Twice-universal denoising
Erik Ordentlich, Krishnamurthy Viswanathan, Marcelo J. Weinberger

HP Laboratories
HPL-2011-205

Keyword(s):

Universal denoising; universal data compression; loss estimation

Abstract:

We propose a sequence of universal denoisers motivated by the goal of extending the notion of twice-
universality from universal data compression theory to the sliding window denoising setting. Given a
sequence length n and a denoiser, the k-th order regret of the latter is the maximum excess expected
denoising loss relative to sliding window denoisers with window length 2k+1, where, for a given clean
sequence, the expectation is over all channel realizations and the maximum is over all clean sequences of
length n. We define the twice-universality penalty of a denoiser as its excess k-th order regret when
compared to the k-th order regret of the DUDE with parameter k, and we are interested in denoisers with a
small penalty for all k simultaneously. We consider a class of denoisers that apply one of a number of
constituent denoisers based on minimizing an estimated denoising loss and establish a formal relationship
between errors in the estimated denoising loss and the twice-universality penalty of the resulting denoiser.
Given a sequence of window parameters k,, increasing in n sufficiently fast, we use this approach to
construct and analyze a specific sequence of denoisers that achieves a much smaller twice--universality
penalty for k < k, than the sequence of DUDEs with parameter k.

External Posting Date: October 22, 2011 [Fulltext] Approved for External Publication
Internal Posting Date: October 22, 2011 [Fulltext]

© Copyright 2011 Hewlett-Packard Development Company, L.P.



Twice—universal denoising*

Erik Ordentlich, Krishnamurthy Viswanathan, Marcelo J. Weinberger
Hewlett Packard Labs, Palo Alto, CA 94304.

October 13, 2011

Abstract

We propose a sequence of universal denoisers motivated by the goal of extending the notion
of twice—universality from universal data compression theory to the sliding window denoising
setting. Given a sequence length n and a denoiser, the k-th order regret of the latter is the
maximum excess expected denoising loss relative to sliding window denoisers with window length
2k 4+ 1, where, for a given clean sequence, the expectation is over all channel realizations and
the maximum is over all clean sequences of length n. We define the twice—universality penalty
of a denoiser as its excess k-th order regret when compared to the k-th order regret of the
DUDE with parameter k, and we are interested in denoisers with a small penalty for all k&
simultaneously. We consider a class of denoisers that apply one of a number of constituent
denoisers based on minimizing an estimated denoising loss and establish a formal relationship
between errors in the estimated denoising loss and the twice—universality penalty of the resulting
denoiser. Given a sequence of window parameters k,, increasing in n sufficiently fast, we use
this approach to construct and analyze a specific sequence of denoisers that achieves a much

smaller twice—universality penalty for k < k,, than the sequence of DUDEs with parameter k,,.

Keywords: Universal denoising, universal data compression, loss estimation.

1 Introduction

The problem of denoising is one of signal reproduction based on noisy observations, with the quality
of the reproduction being measured by a fidelity criterion. In one version of this problem, a clean
discrete sequence x" of length n is passed through a known discrete memoryless channel (DMC)
to obtain a noisy sequence z", and the goal of the denoiser is to produce a reconstruction "
whose quality is measured by a single-letter loss function. This problem is studied in [1], where
a denoising algorithm, DUDE, is proposed. The DUDE algorithm takes as input a non-negative
integer parameter k, computes the number of occurrences of all 2k + 1-tuples of symbols in z”, and
bases its reconstruction on these counts. It is shown in [1] that DUDE with parameter k is universal

in the sense that, for any input sequence z"”, the difference between its loss and that of the best k-th
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order sliding window denoiser for the pair (z™,z") (the difference being the k-th order “regret”)
vanishes in the limit of large n (and fixed k), both in expectation and with high probability (where
the randomness comes from the known DMC). A k-th order sliding window denoiser is one whose
decision at time ¢ depends only on the window zf_r,’j

The k-th order regret bound of the DUDE [1] (see also (4) below) continues to vanish for
sufficiently slowly increasing sequences k = k,, — oco. It follows that DUDE with such parameters
k. (as a sequence of denoisers) competes successfully with any sequence of k] -th order sliding
window denoisers for sufficiently slowly growing order k!, < k, (including any fixed k). This
property is akin to that of the Lempel-Ziv algorithm in data compression [2], which is able to
compress every sequence essentially as well as any compressor with a fixed (or a slowly growing)
number of states. However, this view of universality does not address the issue of how fast the
range of competing window lengths should grow, or what is the additional cost, in terms of the
k-th order regret, incurred over an algorithm optimized for a specific k or specific sequence k/,, for
dealing with a faster growing range of window lengths.

These are important considerations, since, ideally, we would like a universal denoiser to compete
with a family of denoisers as large as possible (in other words, we would like k, to grow at the
fastest possible rate) while at the same time pay as little as possible for this additional universality.
Following the above data compression analogy, such desiderata are akin to those formulated in the
context of twice—universal data compression [4, 5]. For example, a particularly desirable denoiser
would be one that for all sequences k,,, incurs a k,-th order regret that is only negligibly more than
that incurred by the DUDE of order k,, that is, the DUDE designed specifically to compete with
sliding window denoisers of order k,. The envisioned denoiser would thus be independent of any
sequence k,, unlike the DUDE. One might think that the sequence of DUDEs with parameter &,
for some rapidly increasing k,, would come close to having such an ideal property. This, however,
is not the case since the best that can be said about the k] -th order regret of such a sequence
of DUDESs, when k!, < ky, is that it equals the k,-th order regret, which is roughly exponential
in k, (see (4) below), thus potentially far exceeding the k/,-order regret of a k/,-th order DUDE.
Moreover, for k!, > ky, the k] -th order regret of the k,-th order DUDE is not even guaranteed
to vanish, even if the k/-order regret of the k/-th order DUDE did vanish. This weakness is the
result of a naive policy for dealing with a growing range of window lengths, namely one which is
data independent. In the data compression setting, this policy corresponds to a Markov compressor
which increases the Markov order sufficiently slowly in a data independent manner, as in the early
days of universal data compression.

