. Hence, since u is shorter than v, by the assumed order of description, nq(f’c) is known for every
c € A, and n,. can be reconstructed as n,. = Npye = nngp) + 4.

Next, we show how to recover the counts m(,%), for every v € D and every a,c € A, by explicitly
describing a specific choice of x7 of these counts. As shown, by taking the strings v from D in ascending
order of length of v, n, is available at the time of describing nf,’i) For every symbol a such that av € Z (T¢)
and every ¢ € A, since ave € T, Ngye 18 known from K(T¢,z™) and, therefore, we can reconstruct
ngfé) = Ngwe + 0. Thus, nq(fi) requires no further description in this case. Now, since v € D, there exists
s € St such that s < v and, since T, is canonical, there exists a symbol b € A such that bs ¢ T (T¢),
implying that, also, bv € Z (T). Select one such symbol b. For each symbol ¢ different from b, we describe
K, — 1 counts, each of the form nS,‘Z), with a # b such that av € Z (T¢) (by (27), there exist x, — 1 such
symbols a). Since, by the claim above, n,. is known, we can compute, by (4), n,(f’c) = Nye — Za 2b nq(fé)
and then, by (5), ni'g) —n{®_ Z#b ngfé), for every a € A. Overall, we obtain X(Tr, z™) from K (T, z")
and og(z™) by providing (o« — 1)(k, — 1) counts for each v € D, which, by Lemma 18, sum up to s
counts. ]

Next, we apply the results of Lemma 19 in a coding argument to complete the proof of Theorem 4.

Proof of Theorem 4: A sequence in 7 (T, z™) can be encoded by describing the subset 7 (T, z™) to
which the sequence belongs, and then, uniformly, its index within that subset. The expected code length
is upper-bounded using Lemma 19 and is lower-bounded by the conditional entropy of the sequence given

its type with respect to 7', yielding
1
E [log [T(T, X")|] < B [log |T (T, X")|] + 5rrlogn + O(1), (28)

where we use the fact that the sequences in 7 (7, X™) are equiprobable. Applying Lemma 1 to Tr, we
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obtain

1 S -1 1
—E[log|T(TF,X”)|]§H—7| rel(@ )logn+0(> ;
n 2n n

which, together with (28) and Lemma 18, yields

1 Er.|— 1
E[10g|T(T,X")|]§H—|T°||VTC|10gn+O() . [
n 2n n

E. Universality and efficiency of EnumCodeT

In this subsection we show that the proposed enumerative code is universal for tree models and it can be
efficiently implemented, thus proving Theorem 5. We also present an alternative enumerative code, which
is also universal for a given tree 7', although the enumeration of sequences is with respect to type classes
of T, the FSM closure of 7. We start by analyzing the number of counts that are explicitly encoded in
Steps 3—4 of EncodeTypeClass. We make use of the following auxiliary lemma, whose proof is deferred
to Appendix D.

Lemma 20: The number of counts described in the iteration corresponding to k, h +2 < k < d, in

Steps 3-4 of EncodeTypeClass (Figure 2) is

O = (|ETcm| - \vTcm) - (|ETc[k_1]| — Voo \) —(a—1) (|| — [Spu_n]) -

¢
The total number of counts that are actually encoded is stated in the following lemma.
Lemma 21: The number of counts encoded by EncodeTypeClass as the algorithm iterates through the
loop in Steps 3-4 is (|Ex| — |Vr|) — |S7|(ar — 1).
Proof: By Lemma 20, the total number of counts described by EncodeTypeClass as the algorithm
iterates through the loop in Steps 3-4 is

d d
Z Cr = Z [<|ETC["]‘ - |VTc[k] ‘) - (|ETC[’C*”| — Vg |) —(a=1) (IS7wm] = [S7ue-ul) | -

C
k=h+2 k=h+2

(29)
Recalling that Tl = T and Tc[d] = T¢, the telescopic sum in (29) reduces to
(1Bze] = Ve]) = (1Bggnsn| = Vo) = (= 1) (7] = [Sroeu]) (30)
NOW, since T[thl] is FSM, VTc[h+1] = VT[h+1] = ST[h+1], ETc[h+1] = ET[h+1], and |ET[h+1]‘ = OZ|ST[h+1] .
so that |E_ w1 | — [V s | = (@ — 1)[Spinsn | and (30) becomes
C C
(IETe| = [Vze|) = (0 = 1)|57] . u

The number of counts in Lemma 21 is precisely the one sought in Lemma 5 and, by Lemmas 15
and 16, SCC can be applied for the encoding of counts in Procedure P, yielding the claim on code length

of Lemma 5. To prove the claim on algorithmic complexity we will make use of the following lemma.
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Lemma 22: For a tree T we have |T¢| < |Ert.| = |Er| = O(|ST|).

Proof: Since Tt is a full tree, we have |T¢| = («| S| —1)/(a—1) < «|St.|- Therefore, since there are

at least o edges in Er, departing from each state of |St.|, we have |T¢| < |Er.|. Now, if we obtain a tree
T’ by extending a forgetful state s of a tree T, since the edges of E; departing from s are in one-to-one
correspondence with the edges of Er departing from the children of s in 77, we have |Er/| = |E;|. Thus,
we must have |Eg,| = |Erp|. Finally, notice that the number of pairs (s,t) in (9) satisfying s < tail(¢) is
at most |Sp| (at most one for each t), and at most «|Sy| pairs satisfy tail(t) < s (at most « for each s).
Therefore, we have |Er| = O(|St|). |

Proof of Lemma 5: In Step 1, EncodeTypeClass describes Kp(T, ™) using |St|(a — 1) counts of
logn bits each, and the final state of 2™ in 7, using a constant number of bits. In the loop of Steps 34,
EncodeTypeClass completes the encoding of K(T,z™) by describing an additional set of counts using
SCC. By Lemma 21, SCC are used (|Ez.| — |Vr,|) — ( —1)|Sr| times taking, by Corollary 1, an average
of at most 3 logn + O(1) bits each.

Turning to the computational complexity claim, we first observe that, by Lemma 4, the decoder can
efficiently reconstruct IC(T, 2™) given Kp(T', ™). Thus, it remains to check that the loop in Steps 3—4 of
EncodeTypeClass, and the corresponding decoding steps, can be performed with a number of operation
that is polynomial in n and |T'|. By Lemma 22, we can equivalently check that the number of required
operations is polynomial in n and |T¢|.

]

By Lemma 8 and Lemma 10(i), constructing Tc[k given Tc[kfl] ammounts to checking, for each state s

of Tc[k_l], wheteher s is forgetfull in Tc[k] and, if so, adding a full complement of children to s. Therefore,

since Tc[k_l] C T, the construction of the sequence of canonical trees, TC[}H'H .. .Tc[d], requires checking
wheteher a state is forgetfull a number of times that is upper-bounded by d|St.|, where d < |T¢|. Thus,
it remains to verify that for each iteration k£ of the loop in Step 3, the invokation to RefineTypeClass in
Step 4 requires a number of operation that is polynomial in n and |T¢|.

RefineTypeClass consists of a loop that iterates over nodes r € P (Sc[k]) in non-decreasing order of

length, where, by definition,

P (Sc[k]) ‘ < |Tc[k] |. Except for invocations to Procedure P, it is straightforward

to verify that all other operations executed by RefineTypeClass in an iteration of the loop in Step 1 take
]

polynomial time in |Tc[k] , where we recall that Tc[k C T.. Procedure P involves, possibly, a partial traversal

of the tree Tc[k] in the loops of Step 8 and Step 12, and encoding C;(n;), for all ¢ in certain subset of Sc[k].
Encoding C;(n;) requires calculating the estimate z;, which takes O(d) multiplications, plus operations

that do not depend on |T

, associated to the Golomb encoding of |Z; |, which can be executed in time
that is polynomial in n. [ ]

Proof of Theorem 5: Applying Lemma 5 and Theorem 4 to bound the expected code length of Steps 1
and 2 of EnumCodeT, respectively, we arrive at (13). Moreover, by Lemma 5 and Theorem 2, Steps 1
and 2, respectively, require a computation time polynomial in |T'| and n. [ ]

The foregoing results yield the following corollary.
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Corollary 2: Let T be a tree model with all conditional probabilities different from zero. Then, for
a random sequence X" emitted by the corresponding source, the type class of X™ relative to the FSM
closure, T, of T, can be described using, on average, 5(o — 1) (|S7| + |S7,|) logn + O(1) bits.