Defining the twice—universality penalty of a denoiser as its excess k-th order regret when com-
pared to the k-th order regret of the DUDE with parameter k, we are interested in a denoiser with a
small penalty for all & simultaneously. For such a denoiser, the k-th order regret would not only be
vanishing, but would be close to the best possible. In this paper, we present a denoiser that is a step
towards such an ideal denoiser in terms of these aspects of universality. The proposed algorithm,
dubbed TU-DUDE, is based on loss estimation results and a variant of DUDE, and is also defined

by a growing sequence k,, (though, as noted below, there is a natural “best” such sequence). The



TU-DUDE is shown to have several advantages over the DUDE. First, for k, increasing with n
sufficiently fast, a much smaller k-th order regret upper bound can be proved for k, 0 < k < kj,
than that of the DUDE of order k,,. Moreover, for the “most ambitious” choice of k,, denoted
Kn (to be specified in Section 3), the k-th order regret of the TU-DUDE is essentially the same
as the regret of DUDE with parameter k for every k roughly in the range k,/2 < k < Kk, mak-
ing the penalty for competing with a range of window lengths rather than with a specific window
length k, negligible. In contrast, as noted above, in order to be universal for a range 0 < k < ky,
DUDE (with parameter k) incurs for any k in the range, under the best available bounds, a regret
corresponding to the maximum order in the range, k,, which is exponential in k,. Second, the
TU-DUDE is also shown to compete against a slightly larger family of sliding window denoisers
(with growing order) than any sequence of DUDEs for any choice of parameters k,. The above
properties can be seen as a step toward twice—universality in denoising, similar to the counterpart
concept in data compression, thus motivating the name TU-DUDE, for twice—universal DUDE.
As discussed in Section 6.3, it should be noted, however, that the TU-DUDE falls short of being
twice—universal in the data compression sense.

The TU-DUDE is based on a DUDE-like universal denoiser dubbed the D-DUDE (for reasons
explained below), whose regret satisfies the same bounds from [1] as that of the DUDE with the
corresponding parameter. The TU-DUDE takes the approach first proposed in [7], namely to select
the value of k£ that minimizes an estimate of the loss of D-DUDE with parameter k£ for 0 < k < k,,
and then to apply D-DUDE with the selected parameter. The idea is that if the expected error
in estimating the loss is small for all clean sequences ", then the loss incurred for the selected
k does not deviate much from the loss incurred for the best k for the underlying clean sequence.
The D-DUDE for the best k, in turn, clearly has a smaller regret than the D-DUDE for any k.
We prove this result in greater generality by showing that the existence of a loss estimator whose
expected error is small for a sequence of denoisers, with regret satisfying the same bounds as the
DUDE, provides a way to construct a twice—universal denoiser with a small excess regret. Finally,
we also show that for a restricted subset of clean sequences, dubbed non-pathological sequences, the
excess loss incurred by the TU-DUDE (the twice—universality penalty) may be much smaller than
the bounds we can prove without any restriction on the clean sequences. We highlight scenarios
for which the fraction of clean sequences that are non-pathological tends to one.

The rest of the paper is organized as follows. Basic definitions and notations are presented in
Section 2. The notion of twice—universality is defined in Section 3, where we also formally state
our main results. The next two sections present results and tools necessary for constructing the
TU-DUDE and for proving our main theorem. A lemma establishing the connection between good
loss estimation and twice universality is proved in Section 4. The specific loss estimator that we
consider is presented, along with its properties, in Section 5. The TU-DUDE is then formally
described in Section 6. The proof of our main theorem is also presented in this section. Finally,
in Section 7, we show that stronger results are possible in the sense that if one defined the regret
based on the worst-case expected excess loss over a subset of non-pathological clean sequences, a

much smaller twice—universality penalty can be achieved.



2 Notation and Preliminaries

The notation we employ is similar to the one in [1]. We first define the notation we use to refer to
vectors, matrices and sequences. For any matrix A, a; will denote its i;;, column, and for a vector
u its i, component will be denoted by wu; or ufi]. Often, the indices may belong to any discrete
set of appropriate size. For two vectors u and v of the same dimension, u ® v will denote the
vector obtained from componentwise multiplication. For any vector or matrix A, AT will denote
transposition, for an invertible matrix A~7 will denote the transpose of its inverse A~!, and ||A||o
will denote the largest absolute value of any entry in the matrix or vector.

For any set A, let A% denote the set of one-sided infinite sequences with A-valued components,
i.e., a € A% is of the form a = (a1,a2,...), a; € A, i > 1. For a € A®, let a” = (a1,az,...,an)
and a{ = (a4, @it1,...,a;). More generally, we will permit the indices to be negative as well, for
example, u’jk = (U—p, ... U, - .. ). For positive integers ki, ko, and strings s; € A%, i = 1,2, let
5152 denote the string formed by the concatenation of s; and se. Sometimes we will also refer to
the i-th component of a sequence a by ali].

We now define the parameters associated with the universal denoising problem, namely, the
channel transition probabilities, the loss function, and relevant classes of denoisers. Let the se-

" e A™ respectively denote the noiseless input to and the noisy output from a

quences z", z
discrete memoryless channel (DMC) whose input and output alphabet are both A. Let M = |A]
denote the size of the alphabet and M the simplex of M-dimensional probability vectors. Let the
matrix IT = {II(¢, j)}; ;c 4, whose components are indexed by members of A, denote the transition
probability matriz of the channel, where II(i, j) is the probability that the output symbol is j when
the input symbol is 7. Also, for j € A, m; denotes the j-th column of II. We are interested in
channels whose transition matrix II is invertible. For technical reasons stemming from our proof
technique (cf. Lemma 8 and its proof), we also assume throughout that all entries of IT are strictly
positive. We believe, however, that this assumption can be relaxed considerably while preserving
our results.

Upon observing a noisy sequence z"™ € A™, a denoiser outputs a reconstruction sequence
{a1}i=; € A" The loss matriz A = {A(i,))}; jes

the denoising problem, namely, A(7,j) > 0 denotes the loss incurred by a denoiser that outputs

represents the loss function associated with

Z = j when the channel input x = 4. Also, for i € A, \; denotes the i-th column of A.
An n-block denoiser is a mapping X" : A" — A" For any 2" € A", let X"(2")[i] denote
the i-th term of the sequence X "(z™). For a noiseless input sequence ™ and the observed output

sequence 2", the normalized cumulative loss L., (z", 2") of the denoiser X" is
1 n
Lga(a,2") = =3~ A s, X7(=")l]).
i=1

Let D,, denote the class of all n-block denoisers. A k-th order sliding window denoiser X"isa
denoiser with the property that for all 2z € A", if z“_r],z = Z;i_,]: then

i

X" ()i = X" (=")[f].



Thus, the denoiser defines a mapping,
[ AP g

so that for all z™ € A"
X (2] = f<z;fj’,§), i=k+1,...n—k
Let Sk denote the class of k-th order sliding window denoisers. In the sequel, we define the
best loss obtainable for a given pair of noiseless and noisy sequences with a k-th order sliding
window denoiser. For convenience, we will modify the definition of normalized cumulative loss to
accomodate noiseless and noisy sequences of differing lengths.
For an individual noiseless sequence z" € A™ and a noisy sequence 2" € A", k > 0 and n > 2k,

Dy (x™,2™), the k-th order minimum loss of (2™, 2™) is defined to be

n n—k _n
Dy (2",2") = min LXn<£L‘k+1,Z >

5 afes(:1))

i=k+1

= min

fA2k+1—>An_2k'
the least loss incurred by any k-th order denoiser on the pair (", 2"). For a given channel IT and
a noiseless sequence " define

~ def

Dy(z") = B[Dy(a", Z")] (1)
the expected k-th order minimum loss incurred when each random noisy sequence Z" produced
when 2" is input to the channel is denoised by the best k-th order denoiser for the pair (z", Z™).
For any n-block denoiser X" we define its k-th order regret to be

Rk<X”) ' max {E[LXn <zk+1,Z”>] —ﬁk(w”)} (2)

znEAN

Note that since Dy (2™, 2™) is non-increasing in k for any fixed z™ and 2", D (z") is non-increasing

in k for all 2™ so that, for all X”, R, (X ") is non-decreasing in k. Given a non-decreasing sequence

{kn}, a sequence of denoisers {X™} is universal for the classes Sy, if the k,-th order regret of X"
Ry, <X”) = o(1).
The Discrete Universal Denoiser (DUDE) was proposed in [1], and is described below. The
vector m(2", ¢ ,c}) is defined as

_ def
m(z", c_,lc, c’f)[co] =

k
{ E+1<i<n-—k, z”k—ckk}‘
for ¢y € A. Then, the DUDE with parameter k& denoises according to
Kitoe(2")li] = argmin X (I"m(=", 22 21) o), 3)

where ties in the minimization are broken according to an arbitrary, but fixed rule. For all a € A,

the a-th component of ((IT-"m(z", 2!}, zfif)) ® ) is a good estimate for the number of indices



7 in z™ that take the value a when the j-th noisy symbol equals z; and the context of the j-th
noisy symbol equals <zz:i,zfif) The DUDE denoises by selecting that reconstruction symbol
that minimizes the loss assuming this estimate is exact. Note that for the DUDE with parameter
k, ngkDE ¢ Sy (since the effective 2k + 1 window-wise denoising mapping depends on z"). It was
shown in [1] that for all k, all sufficiently large n and all clean sequences z", ngkDE satisfies, for
some constant! C' independent of k, n, and z",

A sk M?*(k+1

Ay (Kih) < 0y MEEED) (W
Therefore, X1 is universal for S, if knM?#n = o(n). In [6], it was shown that the regret in (4)
is close to the best possible. Specifically for most (II, A), and all £ and any sequence {X " e Dy}

of denoisers, as n tends to infinity
k

Ry (X ") > %
where ¢ is a positive function of (IL, A). For certain (IL, A) pairs, ¢ equals M, and in those cases the
regret of the DUDE with parameter k is optimal up to a factor of vk. This suggests a definition
of twice—universality that is based on the regret of the DUDE, rather than a more elusive optimal

regret.

3 Twice—universality: definition and main results

In this paper, we explore the notion of twice—universal denoisers, namely denoisers whose regret
with respect to all S, k < k,, for a given sequence k,, is not just vanishing but close to the best
possible. We shall say that a sequence of denoisers X" is “twice—universal” with penalty e(k,n) if
its regret satisfies

M2k (k+1)

(1) <y

+ e(k,m) (5)
for all sufficiently large n, and all k simultaneously. We shall sometimes refer to e(k, n) satisfying (5)
as the twice—universality penalty of X". This definition is DUDE-specific in the sense that the
penalty e(k,n) is the excess loss incurred by X” beyond the regret bound (4) achieved by DUDE
with parameter k.
Note that for a sequence k,, a sequence of DUDEs with parameter k,, satisfies
M2kn (K, + 1)

Ri(X5ifss) < 0| ——"—=. (6)

for all £ < k,, and n sufficiently large, since for all X" Ry, (X ”) is non-decreasing in k. Thus, the

!Several constants pertaining to different results throughout the paper will be denoted by C. These are not

necessarily the same constant.



DUDE with parameter k,, is provably twice—universal with penalty

M?%kn(f, +1 M2k(k +1
€p i, (N, k) =C —( +1) - C 7( +1)
n n
~ M (ki +1)
- n

for k < k,,, where the latter approximation holds for k sufficiently smaller than k,. The use of
the term “provably” is due to the fact that we have computed ep ,, (n, k) from an upper bound on
ﬁtk <X§bk§E>, not from an exact characterization. Thus, while the actual penalty could be smaller
than ep , (n, k), no such reduced penalty has been proved. Note also that, based on known bounds,
the best we can say about the twice—universality penalty of the DUDE with parameter k,, for k > k,
is that it is ||A||sc. We investigate whether it is possible to achieve a smaller penalty than ey x, (7, k).

Given a sequence k,, the main result of this paper is a denoiser dubbed the TU-DUDE and

denoted as X;L{E%UDE and the following theorem concerning its twice—universality penalty.

Theorem 1. For all channels such that the transition matrixz II has only non-zero entries, given
a sequence ky, XM 0 is twice—universal with penalty erv g, (kyn) = C((kn + 1)%/% /%) for a
constant C' and k < k.

The construction of the TU-DUDE with parameter k,, and the proof of Theorem 1 are presented
in Section 6. Here, we make the following observations concerning the theorem.

In comparing the twice-universal penalty ery g, (k,n) from the theorem to ey, (n, k), we see
that it is smaller roughly when k, > logn/(4log M). In particular, consider the choice k,, = k,, for

k., where

/in:max{keZ+:C W<||A|]m}z2112i?w (M)
which is the largest &, for which the DUDE with parameter k, may be doing any provable denoising
for a given n. It is thus a natural sequence to consider in light of the definition (5) of a twice—
universal denoiser with a given penalty: for k > k, the k-th order DUDE regret component of
the overall regret fails to vanish and is thus of limited interest to track, while for £ < k, the k-th
order DUDE may be carrying out some denoising and its performance may thus be worthwhile
tracking. Note also that the k-th order regret Ry, (XP}L{J'TEUDE» which, based on the theorem, is
upper bounded by the sum of the k-th order regret of the DUDE with parameter k and the stated
twice—universality penalty, vanishes for k£ up to almost x,, while for k£ > k,, this may no longer
be the case. In this sense, k, constitutes a “most ambitious” sequence for TU-DUDE, as choosing
ky > Ky does not increase the range of k over which the k-th order regret of TU-DUDE provably
vanishes.