Proof: By Lemma 19, given a description of (T, 2™), we can obtain one of K(Tr,z™) with a cost
of %/@T logn 4+ O(1) additional bits on average, where we recall the definition of k7 in (25). Accounting
for the cost of the description of IC(T,z™) from (12) yields the claimed result. ]

The result of Corollary 2 suggests the following alternative enumerative coding strategy: To encode x",
encode K(Tr,x™) as described in the corollary, and then describe the index of ™ in an enumeration of
T(Tr,2™). Using the bound of Lemma 1, applied to T, for the expected code length of this index, we
obtain an upper bound on the expected total normalized code length of H + % (a — 1)|ST|% +0(1/n).
Notice that although the enumeration is done on 7 (T, z™), the expected redundancy is still optimal with
respect to the smaller model 7. Since enumerating 7 (T, 2™) is simpler than enumerating 7 (7', ™) when
T is not FSM, this alternative yields a simpler implementation of the second part of an enumerative code,

at the cost of a more complex description of the type class.

IV. TWICE-UNIVERSAL CODING

In this section we switch to a twice-universal setting in which the tree 7" is unknown. Our first approach
follows a conceptually simple, standard plug-in strategy in which we estimate a tree T and then use
EnumCodeT with 7' as if it were the true tree underlying the model. Later, we will demonstrate an
alternative approach in which EnumCodeT can be simplified for the twice-universal setting, at the cost of
an increment of redundancy of order loglogn, which is negligible with respect to the main redundancy

term.

A. Plug-in approach

A tree T and a sequence ™ determine an (empirical) probability distribution on sequences of length n,
Pr, defined by T and a model parameter j(a|s) = nga)(:c") /ns(xz™) (as before, we omit the dependence
of the distribution PT on =" when clear from the context); PT(a:") is the maximum-likelihood probability
of ™ under T'. We consider a class of penalized maximum-likelihood tree model estimators. Specifically,
given a sequence z”, we assign to a tree T a cost K(T,z") = —log Pr(z") 4+ C(T)logn, where the
penalization function C(T) is increasing with |St|. We have

(a)
K(T,z") = — Z n{¥ log B 4 C(T)logn.
seSt,acA s

The tree estimate 7'(z™) for 2™ is defined as the tree that minimizes the cost function K (T',z™) over

all possible trees, that is,

T(z") = arg mjln{K(T, x™}. 3D

Efficient algorithms are known for finding the minimizing tree T(Jc”), see, e.g., [16], [21].
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Twice—-EnumCodeT (z")

1. Compute the estimate T(z") of T.
2. Describe T to the decoder.

3. Encode z" using EnumCodeT with respect to the tree T.

Fig. 6. Twice universal enumerative code for tree models

We define the code Twice-EnumCodeT algorithmically in Figure 6.8

Using a natural code [22] for describing the full tree T(a:"), Step 2 of Twice-EnumCodeT requires one
bit per node. To estimate the cost of Step 3, we must analyze the code length of EnumCodeT when applied
to T(x”) rather than 7. The analysis will rely on upper bounds on the probabilities of over-estimation
and under-estimation of 1, which are stated in the two lemmas below. Similar bounds are well known for
several estimators. Proofs for the lemmas can be readily adapted from [13], and are omitted here.

Lemma 23: Let T be a tree model and consider a penalization function of the form C(T") = |St| with
8> % Let O™ C A™ be the set of strings for which a state of T is internal to the estimated tree T.
Then, for a random sequence X" emitted by the source modeled by T', we have P { X" € O™} < |Sy|n~7
with vy =fB(a—1) —a(l+a)—1>0.

Lemma 24: Let T' be a minimal tree model and consider a penalization function of the form C(T') =
B|St|. Let U™ C A™ be the set of sequences whose estimated tree T has a state that is internal to 7.
Then, for a random sequence X" emitted by the source modeled by T', we have Py {X™ € U"} < p2~™7
for positive constants p, 7.

It follows from Lemma 23 and Lemma 24 that we can choose [ to make the contribution of sequences
with estimated tree 7' = T to the expected code length negligible, provided that the code length is upper-
bounded by a polynomial in n for every sequence of length n. We show such a bound in the proof of the
following theorem.

Theorem 6: Let T be a tree model with all conditional probabilities different from zero and let H be
the entropy rate of the corresponding source. Then, taking a penalization function C(7T") = 8|St| with g8

sufficiently large, the normalized expected code length of Twice-EnumCodeT satisfies

E [L(fn)] <H+ —‘ST‘(a;nl)logn +0 (;) .

Proof: Tt suffices to show that L(z™) is upper-bounded by a polynomial in n for every sequence z™.

8The enumeration of type classes presented in [18] requires fixing an initial state so of maximal depth in the tree. Since T is not
known in advance, the leading string 2° oo Used to determine the empirical probabilities upon which the estimate T is based in (31)
may turn out to select a state that is not of maximal depth in T'. Therefore, for the purpose of Step 3, we will derive counts based on
an initial state So of maximal depth in T, selected with some fixed deterministic policy (say, the smallest lexicographically among

maximal depth states). These counts may be different from those used for estimating 7.
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In Twice-EnumCodeT we describe IC(T7 2™) by encoding the final state of 2™ with respect to T, encoding
Ko (T, z™) with |S|(ac — 1) counts of log n bits each, and finally giving, by Lemma 21, an additional set
of |E | —|Vz,|—[S7[(a—1) counts described with SCC, which take O(y/n) bits each. Thus, the complete
description of (7", z™) takes O ((|ETC| - |VTC|) \/ﬁ) bits, or, by Lemma 22, O(|S;|1/n) bits. Since the
index of " within its class takes no more than n bits, we upper-bound L(X™) by O (|S;|v/n + n).

To obtain the desired polynomial bound on the total code length, it remains to bound |Sj|. Since T

minimizes K (T, 2™), comparing it with the single node tree (i.e., a zero-order model) we get,
—log [:’T(as”) + B|S4|logn < nH(z") + Blogn,

where 7{(z") is the zero-order empirical entropy of z". Since — log PT(:E") >0 and H(z") < log o, we

conclude that [Sz| = O(n/logn). Thus, we have L(X™) = O(n®/2). [ |

B. Simplified scheme

We present an alternative code EnumCodeT’, which is a simplification of EnumCodeT, applicable when
the target tree is an estimate T, as in Step 3 of Twice-EnumCodeT. Recall that a fundamental tool in
EnumCodeT is the use of SCC for encoding certain counts, which, by Corollary 1, require %1og n+0(1)
bits on average each. The following lemma leads to an analogue of Corollary 1 in the twice-universal
setting, for which we recall the definitions of ¢, m;, n;, and n{* from (22) and (23).

Lemma 25: Let T be a tree estimate for 2" according to (31) with a penalization function C(T") = 8|Sz,

and let ¢ be a string such that s’ < tail(¢) for some s’ € S; and n; > 0 for all 4, 0 < i < £. Then,

-1,
nt—mln% <(-1) (\/26a\t|ns lnn—i—l) . (32)
i=1 "

The assumptions on ¢ of Lemma 25 are required conditions for the application of a SCC, Cy(n;), to

|2¢| =

encode 7, as defined in Section III-C, to a decoder that knows the values of my, ng*, and n;, for all i,
0 < i < {. Clearly, z; suffices for such a decoder to recover n;. Thus, by Lemma 25, we can replace C;(n;)
with a uniform code U;(n;) for z; in the range given by (32), when applying EnumCodeT to encode ™ with
respect to T. We prove Lemma 25 in Appendix E. The following corollary is an immediate consequence
of the lemma.

Corollary 3: Let T be a tree estimate for z” according to (31) with a penalization function C (T) =
B|STt|, and let ¢ be a string satisfying the assumptions of Lemma 25. Then, the code length of U;(n;) is
3log |t| + 3 logn + O(loglog n) bits.

Proof: Since ¢ < |t| and ny < n in (32), we have

2] < 1372 (V2Bantun + t7/2) < |t (V2BanTnn + 1) . =

Corollary 3 is an analogue of Corollary 1 in the twice-universal setting. Notice, however, that the upper

bound here is pointwise, and not just in expectation.
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We now define the code EncodeTypeClass’ exactly as EncodeTypeClass, but replacing the use of SCC,
C¢(n), by an encoding of z; with Uy(n;). We also define EnumCodeT’ as the code obtained by substituting
EncodeTypeClass’ for EncodeTypeClass in EnumCodeT and, analogously, we define Twice-EnumCodeT’
as the code obtained by substituting EnumCodeT’ for EnumCodeT in Twice-EnumCodeT.” These variants
take advantage of the idea suggested in Section I, namely, that for some type classes of T, no sequence in
the class will estimate 7. Therefore, these “atypical” classes can be excluded from the coding space, which
is reflected in the limited range for the uniform encoding of z; with Uy(n;). The result is a twice-universal
enumerative code for tree models, as stated in the following theorem.

Theorem 7: Let T be a tree model with all conditional probabilities nonzero and let H be the entropy
rate of the corresponding source. Estimating 7'(z") according to (31) with a penalization function C/(T') =
B|St| for sufficiently large /3, the normalized expected code length of Twice-EnumCodeT’, for a random

sequence X" emitted by this source, satisfies

L(X™) IS&W(a‘Arl)logrng() <loglog11) '
n

E|l—| <
[n}_HJr 2n

(33)

Proof: In EncodeTypeClass, SCC are applied to encode occurrence counts of states of the canonical
extension of a truncation of 7. Hence, when we use U;(n:) in EncodeTypeClass’, |t| is bounded by the
depth of T(x") (since, by Lemma 2, for any tree 7', T, and T have the same depth). For sequences that

estimate 7'(z") = T,

t| is bounded by the depth of T' (a constant), and the encoding of z; with Uy(n;),
by Corollary 3, takes logn + O(loglogn) bits. Thus, for sequences in the set ® = {2" : T(z") =T},
the code length of EncodeTypeClass’ satisfies

EncodeTypeClass’ (1, z™) ‘ <

1
< (a=DISrllogn+ ((1Br| - Vel) — (@ = 1ISr| ) 5 logn + Ofloglogn),  (34)

where the first term in (34) corresponds to the description of Ky (7, ™) in Step 1 in Figure 2, and the second
and third terms to the encodings U;(n;), which, by Lemma 21, are used (|Ex.|— |Vr.|) — (oo — 1)|S7|
times taking, by Corollary 3, %logn + O(loglogn) bits each. Thus, applying Theorem 4 and using (34),
we conclude that the right-hand side of (33) is an upper bound on the contribution of sequences in ® to
the normalized expected code length of Twice-EnumCodeT’. To complete the proof, by Lemma 23 and

Lemma 24, it suffices to show that L(z™) is upper-bounded by a polynomial in n for every sequence x".

9 As with Twice-EnumCodeT, Twice-EnumCodeT’ requires a fixed deterministic policy for the selection of the initial state, since,

in principle, the leading string 2 __ may turn out to select a state that is not of maximal depth in T'. In this case, a count nS,j’> may

—oo
change to ﬁgf,l) after fixing the new initial conditions, and the range of ﬁg‘,l) is not necessarily given by (32). It is not difficult to

adapt Lemma 25 to yield a suitable range for ﬁgff ). Alternatively, we can describe T(T , &™) by giving the original counts IC(T7 ™)
0

with respect to =2 __, together with additional information that allows the reconstruction of the counts that result after fixing the
new initial conditions. For example, we could use log |Z (T) | + log « bits to describe the longest internal node of T, u, such that
u < z", and the symbol x|, . This additional information does not affect the asymptotic normalized expected code length of the

algorithm.
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This follows from the fact that, by Corollary 3, each encoding Uy (n¢) takes % log n+3 log |t|+O(log log n)
bits, recalling that |¢| is upper-bounded by the depth of T, and using the same arguments as in Theorem 6.
|

Notice that, since Twice-EnumCodeT’ is universal with respect to any fixed tree model T such that all
conditional probabilities are different from zero, Twice-EnumCodeT’ could be used in place of Enum-
CodeT even if T is known, taking advantage of the simplification of U(n;) with respect to Ci(n;).

This simplification, however, would come at the cost of unnecessarily estimating T and a penalty on the

redundancy of order O(loglogn).

APPENDIX A

PROOFS OF LEMMAS 8, 10 AND 11

Proof of Lemma 8: Suppose that Tc[kfl] Z Tc[k]. We recall, from Subsection II-C, that the minimal

canonical extension of a tree is obtained by sequentially extending forgetful states until no such state is

left. Let vy, v9,...,v,, be the sequence of forgetful states extended in the process of constructing Tc[kfl]

from T"~11. There must be some node in this sequence that is not in Z (Tc[k]> (otherwise we would have

Tc[k_u - Tc[k]). Let v; be the first such node in the sequence. We must have v; € Sik], for otherwise v;

would not belong to Tc[k] and, therefore, since T*—1 C Tc[k]

]

, v; would have been created by extending

some v;, with ¢ < j such that v; € 7 (Tc[k
I

), contradicting the definition of j. Let TJf be the tree in the
sequence of extensions leading to T.:[kf1 at the time v; was chosen for extension. Since v; is forgetful in
Tj{ and, by the definition of v;, ij C Tc[k], v; must also be a forgetful state in Tc[k], in contradiction to the

K m

fact that this tree is canonical. Thus, we must have Tc[k_l] C Tc[
We next prove two auxiliary lemmas and then proceed to prove Lemma 10 and Lemma 11.
Lemma 26: For h < k < d, the set of parents of nodes in the canonization increment, P (AcTy“]>,
satisfies P (ACTLM) - Sc[k_l].
Proof: Suppose the claim is not true, i.e., P (ACTLH) z Sc[k_l] for some k, h < k < d. By (17),

] 1 and u € AT, where, by our assumption of

every element of ACTLk is of the form su, with s € S’c[kf
T being non-trivial, we must have |s| > 1. Therefore, A ¢ P (ACTLH) and, thus, we can pick z € A*
and ¢ € A such that zc € P (AcT £’“]) is of maximal length among those elements of P (AcT £k]> that

are not states of Tc[k_l]. By Lemma 9, we know that azc € 7 (Tc[k]) for every a € A. We claim that

az € T (Tc[k‘*l]) for every a € A. If aze € P (ACTW), since azc is longer than zc, azc is a state of
Tc[k_l]. Therefore, az € 7 (Tc[k_l]>. If, on the other hand, azc & P (ACTLH , then, for d € A, we have
azed & AT Lk] and also, since azc € T (Tc[k]), we have azced € Tc[k]. Hence, by the definition of the
canonization increment, ACTLM, in (17), either azcd € Tc[kfl] or azed € TW. In either case aze € Tc[kfl],
i.e., az is an internal node of Tc[kfl]. We conclude that az € 7 (Tc[kfl]) for every a € A, as claimed.
As a consequence, z € (Tc[k_ll), for otherwise the state s € Sc[k_l] such that s < z would be forgetful
in Tc[k_l]. This implies that zc € Tc[k_l]. Furthermore, since zc € P (ACTLH), zed € ACTLk] for some

d € A. Therefore, zcd & Tc[kfl], implying that zc is a state of Tc[kfl], a contradiction. [ |
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Lemma 27: For h < k < d, {P (ATW) P (A7)} is a parition of P (AT!).