It is not hard to see that for this natural sequence &y, the penalty term ery x, (k,n) of the
TU-DUDE X720 is negligible relative to the k-th order DUDE regret bound (4) for k roughly
in the range k,/2 < k < k,,. No other previously proposed denoising approach is twice—universal

with a smaller penalty (or even a vanishing one) for this range of k. In the case of the DUDE, for



example, not only is €p x, (7, k) not negligible relative to the k-th order DUDE regret bound, but,
more severely, it does not even vanish for most of the range 0 < k < k,, (the exception being at k
extremely close to k). It follows that the k-th order regret of X[fn is bounded away from that
of ngkDE, the DUDE with parameter k, and, as a result, its k-th order regret Ry, <X§{IK§E) may, in
turn, not vanish for the same range of k.

The following new universality result also follows as a corollary of Theorem 1. Let
MZ%n (k, + 1
Kn déf {{kn} (nnﬂ_)()} (8)

denote the set of sequences {k;} for which the right-hand side of (6) vanishes.

Corollary 2. Under the assumptions of Theorem 1, the TU-DUDE with parameter r, is universal
with respect to all sliding window denoisers of order k,, for all sequences {k,} € ICy,, in the sense
that lim,,—co Rkn <X¥;ﬁ"> =0 for all {k,} € K.

Note that, on the other hand, no sequence of parameters {k/, } is known for which the universality
of DUDE, with respect to the class of sliding window denoisers in the corollary, can be shown to
follow from known results. In particular, if the sequence {k],} ¢ K, then the resulting DUDE
would not be universal with respect to even 0O-th order sliding windows (corresponding to the

trivial sequence k, = 0 which clearly belongs to K,,), since the best we can say about the regret in

this case, namely RO (XQ’ML), is that it is bounded above by C4/ % which does not tend
to zero by virtue of {k,} ¢ K,.. Suppose, on the other hand, that the sequence {k},} € IC,,. It is not
hard to see that in this case, for any such {k] }, one can find another sequence {k,} € K, which
grows faster than {k},}. The DUDE with parameters k], however, may not be effective against
sliding window denoisers with the faster growing window sizes kj,, and indeed the best we can say
about the regret via known bounds is that it is ||A||sc.

Proof of Corollary 2. For every sequence {k,} € K,,, the overall k,-th order regret bound of the
TU-DUDE with parameter k,, comprised of the DUDE regret bound and the twice—universality

penalty, satisfies

(o , M2k (ky + 1)~ f (kp +1)%/4
Jim R, (X5 ) < lim |0y = O S )
=0, (10)

where (9) follows from Theorem 1 and the fact that for all {k,} € K,, k, < K, for n sufficiently
large, and (10) follows from the definition of C,,, and the fact that x, = O(logn). ]
4 Loss estimation and twice—universal denoising

The TU-DUDE denoises a sequence by estimating the loss that would be incurred by candidate

DUDE-like denoisers and then selecting the one with the lowest estimated loss. It is described in



detail in Section 6. In this section, we derive a more general result that will also be used in the
analysis of TU-DUDE. We show that if there exists a “good” estimator for the loss incurred by
ngkDE, or an alternative denoiser with similar performance guarantees, for all k£ < k,, then one
can construct a “good” twice—universal denoiser, namely one that is twice—universal with a small
penalty.

A loss estimator for a denoiser X™ is a mapping
L Xn A" - R

that, given a noisy sequence 2", estimates the loss L ¢, (z",2") incurred by X" to be L n(27).
Consider a sequence {k,} of integers. For each n, let {X"*} denote a set of denoisers indexed by

k in the range 0 < k < k,,, whose regret satisfies the upper bound in (6), i.e.,

M?(k+1)

k <k, 11
o, (11)

Ry <X""‘) <C

for all n sufficiently large. Let {L i)y k < Ky, be loss estimators for the denoisers {X"™F}. Given
n and k,, the denoiser X’,’}, in turn, evaluates the estimated loss of each of the denoisers {X ”k}
for k < k, using the loss estimators {ﬁ Xnk} and denoises using the denoiser with the minimum

estimated loss. Formally, X}} is given by
X (")l = X M) (12)

where

k¥ = arg g%fn Lgni(2"). (13)

Lemma 3. Let {k,} be a sequence of integers, and for all n, let {X”k} denote a set of denoisers
indezed by k < ky, satisfying (11) for n sufficiently large. If for all k < k,, and all z"

EHLXTL,,@(JE”, ) - ﬁXn,k(zn)H < a(kn, n) (14)

for all n, then Xg is twice—universal with penalty 2(ky, + 1)a(kp,n).
Proof. Observe that for all k, all n sufficiently large, and all 2™
E(LXg(x”, Z") = Dy(a",2")) = E(Lgn (2", Z") — Dy(2", Z"))

M?2k(k + 1)
n

<C

+ E(LX{} (@™, Z") = Lo (2", Z”)) (15)
where (15) follows from (11) and the definition of regret. In analogy to k* defined in (13), let

k! = arg lggukri Lz, 2"), (16)



be the actual loss-minimizing parameter for {X mk1 . This parameter is a function of both the clean

and noisy sequences, unlike its counterpart l%;;, which is a function only of the noisy sequence. We

then have
E(LX.8 (@, Z™) — Ly (2, Z”)) E(Lgnis (@™ Z") = Lz (2", 2"))
+ E(Lgnaz (&, Z") = Lgn (2", 2™)) (17)
S E(L g (2", Z") = Lgny (2", Z)) (18)
— E(Lygns (2", 2") = Ly, k;;(Z”))
+ E(L g5 (Z") = Lguuy (2", Z7))

< E(kan (@, Z") = L g (Z"))

+ B(Lgns (") = Lz (2", 27)) (19)

<23 B(|Lgnsa" 27 = Lun(2")]) (20)
k<kn

< 2(ky + 1)a(kn,n) (21)

where (17) follows from (12), (18) follows from (16), (19) follows from (13), (20) follows by taking
absolute values and summing over all k£ in each expectation, not just the two in the previous step,
and (21) follows from (14). Substituting (21) in (15), we obtain the lemma. O

5 A loss estimator and its properties

The previous section suggests that one way to obtain a denoiser that is twice—universal with a small
penalty is through a good estimator for the losses of a collection of constituent denoisers. In this
section, we study the properties of one such estimator, first proposed in [7]. The estimate of the

loss incurred by any denoiser X™ proposed in [7] is given by

ZZH_T x, % ZA x, 2 (2))(x, z) (22)

i=1 xz€ A z€A

where we use #;(z) to abbreviate X"(2i7!. 2. 2% 1)[i]. A derivation of this estimator is provided
in [8]. One way to view this expression is to observe that »_. , A(z, ;(2))II(x, 2) is the expected
loss of denoising the i-th symbol when the clean symbol is x, while IT"7(z, z;) is a weighting on
the different values of = that results in the overall estimate being unbiased. Indeed, the expected
value of II"7(x, Z) is 1 precisely for + = x; and 0 otherwise, and thus II=7(x, ;) can be loosely

interpreted as an instantaneous (for each index i) estimate of this indicator function/vector.