Proof: Since, by (15) and (17), the truncation increment, AT[k], and the canonization increment,
ACTLH, are disjoint, then P (AT[’“]) and P (ACTW) must also be disjoint, for otherwise, there would
exist some 7 € P (AT*) and symbols a,b € A, such that ra € AT and rb € AT, implying that
ra € TW but rb ¢ T, contradicting the fact that T'*! is a full tree. Therefore, we need to show that
P (ATc[k]) = P(ATH) U P (ACTL’“]), for which it suffices to show that ATF — ATH U AT,
or, since AT € AT, that ATH = ATF N\ AT, Now, if u € ATH \ AT, then, by the
definitions (17) and (16), u € TH \ T* ! which, since 71 € TF~Y, implies that u € AT,
Conversely, if © € AT, by Lemma 7, we have |u| = k and, therefore, since Tc[k_l] has depth k — 1,
u ¢ Tc[k_l]. Thus, we have u € ATCM and, furthermore, since u € 7%, we must have u € ATc[k] \ACT£k].

|

Proof of Lemma 10: (i) We claim that P ATc[k] - Sc[kfl]. By Lemma 26, we have P (ACTW) -
Sc[k_l}. On the other hand, if r € P (ATc[k]) \ P (ACT£H>, by Lemma 27, we have r € P (AT[k]),
which, by Lemma 7, implies that » € Sppx-1) and |r| = k— 1. Thus, since Tc[k_l} has depth k£ —1, we must
also have r € Sc[kfl]. We conclude that P (ATCU“]) - Sc[kfl]. Moreover, since, by definition, P (ATc[k])
is a subset of 7 (Tc[k]), we have

P (ATc[k]) c sl glM (35)

If u € ATc[k], then we must have u € Sc[k], for otherwise, the children of v would also belong to ATc[k],
implying that both v and its parent belong P (ATc[k]>, in contradiction with (35) and the fact that no state
in Si’“‘” is a proper prefix of another state in Sc[k_ll. Thus, we must have

ATH ¢ s (36)

which implies that Z (Tc[k]) c 7Y as claimed.
(i) Let r € A* and a € A. By the definition (1), 7 € P (ATCW) if and only if there exists a symbol
b € A such that b € AT, c[k]. The claim then follows from the fact that Tc[k] and Tc[k_l] are full trees.
(iii) We first prove (19). The fact that, by Lemma 8§, Tc[k_l] C Tc[k], implies that
st st = stz (1) (37)
and the fact that, by (i), T (Tc[k]) c 71 implies that
sEng (Tc[k]) -7 (Ti’f]) \T (TJ""”) . (38)
Since u € Sc[k_l] NZ (Tc[k]) implies that the children of u belong to ATC[M, we have Sc[k_l] NZ (Tc[k]) -
P (ATJ’“]), which, together with (35), (37) and (38), prove (19).

It remains to show (18). By the definition (16), we have S.W \Tc[k_l] - ATc[k], and by (16) and (36)
we also have ATCM C Sc[k] \Tc[k_l]. Thus,

AT — g\ T
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Also, since Tc[kfl] C Tc[k], we have S(Ek] ﬁTc[kfl] = Sc[k] ﬂSc[kfl] and, therefore, Sc[k]\Tc[kfl] = S(Ek] \Sc[kfl],
which proves (18). |

Proof of Lemma 11: By Lemma 27, we know that P (AT[’“]) is a subset of P ATC[M> that has
empty intersection with P (ACTLM . Thus, since, by (18), the elements in P (ATc[k]) are parents of states
of TI¥! we have P (AT[k]) cP (Sc[k]> \ P (ACTW) and, moreover, using (19), we conslude that

P (ATW) c (P (Sc““]) \ P (ACTL’“]) ) \Z (TJ’H]) . (39)

Conversely, since P (Sc[k]) cT (Tc[k]>, the right-hand side of (39) is a subset of (I (Tc[k]) \P (ACTLH) )\
A (Tgk71]>, which, by (19), equals P (ATCUC]) \ P (ACTW). Thus, by Lemma 27, we conclude that

(P (¥ P (AT) )\ 2 (1Y) c P (aTi) |

which completes the proof. [ ]

APPENDIX B

PROOF OF LEMMA 17

For the proof of Lemma 17 we make use of the following theorem from [23] that we present in a
simplified form, which is nevertheless suitable for our setting.
Theorem 8 ([23, Theorem 2]): Suppose {M,} is an ergodic finite-state Markov chain with a set of

states S and a stationary distribution 7. Let F' : S — R be any bounded function and F' = sup, |F(s)|.

n—1 € 3 2
!

provided n > 1+ 3dF /e, where m is any fixed initial state, d is a positive constant, and E, [ F'| is the

Then, for any € > 0, we have

P{nzl (F(M;) —Ex[F]) > ne

=0

expectation of F'(M;) under the distribution 7.

We will rely on Theorem 8§ in the proof of the following auxiliary lemma.

Lemma 28: Let T be a tree model such that all conditional probabilities are different from zero. Consider
a symbol a and a fixed string w such that s < w for some state s of T'. Then, there is a constant N such

that for every £ > 1 and n > N, we have

)

where C' is a positive constant independent of k.

nas
Nw
Ng

> kM

naw

4exp {—Ckz}
P
) > 0} ~ PT {nw > 0} 9 (40)

Proof: Notice that, since all conditional probabilities of T are different from zero, then Pr {n,, > 0}

nw>0}:PT{ nw>0}.

is positive. The left-hand side of (40) is
PT{ naw _ nCLS

n ns

n(lS
— — TNy
S

> kM

naw

k
>
T VN
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Now, recalling that p;(al|s) denotes the probability of symbol a conditioned on state s, we have

PT{ Naw — nasnw > kyvne | e > 0} =

Naw Nas k

= PT{ o —pr(als) + pr(als) — o > N Ty > O}
Naw Nas k

< PT{ p —pr(als)| + |pr(als) — - > = Ty > 0}
na?l} n(lS

< PT{ E —pr(als)| + |pr(als) — . % Ty > 0} 41)
Naw k Nas k

< PT{ . —pr(als)| > NG Ny > 0} +Prp { pr(als) — s > NG Ny > 0} ,(42)

where (41) follows from n > n,, and (42) from a trivial union bound.
Since n,, > 0 implies ns; > 0, the second term on the right-hand side of (42) can be transformed and

upper-bounded as follows:

Cnas| > ko }
Py { pr(als) — :Lf > % o > o} _ { pT(a|S)PT {Zw - 02}\/5 M > 0
Pr { pr(als) = es| > 55— ng > 0}
- P {n, > 0}
Pr { pr(als) — % > 2\’% ng > 0} Pr {ns > 0}
B Pr {n, > 0}

Substituting in (42), we obtain
k
Pr { >

>k w
= v NG

Nas
Naw — T
Ns

TNy > O} S PT {‘:L;w 7pT(a|5)
PT{

D —pT(a\s)‘ >e | ng > O} for any fixed string w with s < w, and ¢ > 0.

Nw >0}+

k ns>O}PT{nS>O}

prlals) = =) > 50~

Pr {nw > 0}

_|_

(43)

We now bound Pr

Notice that this includes the case w = s, and, thus, the derived bound will apply to both the first term and
the numerator of the second term on the right-hand side of (43).
Let {M;} be a Markov chain defined on the set of states S = .49, where ¢ is the maximum between

|w| + 1 and the depth of T, with a state transition matrix given by

b|t), where b = head(v) and t = o(w), if tail(v) < u,

VRV (0 (0 @, it tail() ”
0, otherwise.