5.1 TUnbiasedness

It was stated in [7] that the estimate (22) is unbiased for all denoisers and clean sequences. An

outline of the proof was also provided there. We present a formal proof of this fact for completeness

10



here. The proof argument is similar to the one used for filtering, a causal version of the denoising
problem, in [9]. A similar result for denosing was proved in [8]. In fact, we will require (and prove)
the stronger property that the estimate of the loss incurred by a denoiser on the i-th symbol is

conditionally unbiased given the other noisy symbols. Let

" df _
A 5 EZHszzZAxxz II(z, 2)

zeA zeA

denote the estimate of the loss incurred on the i-th symbol. Then

1 . -
= ;Amn(z”).

Lemma 4. [7] For all ™, all denoisers X" and alli, 1 <i<n, zifl, 2
B, (27|27 = 270, 20 = 2 | = B|A (w0 XM(Z200) |27 = 27 20 = 2| (23)

and therefore
E[LXn(z”)} = E[Lg. (2", 2")]. (24)

Proof. Observe that

E[Al,j{n(zn) ’Zi*l — 21*17 ZTL+1 = Z;L+1i|

=Y B (@, 2) |27 = 57 2 = 2h ] (Z A, X7 2 2 ) T, z))

z€A z€A

= B[ (x,2)] (Z A, X7 zmm)mx,z)) (25)
zeA zeA

= Z Z II(x;, 2) I (x, 2) (Z A(m X"t 2 zﬁrl)[z’])ﬂ(az,z))
r€A z;€EA zeA

=Y =) (Z A, X7z zmm)n(x,z)) (26)
zeA zeA

= 0 A X 2 2 T, 2)
z€A

= E{A(xZ,X"(Z" ) ‘Zz t= i_la 1= Zz‘n+1}

where 1(-) is the indicator function, (25) holds as Z; is independent of Zi~! and Z , and (26) is

true since

Z T (2, 2)IT 7 (2, 2;) = (IO Y) (a4, ),
z €A

the (z;,7)-th entry of the matrix IITI~!, which is one when z; = z, and 0 otherwise. Summing

over i and taking expectation on both sides of (23) over all values of Zi ' and Z7 o gives (24). O

11



5.2 Concentration

— Lgns(27)]]
Xn.k
in the loss estimate. Observe that for any bounded random variable Z with |Z| < M, and any
c>0

Following Lemma 3, we seek to bound the expected absolute error £ HL k(2™ Z7)

cP(|Z| >¢) < E[|Z]] < MP(|Z] > ¢) +c.

Therefore, one way to establish if an estimator is satisfactory or otherwise for our purposes is to
derive concentration bounds (upper or lower) on the expected absolute loss estimation error, i.e.,
the probability that it deviates significantly from 0. Such concentration bounds have been derived
for the class of sliding window denoisers in [8]. It is shown in [8] that for all X" € Sy, II, A, z",
and 7 >0

—2(n—2k)72

> T) < (k + 1)e BHDIAIR (M oo)? (27)

P(‘LXH(:E",Z”) — Lgn(27)

This bound implies that as long as k = o(n/logn), the estimated loss of a given k-th order sliding
window denoiser concentrates around the true loss. While such strong concentration results, where
the probability that the estimate deviates significantly from the true loss decreases exponentially in
n for fixed k, are possible for sliding window denoisers, we show in Section 5.3 that similar strong
results are not possible for the DUDE. It turns out, however, that the method for showing that
exponential concentration is not possible provides us the insight that leads to weaker concentration
bounds for 0-th order DUDE. We then build on the concentration bounds for 0-th order DUDE to
derive bounds on the expected absolute loss estimation error for a variant of ngkDE, for £ > 0, that

will then be suitable for the twice—universal denoising paradigm of Section 4.

5.3 Non-exponential concentration for the DUDE of 0-th order

To show that exponential concentration is not possible in general, we consider the special case of
the binary symmetric channel (BSC) and Hamming loss. Let A = {0,1}. Let II correspond to the
BSC with crossover probability § < %, and A correspond to the Hamming loss. Note that XQ;?DE
denotes DUDE of 0-th order. To prove our result, we will require the DeMoivre-Laplace theorem,
which approximates the binomial distribution close to the mean using the normal distribution. We
state it below as a lemma. Let

def n lnp|+k (1 _ pyn—lnp]—k
bos) 2 () p) @)

denote the probability that a binomial random variable with parameters n and p takes the value
np] + k. Let

def 1 _22

\/ﬂe 2 (29)

denote the probability density function (pdf) of the standard Normal distribution.

Lemma 5. ([10]/, VII.3, Theorem 1) Let {K,} be a sequence such that
K, = o(n??).

12



Then, for all p, 0 <p <1, all e >0, and all n sufficiently large,
1—p)b

=

<(l+e)

for all k, |k| < K.

Theorem 6. There exists a clean sequence x™ and constants K and 19 such that

N K
n n n _ " n > >7
P([Lspa,, " 2 ~ Lo, (2 >\—TO>—¢5

Proof. For any 2" € {0,1}", let T'(2") denote the type of z", i.e., the number of 1s in z". Then,
the DUDE of zero order is given by [1]

0, T(z")<n26(1—0)
Xpios(2")li] =q 2, n26(1—3) < T(=") < n(1—25(1 - 5)) (30)
1, T(z")>n(1-26(1-79)).

Consider 2" such that T'(z") = [n2§(1 — 9)]. Then, by (30),

o 1 — T(x™
L ¢no ,z):EZA(xi,O): (") (31)
=1

DUDE n

Observe that for the same 2", if z; = 0, then the second case in (30) holds for 2! -1 - 2% 1, and
therefore Xg{?DE(zifl 2z )i] =2, z=0,1. Consequently, for all z € {0,1},
S A, R (A70 - 2 2 DTz, 2) = o,
z€{0,1}

Hence,

ST (@, z) Y Al KBS (2 i 2) =8 ) T (@,0) =5 (32)

z€{0,1} z2€{0,1} z€{0,1}

If z; = 1 instead, then, with a similar argument, X&?DE(z’i_l -z-21)[i] =0, 2z=0,1. Therefore,
for all z € {0,1},

Z A Xg[?DE T Zz+1)[ ])H(‘r? Z) = A(:E,O).
z€{0,1}
Hence,
S (@, z) Y A, Xpios(z ! 2 2 )z, 2) = Y T 7 (2, 1)A(, 0)
z€{0,1} z€{0,1} ze{0,1}

= 7(1,1) = ——. (33)

13



Combining (22), (32), and (33), we obtain that if 7'(z") = [n25(1 — §)], and § < 3, then

T(z”)>6 RACOREY

~

N n — —
L0 2) <1

> (1-20(1—8))6 +

n n 1-—29
20(1-46)>  1-6
1-26 n(1 — 26)

1-4 L-90
_5+25(1—6)<1_25—5> n(1 - 20)

2 —
=0 +20(1—0)+26(1 - 5>(12_525> - n(i —gé)

>0+20(1-9)

for all §, 1/2 > § > 0 and all sufficiently large n. From (31), we obtain that if 7'(2") = [n2§(1 — 9)]

Bono () = Leno (a2") > (5 _ T(;”n)> +26(1 - 9).

DUDE DUDE

On the other hand, if T'(z") = |nd], then

A

Lgno (") = Lgno (2", 2") > 25(1 — 0).

DUDE DUDE
But when T'(z") = [nd], we will show that for some constant K and all sufficiently large n

K

P(T(Z") = |n26(1 —=9)|) > —

(T(2") = [n26(1 = 0)]) > NG
which will prove the theorem. Observe that T(Z") = [n2§(1 — )] when i, 0 < i < |nd|, of the
bits in 2™ that are 1 remain unflipped by the channel and [n2§(1 — §)| — i of the bits that are 0 in

a™ are flipped. Therefore, using the notation in (28)

P(T(Z") = [n26(1 —9)])
[nd]

_ Z (Lnd > na) i1 5)1-(“%26(1—}7;% ) Z>5Ln25(1 B)l=i(1 _ gy Lnbl—Ln26(1—6) |+

[”5J [[nd)(1-9)]
= > bns)i(1 —0) by ns),a—i(9)
i=—[[nd|(1-9)]
[v7)
> > b i(1 = )by ns),a—i(9) (34)
i=—|vn]

where

A= |n26(1—8)] — |nd — [nd|d] — | [nd](1 - 6)]

and the inequality holds for sufficiently large n. Observe that |A| < 3. Therefore, for —|/n] <

i < |vnl,

A
712—)0andalso 5 — 0.
(n—|nd|)s nos

14



Thus, applying Lemma 5 to each of the terms in the summation in (34), we obtain that for any

€ > 0 and all sufficiently large n

W ) )
[n6](1—5)8 (n—|nd|)5(1=5)
P(T(Z™) = |n26(1 —§ 1—¢)? 35
(T(Z"™) = [n20( )J)Zi:%:m( ) I =0) /(n = [0])0( =) (35)
a
, C C
>’L_ZL:\/EJ 1—6 % % (36)
>2(1—e)202

IERVAD

for some constant C', where (36) follows from (29) and the observation that for —|v/n| <i < |/n],
the absolute values of both arguments of the function f in (35) are bounded from above by a
constant. O

While Theorem 6 shows that an exponential concentration bound as in (27) is not possible
for the DUDE with the estimator ﬁ, the proof suggests a way to bound the error in the loss
estimate to obtain suitable non-exponential concentration bounds. We first provide a brief outline
of the argument by continuing to analyze the case of a BSC and Hamming loss. Notice that when
T(z") < [n26(1 —9)], then X9 always returns 0. Therefore, the true loss is

Lgno (2",2") = T(gjn)

DUDE n

Also, for all z € {0,1},
S Al K2 2 )i, 2) = Az, 0)
z€{0,1}
and therefore
> I (2,2) Y A, Xpthe(el oz 2 )2, 2) = > T 7 (2, 2) Az, 0) = T (1, 2).
z€{0,1} 2€{0,1} z€{0,1}

Hence, the loss estimate is

Lo (1) = 20T 4 <1 SEAte )) T(1,0)

DUDE n
T(z") 1-9§
T n 1-2 <
Tz
n(l—26) 1—25

Since
ETZ")=TE")(1-=6)+(n—T(z"))d =nd +T(z")(1 — 26),

it follows from standard concentration results that nT(l(fgg) — ﬁ concentrates around the true

loss T'(z™)/n. Thus, when T'(2") < [n2d(1 — 9)] the loss estimate is likely to be close to the true
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loss. More generally, we observe that the set of noisy sequences 2" can be partitioned into subsets
based on the type of 2™. If the type does not equal [n2§(1 — 9)] or [n(1 — 26(1 — ¢))], the decision
boundaries where X&?DE changes its denoising rule, then the loss estimate concentrates around
the true loss. This observation suggests the following approach to bounding the loss-estimation
error. The cases when the type of z™ corresponds to a decision boundary, and when it does not,
can be separated. The loss-estimation error in the former case can be bounded from above with
the probability of observing such a 2", whereas the error in the latter case is small for the reasons
described above. This approach can be generalized to derive an upper bound on the expected error
in the loss estimate for arbitrary IT and A. We first derive this upper bound for k¥ = 0 and then
use that result to obtain a more general result for £ > 0. To derive the bound for k = 0, we first
identify the z"s that result in poor estimates and bound the probability of their occurrence.
When k = 0, the notation m(-) defined in Section 2 can be simplified as follows. Let m(2") be

the vector whose cp-th component, ¢y € A, is
m(z")[eol ={i:1<i<m,z =co}
the number of occurrences of ¢y in 2. Define g : A" x A — A to be
g(z",2") def arg ;Iél}‘ll )\%((Hme(z”)) ® 71'2/) (37)
where ties are broken based on some fixed ordering of the elements of A, so that
Xpooe(2")li] = g(=" 2:).

A sequence z" is said to be L -continuous if Vi, 2/

X]gi?DE
g(zfl 2 Zi% 1, z/) = g(zif1 2t 2N, z'). (38)

It is said to be L 4o -discontinuous otherwise. We will now bound the probability of observing a
DUDE

L 4o -discontinuous Z". To do so we require the following version of the Berry-Esseen theorem

DE
(see, e.g., [11]), stated as a lemma.

Lemma 7. ([11], XVI1.5, Theorem 1) Let Y1,Ya,....Y, be a sequence of independent real-valued

random variables such that for alli, 1 <i <mn,
ElY]] =0, E[Y?] =0}, E[|Yi]’] = p:.
Let
n n
4=yt =Y
i=1 i=1

and let F,, be the cumulative distribution function (cdf) of the normalized sum (Y1+Ya+...4+Y,)/sn.