If we let {M;} generate a random sequence {X;} by taking My = xox_1 ...2_¢+1 and X; = head(1M;)

for all ¢ > 0, this Markov chain defines exactly the same probability assignment as that defined by T'
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in (2). Notice that, since p(b|t) > 0 for all b € A and all t € St, {M;} is irreducible and aperiodic and,
therefore, it has a unique steady state distribution 7.
Let puw = Y egw=e T(W) and Paw = D cg.0w<y T(1), ie., the probabilities of emitting the symbol

sequences w and wa, respectively, under the steady state distribution 7. We have p;(als) = paw /Pw, and

therefore
naw naw n p(l'uj
—pr(als) = / - . (45)
Naw N /n Pw
Let 0 < < py. When pgyy — 0 < 722 < pgyy + 6, and py, — 6 < =% < py, + 0, we have
Paw — 6 naw/n Paw + (5
< .
pw + 5 nw/n pw - 5
Thus, the event { | — p,,,| <&} N {|% —p,| <&} implies
aw aw aw ~ 5 aw aw aw 5 aw
p(p P ><n /n_p +<p +d p >
Pw Pw Pw + 6 le/n Pw Pw — 6 Pw
or,
Paw _ 0(Pw +Paw) _ Maw/M _ Paw | 6(Pw + Paw)
P PwPw+9)  nw/n T pu Pu(Pw —0)
6 w aw 6 w aw .. . .
Since we have (P + Paw) (P + ), the condition above further implies,
Pw (pw + 5) Pw (pw - 5)
aw 5 w aw aw aw 6 w aw
Paw _ O(Puw + Paw) _ Naw/m _ Paw | O(pw +P )’
Pw Pw (pw - 6) nw/n Pw Pw (pw - 6)
which in turn, by (45), yields
Naw §(Pw + Paw)
—prlals)| < ———". (46)
Nw ’ Pw (pw - 5)
Now, given 0 < € < 1, we take § = e#fﬂﬂ, which satisfies the condition 0 < ¢ < p,, assumed for

the derivation of (46). Then, § < e¢, and therefore ‘W’ij“’) < €. Thus, from (46) it follows
PwtPaw+EPw pw(pw 6)

that the event {}% *paw| < 5} N {

Ze —p,| <4} implies < €. Hence, we have

B p, (als)

PT{naw—pT(a|s) <e€ nw>0}>PT{{‘naw — Paw <5}ﬂ{’n—w—pw’<5} nw>0}7

N n n

or,

PT{ la 7pT(a|S) ZE le>0} § PT{{’nawpaw Zé}u{ nfw*pw‘zé} le>0}
N n n

PT{{|H%_paw‘ Zé}u{|n7w_pw| Zé}’”’“ >0}

PT{’er > O}
Pl 2 8042 ] > 3})
- PT{nw>0}
Pr{|"= —paw| =0} | Pr{[% —pu[ >0}
= Pr {le > O} + Pr {le > O} . “7)

We now apply Theorem 8 to both terms of the right-hand side of (47). Specifically, for {M;} as in (44)

and My = xgx_1 ...7T_441 as before, we define F (M) as the indicator function of the condition aw < M;.

31



Then, we have F' = 1 and, by (4), we also have ng, = Z?:_Ol F(M;). Therefore, for the numerator of

the first term on the right-hand side of (47) we obtain

n—1/9§ 3 \?
>5}<exp{— 5 (dl_n—l)}’ (48)

P2,
PotPawtl

n
PT{‘ L — Paw
n

3dy

provided n > 1 + 5= » where d=c¢€ as before, and d; is a positive constant. Similarly, for the

numerator of the second term we obtain

er{| -2 ah <o -1 (22 225) ]

provided n > 1 + %, where ds is a positive constant. Taking d = max{d;,d2}, and combining (48)

and (49) with (47), we obtain
Naw 2 n—1/86 3 \°
w>0p < ———— - - — , 50
Mo = }_PT{nw>O}eXp{ 2 <d n—l) } (50)

pT{
n

provided n > 1 + %d . Recalling the definition of § above, we can rewrite (50) as
naw

b ol < 2 n—1 3 \? 1)
™% o = Pr{ng >0} P > \"“"n=1)

provided n > 1+ ’—E/ , where r and 7’ are positive constants. We now apply the bound in (51) to both the

—pr(als)| > ¢

w

—pr(als)| > e

w

first term and the numerator of the second term on the right hand side of (43) (with w = s for the latter

case) and obtain for 1 < k < 24/n, with € = k_ forall n satisfying n > 1 + T’M

ma k
pT{

Nas ol < 4 n—1 k 3 2
Nw < —————expl — r - .
Py {1y > 01 7 2 \U2yn n-1
Now, there exist positive constants [V, C', independent of k, such that, for every n > N, the magnitude of

> ky/ny

naw nw

S

(52)

the exponent in (52) is bounded as

n—-1/( k 3\’ )
— >
2 (rzﬁ n—l) R

and, simultaneously, the condition n. > 1 + 7/ % holds. Thus, (40) is satisfied for all » > N and all k,

1 < k < 24/n. On the other hand, for k& > 2+/n, it follows from (42) that the left-hand side of (40) is

zero and, therefore, the inequality in (40) is also satisfied in this case. [ |
Proof of Lemma 17:

We generalize the definition of m; in (23) as
mi =mny, Wwhereu=tj . ,, 0<i<C{. (53)

Thus, m; counts the number of occurrences in x™ of the suffix u = t‘g_i 41 of ¢, and n;, defined in (23),
counts the number of occurrences of the state selected by u, s;. Notice that, if ¢ < j, then tZ_l. 11 is a

substring of t‘ji 1 and, therefore, we have
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Suppose |m;

< ky/m7 for some positive number k£ and all 4, 1 < i < £. Then, we have

[e3

71mi,1 + k:\/ml . (55)
7—1

ns
Z lmi,1 —kymi <m; <

Ti—1

If 7 > 2, we can apply the same inequalities for m;_1, and combining with (55), we obtain

niy (niy ng , [ng
- ( mi_o — ky/m )k‘\/ 1 <my < — < ml 2+k\/ >+k\/ mq,

Ni—1 \Ti—2 Ni—1 \Ti—2

or

= ) k;\/ml .
i—1

Proceeding in the same fashion, starting from ¢ = ¢ and iterating down to ¢ = 2, we obtain

Nj—1MNj—2 n11

z lnz 2
— Mj—2 —
Nj—1 M2

n
)k‘\/ 1 <m; < lillzmz 2-1-(

-1

-1 —10-1 —10-1
mln—— ZH% k\/7<mg<m1H—+ 1+ X;UR—Z ky/m; .

=2 i=j

Sinc 1, we further bound

=1 4 -1 a
mln% — (0 —=1kymy <my < mln%Jr(éfl)k\/ml.
=1 " i=1 "

< kymy forall 4,1 <i < 6} implies that
- Hl 1 n;

Hence, the event {‘ m; —

{‘mg —m Hf 11 T:L < k(f —1)y/m } Recalling that Z; =

applying a union bound, we conclude that

4 o
n,_
me_1 > 0} < E PT{‘mi— nl Y1
i—1

=2

and, by (53), my = ny,

> ky/my

Pr {Zt > k(0 —1)/m; me_y > 0} . (56)

where we notice that, by (54), the condition my_; > 0 ensures that m; > 0 for all 7, 0 < ¢ < £ and,
therefore, also n; > 0 for all ¢, 0 < ¢ < ¢, so that Z; is well defined. Moreover, also by (54), for all i,

1 < i < /¥, we have my > m;_1. Therefore, from (56) we obtain

L a
n;
mMy—1 >0} <ZPT{‘mi— nl 1mz .

>k\/ i—1

me—1 > 0} . (57)

i—2 1

T {Zt > k(0 — 1)y/m1

Since my_; > 0 implies that m;_; > 0 for all 4, 1 < ¢ < /¢, each term of the summation in (57) can be

mye—1 > 0}

:1 i— ‘ > kM1, mg—1 > 0}

transformed and bounded as follows:

ni_y
Pr q |mi — mi—1

> ky/mi—1

Ti—1

/—/H

Pr {mg_l > O}
{’ :177%—1’ > kM1, mi—1 > 0}
<
- Pr {mg,1 > 0}
{ ?:1 i ’ >kymi—1 | mi—1 > O} Pr {mi_l > 0}
_ 58)
Pr {mg_l > 0} (
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Now, with w = t?ﬂ“ and a = ty_;11, we have m;_; = n,, and m; = ngy,,. Also, recalling the definition

of s; just before (22), for s = s;_1, we have s < w and, by (23), n,—1 = n, and nj’ | = nga). Therefore,

we have
a (a) (a)
1 Ns < Nas Nas Ns
mg; — mi—1| = |Naw Ty = Naw — Ny | + Ny — Ny
Ti—1 Ns Ng s s
Nas
S Naw — Ny + 1 ]
N

where the last inequality follows from the fact that, since s < w, n,,/ns < 1 and, by (7), [n.s — nga)\ <1

As a consequence, we have

né
Pr {‘mi — | > ko ‘ mi—q1 > 0} < PT{ Ngw — nasnw > kyng — 1| ng > 0}
ni—1 s
< PT{ naw—%nw > (k—1)/nyw nw>0} )
N

Thus, by Lemma 28, for k£ > 2 we obtain

n;y
Pr < im; — mi—1
nij—1

dexp{-C;(k — 1)}
Pr {mi,1 > 0} ’

> kymi—1

k>2

)

m;_1 > 0} <

provided n > N;, where IV; and C; are positive constants independent of k. Replacing in the right-hand

side of (58), we obtain

n; g
Pr < im; — mi—1
N1

dexp{-C;(k —1)?}
Pr {mg,1 > 0} ’

> kymi—1

k>2.

me—1 > 0} <

We now take C' = min{C; : 1 < i < £}, where, since ¢ is no greater than the length of the fixed string ¢,
the minimum is over a finite set and, thus, we have C' > 0. Then, using (57), we obtain, for n sufficiently

large,

Pr {Zt >kl —1)/mq

(0 —Ddexp{-C(k —1)%}
_ 0, < k>2
M1 > } - Pr {mg_l > O} ’ -7

or,

PT{ 2t > k(0 —1)

N

my_1 > 0} Pr {mg_1 > 0} < (6— 1)4eXp{—C(k — 1)2} , kE>2. (59

T .
18

E {LZtJT} :ZPT{LZtJT Zi} )

i>1

Now, the expectation of | Z; |

or, since, by definition, LZtJT < n for sequences of length n,
n+1
E“Ztﬂ}ZZPT{LZtﬂzi}. (60)
i=1
We bound each term of (60) as

PT{LthT > z} < PT{LZtJT > i me_y > 0} +Pr {me_y =0}

= pr{l2)" 2

My > o} Py {my_1 >0} + Pr{mey =0} . (61)
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By the definition of [Z;| ', we have

A
m“>0}SPT{ n'; >
AV 1

so that replacing in (61) and combining with (60), we obtain

nt1 7
E[LZtJT} < (ZPT{\/m%Zi

Since Pr {my_1 = 0} decays exponentially fast with n and, for n sufficiently large, we can bound all but

Pr {LZtJT >4

me—1 > O} )

my_1 > 0} Pr {mg,1 > 0}) + (TL + 1)PT {mg,1 = 0} . (62)

the first 2(£—1) terms in the summation of (62) using (59), we conclude that E { LZtJT} is upper-bounded

by a constant. m

APPENDIX C

PROOF OF LEMMA 18

Proof: Consider a string v € Z (Tr) \ Z (T¢). Clearly, we must have v = sw, where s € S, and

sw € I (Tg). For s € S, let W(s) = {w € A* : sw € Tr}, which can be regarded as a subtree of Tr
rooted at s. Thus, we can rewrite the right-hand side of (26) as

Z (a - 1)(’11) - 1) Z Z (a - 1)(’18111 - 1)

veL(Tr)\I(Te) $€51e weL(W(s))

-0 || X s -fzove|. ©»

s€ST, weZ(W(s))
Fora € Aand s € Sz, let W,(s) = {w € A* : asw € T.}. Notice that W,(s) is either empty, if as & T,
or, since T¢ is full, W,(s) can be regarded as a full tree rooted at as. We let Z (W,(s)) be the set of
internal nodes of W, (s), with the convention that Z (W, (s)) is empty if W,(s) is empty. Then, by (27),
we have, for s € St and w € Z (W (s)),

Rgw = 0 — Z ]laswEI(Tc) =a— Z ]leI(Wa(s)) ) (64)
acA acA

where 1, denotes the indicator function of the predicate p. Since T is FSM, W, (s) is a subset of W (s),
for otherwise there would exist w such that asw € T, C Tr but sw ¢ Tr, implying that a suffix of a node

in T is not in T, in contradiction with Theorem 1. Thus, summing (64) over w € Z (W (s)), we obtain

Yo R =alZ(W(s)| =Y |T(Wals))],

wEL(W(s)) acA
and, replacing in (63),
Y a-Dr-=(a-1) 3 |a=DZWE)| =S ZWa) || 69
vEZ(Tr)\Z(Tc) s€ST, acA

Let Sw(s) = W(s) \ Z (W(s)), i.e., the set of leafs of T that descend from s. Since W (s) is full, we

must have (a — 1)|Z (W (s))| = |Sw(s)| — 1. Also, clearly, we have St = | Sw (s). Hence, we

SESTe
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can rewrite (65) as

Y. (a-k, -1 (@=1) Y [ISW(S)! 1= [T (Wals)) \] (66)

veZ(Tr)\Z(Tc) SEST, acA

(@ =1)|Sr | = (@=1) Y

SESTC

1+ T (Wals)) y] . (67)

acA

Now, let L,(s) be the number of edges of the graph G, = (Vr., E1,) associated to the emission of
symbol « in state s. Notice that, if W, (s) is not empty, the emission of symbol a in state s of T, causes
a transition to a state of the form asw, where w is a leaf of W,(s). If W,(s) is empty, a determines a
unique next state transition from s in T.. Thus, since W, (s) is either a full tree or the empty set, in which

case we have defined Z (W, (s)) as empty, we have
La(s) = (a = 1)|Z (Wa(s)) | +1. (68)
Summing (68) over a € A, we obtain the total number of edges in Ey, departing from s, which is

D(s) = 3 [(a= DT Wals) | +1] = a+(a=1) 3 [T(Wals)) |- (69)

acA acA
Combining (69) with (67), we obtain

> @-Dm-1) = (@=D|sr|- Y [Ds) 1]

veZ(Tr)\Z(Tc) SEST,
= (a - 1)|STF| - (ETc - VTc) )

which, by (25), completes the proof. [ ]

APPENDIX D
PROOF OF LEMMA 20

We first introduce some notation and show two auxiliary lemmas. We recall the definition of Sc[k] (r)
in (20). For r € P (Sc[k]), where h < k < d, we let

SEr) = {ot"7(s) s € S8 ()} (70)

where we recall that crék_l] (3) denotes the state selected by S in Tc[k_l], which, by Lemma 8, is well

defined. We also define

Aulr) = {(s,t) € By s €SP}
Ap(r) = A(st) € Egpn is € Sy,
and, for c € A,
A = {(s,t) € Ap(r) : ¢ = head(t)} (71)
AP(r) = {(s,1) € Ay(r) s c = head(1)} . (72)
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Lemma 29: Letr € P (Sc[k]), where h < k < d. Then,
i) Ifr g Sc[kfl], we have ﬁy“] (r) = Sc[k] (r).

Gi) If r € S, we have SF(r) = {r} and Sik] (r) = {ra : a € A}. If, in addition, ¢ € A is such
that cr € P (ATc[k]), then A](:)(T) ={(r,er)} and AE:) (r)={(ra,cra) : a € A}.

Proof: If r & S.L,k_l], since r € P (Sc[k]) cT (Tc[k]) and, by Lemma 10(), Z <Tc[k]) - Tc[k_l], we
must have r € 7 (Tc[kfl]) and, therefore, ol* ! (3) = s for all s € SiH (r). Thus, by (70), we obtain
Sy = sH ().

if r € S¥ Y since r € T (TJ’”), then, by Lemma 10(ii)~(iii), all the children of r are states of
Tc[k]. Hence, the first claim of (ii) follows from the defintions (70) and (20). If also ¢ € A is such that
creP (ATJ’“]), then, by Lemma 10(i)—Gii), er € S¥ Y and all the children of ¢r are states of Ti".
Thus, the second claim follows from (9) and the definitions (72) and (71). |

Now, we recall that all explicit encoding of counts in RefineTypeClass are done through Procedure P.
Thus, in the following lemma, we analyze the number of counts described in an invocation of P(r, ¢).