Then, for all x and n,

T'n
[Fr(z) — ®(2)] < 65
where ®(x) is the standard normal cdf, namely,

z 2

B(z) = (zw)-%/ % du.

—00
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Lemma 8. For all channels such that the transition matriz II has only non-zero entries, and all

z",

P(Z" is Lo

—discontinuous)
DUDE

<<
=/
where the constant C depends on II, A and M.

Proof. Let 2" be L+

% -discontinuous. Then there exist 7, 2 such that

n,0
DUDE

1 def g(zi o Zi% 1, z/) #+ g(zi_l %t 2, z/) = I9. (39)
Noting that a’ ((ATb) ©c) = (a®c)T(ATb) = (A(a®c))b for all vectors a, b, ¢, and matrix A,

it follows from (37) and (39) that
(H_l()\jl ® Wzr))Tm(zi_l N zﬁ_l) < (H_l()\gg2 ® WZ/))Tm(zi_l 2 z?_,_l) (40)

and
(Hil()\jl ® WZ/))Tm(zi_l 2 2’&1) > (H71<)\§32 ® FZI>)Tm(Zi_1 -z z?+1) (41)

with the equality holding in at most one of (40) and (41) (since equality in both would imply that
ties were broken differently for different values of m in (37)). For z € A, let e, denote the M

dimensional unit column vector, i.e., e;[z] =1 and e,[a] = 0 for all a # z. Then

m('ziil -2 z?—i—l) = m(Zifl "z Z;ﬂrl) +ey —e,,.

Substituting in (40), and using (41), we obtain that if 2" is .Z/Xn,() -discontinuous then, for some
DUDE

. /

,L7 z 9

0< (T ((May — Aay) @) m(z") < (T (s, — Aay) @) (e, — €21)

with one of the inequalities being necessarily strict. Hence, if 2" is L 40 _-discontinuous then, for

DUDE
some a, b, 2/,
_ T _ T
0< (H 1(()‘a - )\b) © 7TZ’)) m(zn) < g}gﬁ (H 1(()‘a - Ab) © 7"-z’)) (ez” - ez’)7 (42)
with at least one of the inequalities being strict, so that
1 T
0< 2,121(‘ (H (()\a - )\b) © ﬂz/)) (ez” - ez’)- (43)
Let
ala,b, ) def (N — Np) @ 7o),
and let
A*(a,b, 2 e hax ala,b, 2 (e —ey) > 0.
z'eA
For i =1,...,n, we define independent random variables Y; to be

Y; = ala, b, 2')[Z;]
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so that for all z € A,

P(Y; = ala,b,2')[z]) = (x4, 2). (44)
Then .
(I (A — M) © 7)) ' m(z") = a(a, b, 2)Tm(=") = Y V;
i=1
and (42) takes the form
0<> Y, <A*(a,b, 7). (45)

i=1
Let 02 = E[(Y; — E[Y3])?], s2 = Y1, 02, pi = E[|Y; — E[Y;]*], . = Y1, pi, and let F,, denote
the cdf of s,;' > | (V; — E[Yi]). Observe that (43) implies that a(a,b, 2’) is not a constant vector
and recall the assumption that all the entries of IT are non-zero. Thus, by (44), it follows that, for

alli=1,...,n, Y; takes at least two different values with non-zero probability and therefore

o2 > 0. (46)
It follows from Lemma 7 that for all z and n
Tn

[Fn(z) — ®(2)] <6

5
where ®(z) is the normal cdf. Since |Y;| is bounded, there exists a constant ¢; such that
n
Tn = ZEUYZ ~ElYP’] <ein
i=1
and, by (46), there exists a constant ¢z such that

s2 =Y E[|Y; - E[V{]]"] > con. (47)
=1

Therefore, for all z and n, there exists a constant cg > 0 such that

wum—¢@ns§%. (48)
Note that for all § > 0 and x
Fo(x+6)— Fy(x) < |Fp(x+9) —P(z+0)|+ P(x 4+ 6) — ®(z) + |Fr(z) — P(z)]
< f/C% + Sl;p (P(z+6) — P(x))
< 2& + L (49)

TV Ver
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where the second inequality follows from (48) and the third from mean value theorem. From (45),
it follows that for all 2™, and all ¢ > 0
P(z"is Ly

- discontinuous)
DUDE

< > P(O < zn:Y < A%(a,b, z’)) (50)

a,b,z’ € A:A*(a,b,2’)>0 =1

_ 5 Fﬂ( (A*abz ZE )) <—s;1<6+gE[Yi]>>

ab,z’ € A:A*(a,b,z")>0

1
< Z (203+3n (A* (\c;,ﬂz)—f—e)) (52)
ab,z’ € A:A*(a,b,z")>0 2

< M3% (53)

(51)

B

for some constant ¢4 > 0, where (50) follows from the union bound, (51) from the definition of
F,, (52) from the application of (49), and (53) from (47). O

Now that we have bounded the probability of observing a L XS,SDE—discontmuous sequence, we
use it to bound the error in the loss estimate when &k = 0. We do so by showing that when the

observed Z™ is L o-n,0 -continuous, the error in the loss estimate can be bounded from above. We
X ’
DUDE

will use this result to prove a similar result for a variant of ngkDE for k > 0.

Lemma 9. For all channels such that the transition matriz II has only non-zero entries, and all
n

x )
A C
n ny _ 7Y\ 2 ~
B[(Lggg,, @ 2" = Ly (2] < (54)
for a constant C' independent of n.
Proof. For all 2", 2",
Lo (@",2")| < 1Al
and, by (22),
1 n
LXS’[?DE(Zn) SﬁZZ}H* x, 2;) ‘ZAmxz II(z, 2)
=1 z€A z€A
1 « _
S Sh S SITRIIDAING p it
i=1 zeA z€A
< M| Ao [T oo
Therefore, for all ", z",
2
R n o ny__ T n 2 -1 2
(Lgmo (@"2") = Lgao (") < IIAJ (1 + M| |oo)” (55)
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For all z™,

R n oony T ny\)2
B|(Lgge (" 2"~ Lgya ("))