Lemma 30: Consider the k-th execution of RefineTypeClass, h + 1 < k < d, which is invoked from
the k-th iteration of the loop in EncodeTypeClass (Figure 2). Then, the number of counts described in
an invocation of P(r, ¢), to encode N, ; for every s € s (r), and every ¢ € SHM such that ¢ = head(?),
equals |4 ()] — |41 (7).

Proof: When the condition in Step 1 of Procedure P holds true, the procedure describes o« — 1 counts
in Step 2. Since, by the assumptions of Procedure P, cr € 7 (Tc[k]) and, by the condition in Step 1,
cr € Sc[k_l], then, by (19), we have cr € P (ATC[M). Since, also by the condition in Step 1, r € Sc[k_l],
then, by Lemma 29(ii), we conclude that the number of counts described in this case, o — 1, coincides
with |A{7 (r)| — |4} (r)].

If the condition of Step 1 is false, then all explicit descriptions of counts take place in Step 9, where
a — 1 counts are encoded. Thus, by the loop in Step 6, the condition in Step 7, and the loop in Step 8,

we have to prove that, if the condition of Step 1 is false, then
AT - 147D = -1 Y [P (are)] 73)
SGSEC](T):CSEI(TCW)

To prove (73), we will show that

Aol =wmi+ Y ([P (ares)| 1)), (74)
SES‘[:’C](T'):CS€I<T(£H)
and
A =wol+ Y (afp (aie)|+ Qs ). 5)
SES‘[:H(T):CSEI(T‘EH)
where

Ur) = {s € S (r) : es € SF,
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and

Qes) ={t e Sc[k] N Sc[k_l] it =csv,v € A"} (76)

We start with (74), and we consider first the case in which cr € Sc[k_l]. Since the condition of Step 1
is false, we have r & S "', Therefore, by Lemma 29(i), we have SI¥(r) = SiHl (r) and, hence, Aff) (r)
is comprised of \S.E’“] (r)| edges, each departing from some s € Stk (r) and arriving at ¢r, implying that
the left-hand side of (74) equals |Sc[k] (r)|. On the other hand, since cr € S¥ ang, by the assumptions
of Procedure P, cr € 7 (Tc[k]>, then, by Lemma 10(ii)—(iii), cs € Sc[k] for all s € Sc[k] (r). Hence, we have
|U(r)| = |Sc[k] (r)], and the summation in the right-hand side of (74) vanishes, which shows the validity

of (74) when cr € S¥F—1,

1] [k]

We consider now the case in which cr ¢ Sc[k_ . Since, by the assumptions of Procedure P, cr € 7 (Tc
and, by Lemma 10(i), Z (Tc[k]) - Tc[kfl], the condition cr ¢ Sc[kfl] implies that cr € Z (Tc[kfl]) We
claim that
A0 = Y [{tesd T it =csv,ve A7) 77
sest(r)
If r € S¥Y, then, by Lemma 29(ii), we have SI¥/(r) = {r} and, therefore, A;:) (r) is comprised of as

]

many edges as states of Tc[k*1 that descend from cr, because each of these states is the destination of

one and only one edge of A,(f)(r). Equivalently, since cr € 7 (Tc[kfl]),

A7 () =D {te 8¢t = crdv,v e AT} (78)
de A

Now, since r € Sc[k_l] and r € P (Sc[k]>, recalling that P (Sc[k]) CI (Tc[k]) and using Lemma 10(ii)-
(iii), we conclude that all the children of r belong to S, implying that s (r) ={rd : d € A}. Thus,
from (78) we obtain (77). If, instead, r ¢ S’c[kfl], then, by Lemma 29(i), we have ﬂk] (r) = Sc[k] (r).
Hence, since cr € 7 (Tc[kfl]>, A,(f)(r) is comprised of as many edges as states of Tc[kfl] that descend
from each c¢s, s € Sc[k] (r), because each of these states is the destination of one and only one edge of
Al (1), proving (77) also in this case.

Having proved (77), we now split the summation therein according to whether s € U(r).If s € U(r), i.e.,
cs € Sc[k], then, since cr € 7 (Tc[k_ll) and, by Lemma 8, Tc[k_l} - Tc[k], we must also have cs € Sc[k_l].
Therefore, each term corresponding to s € U(r) in (77) contributes 1 to the sum, and the total contribution
of these terms is, thus, |U(r)|. If s € U(r), then, by (76), we must have cs & S We also have cs € T
because, by the assumptions of Procedure P, the parent r of s satisfies cr € 7 (Tc[k]). As a consequence,

we must have cs € 7 (Tc[k]). We can then write

A0m) = @)+ 3 (It € SETN STt = esv,v e A7)

sGSék] (r):cs€T (Tc[k] >

+|{t e Sik=1l gkl 4 — csv,v € A*}|) ,

from which (74) follows by (19) and (76).
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Next, we prove (75). Since, by the assumptions of Procedure P, we have cr € 7 (Tc[k]), Ag:) (r) is

]

comprised of as many edges as states of Tc[]C that descend from each cs, s € SCM (r), because each of

these states is the destination of one and only one edge of A,(:) (r), ie.,

A9 = Y Htestt=csvve A (79)

sesF ()
Again, we split the summation in (79) according to whether s € U(r). If s € U(r), the set in each addend
in (79) is comprised of a single element, so that the partial summation equals |U(r)|. If s & U(r), we
have again cs € Z (Tc[k]), which implies
1490 = |U@)]+ 3 (\{t e SIS L ¢ = csv,0 € A
sESék](r):cseI(Tc[k])
+{te SEnsE = csvve .A*}|) ,
or, by (76) and (18),
Al =wel+ > (A +1Qes)).
sESék](r):cSEI(TCM)

By Lemma 10(ii) and the definition (21), we have ‘ATc[k] (cs)‘ =a ’7’ (ATc[k] (cs))

, from which (75)
follows. Subtracting (74) from (75) we obtain (73), which completes the proof of the lemma. |
Proof of Lemma 20:

We analyze the number of counts described in RefineTypeClass (Figure 3), which implements Step 4 of
EncodeTypeClass. RefineTypeClass consists of a main loop in Step 1 that iterates over all » € P Sc[k] .
We denote by Cj(r) the number of counts described in the iteration corresponding to r € P Sc[k]).

When r € P (ACTLM), RefineTypeClass takes a symbol d such that dr ¢ 7 (Tc[k_l]) in Step 3, and
invokes P(r,c) in Step 4 for every ¢ € Ay = A\ {d}. Since, by Lemma 30, each of these invocations
describes |A,(:) (r)] — |A,(€c) (r)| counts, the number of counts described in Step 4 is

ey = > (1A )] - 14001 (80)

cEAq
Now, by Lemma 9 and the definition of the symbol d, we have dr € 7 (Tc[k]> \Z (Tc[k_l]) and, therefore,
by (19), dr € P (ATJ’“]). Since r € P (ACTL’“]) and, by the definition (17), P (AcTy“]> cp (ATJ’“]),
then, by (19), we have r € S¥H. Thus, by Lemma 29(ii), we have |A§€d) (r)] — |A,(€d) M) =a-1=

|Sc[k] (r)] — |S¥ (+)| and, therefore, (80) can be written as
k :
Ci(r) = (|Ax()] = 1SH @) = (1A, )] = [SE @)]) - (81)
We now consider the case in which r» ¢ P (ACTLk]) andr €7 (Tc[kfl]), so that the condition in Step 6

is satisfied. We claim that the number of described counts, Cy (), is given by (81) also in this case. Since

all counts are described in Step 10, by Lemma 30 and the loop in Step 9, we need to show that

> [P0 14201 = (@) - 185 @) - (4.0 - 18D 62)

CGA:CTGI(TC[M)
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By Lemma 29(i), we have S(Ek] (r) = §L’“] (r). Therefore, by (82), the claim is proved if we show that
|A,(:) (r)] = \A;(:)(T’N for all ¢ € A such that cr ¢ 7 (Tc[k]). Indeed, for such ¢ € A, and s € S (r),

¢s is sufficiently long to determine a state J£k] (@3) in Tc[k] and, a fortiori, it is also sufficiently long to

determine a state ob" " (¢s) in T~ Thus, both Aéc) (r) and A,(f)(r) are comprised of exactly |S’c[k] ()]
edges, one departing from each element of Sikl (r).

Finally, we analyze the case in which RefineTypeClass skips to Step 12, which, by the conditions in
Steps 2 and 6, and by Lemma 11, occurs if and only if r € P (AT[’“]). Since no counts are described in

this case, the left-hand side of (81) is zero. We claim that the right-hand side of (81) satisfies
k
(4K ()] = 188 ) = (14,0 = [SE)]) = (a = 1) (83)

Indeed, since r € P (AT[k]), by Lemma 7, r is a state of maximal depth in Tc[k_l] and Sc[k] (r) is comprised

) Therefore, we have 1S (r) =1, \Sc[k] (r)] = o, Ay (r) is comprised

of « states of maximal depth in Tc[k
of exactly o edges that depart from , and Ay (r) is comprised of a? edges (exactly « departing from each
s in S (r)).

From the above analysis of cases, we conclude that the number of counts described for each r &€
P (Sc[k]), Ci(r), is given by (81), except when r € P (AT'¥]), in which case RefineTypeClass skips to
Step 12, where no counts are described and, by (83), the right-hand side of (81) evaluates to (a — 1)2.

Thus, over all, the number of counts described by RefineTypeClass is

o= Y 1amI=1sHm) 14wl - 18T | - [P (A7) @ -2 64
reP(si)
By the definition of the truncated trees T a state of T*—1 is either also a state in T, or it is the parent
of a full complement of « siblings that are states of 7¥]. Since, by Lemma 7, P (AT)) = Syu1\ Sy,
we have

Szl = |Srie-l + [P (ATH) | (o 1),

and (84) becomes

Co={ > (A= 1SH0) = (14,0 = ST @) | = (1S7] = 1Sro-ul )@= 1), @5)
rep(sy“])

Now, by the definitions (20) and (71), we have

Vo = U sHm, E

M = U Ap(r).

reP(si) reP(si)

Also, by (19), a state s in Sc[k_l] is either in Sc[k] orin P (ATc[k]). In the former case, for the parent r of
s, we have s € §L’“1 (r). In the latter case, by (18), s is the parent of a state in Sc[k]. Therefore, s € P Sc[k]
and, by the definition (70), s € ﬂk](s). In any case, we have s € §£k] (r) for some r € P (Sc[k]) Thus,
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again,

V= J 880, Egpn= U

reP(s¢)

Hence, the summation in (85) simplifies to

(1B501 = 1Vigl) = (1Bl = V)

which completes the proof.

APPENDIX E

PROOF OF LEMMA 25

We make use of the following lemma and corollary. Recall that C(T') denotes a penalization function
that increases with |.St|.

Lemma 31: Let T be a tree estimate for ™ according to (31), and let s and w be strings such that

s € ST, s < w, and ns > 0. Then, for any extension 7" of T that contains w and any a € A, we have

(a)

\/2 C(T") — C(T))nsInn.

Proof:

Since C'(T') is increasing in | S|, it is sufficient to consider the case in which 7" is the smallest extension
of T(x") that contains w, i.e., the tree that results from extending T(
prefixes w’ of w and all symbols b € A. Let W = {su

function K (T, z™), we have

x™) by adding w’b for all proper

. su € Spv}. Since T'(z™) minimizes the cost

(a) (a)
Z nE“) lognt— +C(T)logn < — Z n{® lognt— +C(T")logn.
teS;,acA t teSps,aeA nt

Therefore,

( ) ()
Z (") log + Z (a) log M

teS;,acA

< (C(1) - C(T)) logn,

teSyr,a€A T
which reduces to
( ) nl®) )
- n > Y log = < (C(T') - C(T) logn.
nsu
a€A sueW,ac A

Now, since n, > 0, we further obtain

né nS Ny n ngZ) logn
- + :

i < (C(T") - C(T)) (86)
ac A Ns sueW s nbu nsu

Ns

Let p(-|s) be the empirical probability distribution over A given by p(als) = n{® /ns and analogously
for su € W, p(alsu) = nl% / nsy. Consider also a probability distribution p(-) over W given by p(su) =
Nsy/Ms. Let A, B be random variables such that B takes values in W with B ~ p(-), and A takes values
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in A with conditional distribution P(A = a|B = su) = p(a|su). Then, the joint distribution of A and B

) nie e 0y
P(A=a,B = su) = P(A =a|B = su)P(B = su) = p(a|su)p(su) = = = ,

nsu nS nS

and, thus, the marginal distribution of A is A ~ p(-|s). With these random variables, Equation (86) takes

the form
I(A; B) = H(A) — H(A|B) < (C(T") — C()) /%"

N

where I and H denote the usual mutual information and entropy functions. Let ) be a joint distribution

given by the product of the marginal distributions of A, B, i.e.,
(a)

QA=a,B=su)=P(A=a)P(B=su)= fs Tsu
Ns MNg
Then, by Pinsker’s inequality [24, Lemma 12.6.1], we have
1 . logn
— IP-Q|?< D(P =1(A4;B) < T —C(T .
73 IP = QI < D(PIIQ) = (4 B) < (C(1) — (1) 2=
Therefore, 9
, . Inn
> |P(a,su) — Q(a,su)| | < 2(C(T") - C(T)) —
a€A sueW s
which takes the form
(a) (a) 1
Nsu . Ns " Ngy < \/Q(C(T/) . C(T)) nn . (87)
a€A,sueW Ns Ns Ns s

In particular, taking only the term corresponding to su = w and a specific a € A in the summation on the

left-hand side of (87), we conclude that, for any a € A,

(a)
a) _ Ns < A= i |
ny, s Ny | < \/2(C(T) C(T))nsInn.

With a linear penalization function of the form C(T") = |St|, Lemma 31 yields the following corollary.
Corollary 4: Let T be a tree estimate for 2" according to (31) with a penalization function C (T) =
B|St|, s € Sp, s < w, and n, > 0. Then, for every a € A,

(a)
< V/2Balw|nglnn.

() _ 12

Ty

S

Proof: Let T’ be the smallest extension of T that contains w. Thus,

S| =87 = (a=1)(Jw|=]s])+1
and, since |w| — |s| > 1 for s < w, we obtain [S7/| — [S;| < a(jw| —|s]) < afw|. Since the penalization
function is linear, we have C/(T") — C(T') = 8(|S7/| — |S7|) and the claim follows from Lemma 31. ®

Proof of Lemma 25: Let i be an index in the range 1 < ¢ < £, and let w = tzﬂqrz and @ = ty_;41.
Then we have m;_1 = n,, and m; = ng.w. Also, recalling the definition of s; just before (22), for s = s;_1,
we have s < w and, by (23), n;_1 = ns and n¢" ; = n’® Thus,

a) (a)

ng Ns

n,ff)— +1,

Naw Ny | < N

S nS

42



where the inequality follows from the fact that, by (7), |ngw — ng,',l)| < 1. Thus, by Corollary 4, using the

fact that |w| < |t], we obtain

ng ng
m_1 — V2BaltlngInn — 1 <m; < ——m; 1+ /2BaltlngInn + 1. (88)
ni—1

ni—1

As in the proof of Lemma 17, if ¢ > 2, we apply the same inequalities for m;_;, obtaining

« «
i1 T2

m; — mi—1

Nj—1Nj—2

< (1 + 7%1) (\/2604|t|n5 Inn+ 1) .
ni—1

Proceeding in the same fashion, starting from ¢ = ¢ and iterating down to ¢ = 2, we obtain

-1 o (11 g
7 7
me —m | <1+ — ( Qatn‘lnn—l—l).
e=m [0 < 21155 ) (v2Balting
1=1 j=21i=j
Since :‘l <1 forall i, 1 <3< ¥ we can write
(-1 q
me —my H | <{-1) <\/25C)4|t|nS Inn+ 1) ,
=1 i
from which (32) follows recalling that my = n;. |
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