= B|(Lgpo (2",2") = Lgao (2"))’ (Z is Lon,

n,0 —contmuous)
DUDE DUDE J

+E|:(LX7LO (x”,Z”)—ﬁXno (Z™))? (Z”' f/Xn,O —discontinuous)}

DUDE DUDE

< B[(L¢n ") — Lgn n ( "is Lgno -conti )
<FE (LXDI(I)DE(x A LXDI?DE(Z N21L( 2" is LXDI(J)DE continuous |
2 —1 _— . .
+ ||A]|Z (1 + M||]IT HOO) (Z" is LXn,I?DE—dzscontmuous)
n ony _ T n n : _ ; ]
<FE (LX&?DE(JU A LXS[?DE(Z ))? (Z is LXnO contmuous)_

. C

vn
where the first inequality follows from (55) and the second from Lemma 8. Recall that if 2" is
L

+ A2 (1 + M[ITT o) (56)

-continuous then for all i, 1 < i <n, and all 2/ € A,

0
X]’SUDE
i—1 ! n ! i—1 n /
g(z7 22 ) = g(a a2 2. (57)
Therefore, if 2™ is L -continuous then

DUDE

.f/Xn o (2" = % Z Z o7 (z, ) Z Az, g(z1" 2 20y, 2)) (2, 2)

pupE i=1 zeA zeA

_ % S S 0T (@) S A, g7, 2)T(w, 2) (58)
i=1 xzc A z€A

- % Z m(z")[7'] Z 7 (z, 2 Z Az, g(2", 2))I(z, 2)
z'e A zeA z€A

= - Z <Z [T (2, z’)) Z Az, g(2", 2))(x, 2)
:z:EA Z’eA z€A

LS S A @ A el 2)
zeAzeA

where (58) follows from (57), and where
q(z")(z, z) = (Z m(z")[z’]l_[T(w,z'))ﬂ(w,z).
Z’eA

The M x M matrix q(«", 2™) is defined as
q(z", 2")(a,b) def H{i:1<i<n,z;=a,z =0b}.

Then, again by (57), the true loss is

n

Lgno (:U",z”):%ZA(a:Z, (2", z)) = Zqu 2"z, 2) Az, g(2", 2)).

DUDE ;
i=1 zGA z€A
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Therefore, if 2™ is L -continuous then
DUDE

Lono (2" 2") — L ono
XSUDE( ’ ) XSUDE

= 1 Z Z (q(z",2")(x, z) — aq(2")(z, 2)) Az, g(2", 2))

r€A z€A

ZZIql‘ 2")(x, 2) — q(2") (2, 2)| [|Al]oo-

acGA z€A
Using the fact that for all random variables X;, 1 <i < M,

(ﬁ;XZ)Q SMﬁE[XQ

we obtain that

. 2
E[(LXno (2", 2") = Lgno (2" )) (Z” is LXnO —continuous)]

2
< SIAIRE| S 3 la@", 27w 2) - fl(Z”)(:B,z)|]
€A zeA

r€AzEA

Now, notice that one can write

n

a(z",2")(@,2) —a(z")(z,2) = Y _&

i=1
where
S=1(zi=z,2i=2) — <Z 1(z = Z/)H_T(CU, z’)) II(x, 2).
Z’eA
Observe that

Z’eA
=II(z, 2)1( (Z (2, 2 I T (2, 2 )) II(z, 2)
Z'eA
=II(z, 2)1(z; = x) — L(a; = 2)II(x, 2)
=0.

Further, the & are independent and bounded. Therefore, there exists a constant ¢; > 0 such that
n
Blq(a", =")(x, 2) — 4(=") (@, 2))” = S E[¢] < en.
i=1

Substituting in (59) we obtain that
a1l | Al M

n n 2 n n s .
. — Am - <
E [(LXD’I?DE (™, Z") LXD,SDE(Z )) 1 (Z 18 L o contmuous)} n (60)
Substituting this in (56), we obtain the lemma. O
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6 TU-DUDE construction and proof

In this section, we present the construction of the TU-DUDE XgUkDUDE and prove Theorem 1
establishing that it is twice universal with a penalty ery 1, (k,n) = C((kn+1)%/%/n'/*). We conclude
the section with a comparison of TU-DUDE to twice universal data compression schemes and some
comments about the TU-DUDE construction.

6.1 Construction

The TU-DUDE is based on the D-DUDE, a deinterleaved version of the DUDE algorithm.? For

j=0,...,k, define rhj(z”,c:}g,c’f) as

m; (z”,cii,cf) [co] = Hz ck+1<i<n-—k,i=jmod (k+1),z§f£ = c’ik}‘
for ¢g € A. The D-DUDE with parameter k& denoises according to

K boos(z")li] = argmin XE (T Txiyq (=", 200 2011 ) o s ). (61)

where j(i) = imod (k + 1). Thus, the D-DUDE denoises the i-th symbol using only symbol
occurrences for which the index coincides with ¢ modulo £ 4+ 1. The D-DUDE satisfies all of the
performance guarantees proved in [1] for the DUDE, including (4); in fact, the proofs in [1] actually

involve a deinterleaving step. Thus, we have the following lemma.
Lemma 10. For all k and sufficiently large n

M?2E(k+1)

n

Rk (XD DUDE) <C (62)

Following the paradigm of Section 4, given a sequence k,,, the TU-DUDE evaluates the estimated
loss of the D-DUDE for all parameter values k& < k, and denoises using the minimizing value.
Formally, the TU-DUDE is defined as

X3 une(")1i) = Dhoe(=")] (63)
where
b= ot i Lo ) (o4
with LXg ’BUDE(ZH) corresponding to (22).

2 As explained in more detail in Section 6.3, we rely on D-DUDE as opposed to DUDE for technical reasons related

to the proof of the main theorem.
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6.2 Proof of Theorem 1

Since XQ_’]];UDE satisfies (62), then by Lemma 3 it suffices to show that for all £ < k,, and all 2"

R C((kp +1)/n)Y/4
EHLXM (@, Z") = Lgns  (2") } < G+ 1)/m) (65)
D:DUDE D-DUDE 2
for a constant C. For j =0,...,k, let
Apgla 2 = > [ A KEune(=")li]) - Ai(=") (66)
i:i=7j mod (k+1)
where
N n def — n, 1— n .
Ai(z") =Y I (@,2) Y A, X hops(27 1 2, 2040 i) TI(2, 2). (67)
zeA z€A
Note the identity
n .n T 2" = 1 (anon
Lo @)~ L ) =00 By, 2. (68)
It follows that
1 F
N n oony _ T N n < = (2™ 7™M,
Bl|Lgnr (22" = Lgar (27| < n;)E(mk,](x .Z") (69)
Let S; 2 {i 4 # jmod (k+1)}. By conditioning on Z%i 2 {Z; i € S;}, it follows that
E[|Ay;(2", 2" = E[E[|Ag;(z", 2")||2%]] < max B[|Ay (2", 2")|| 2% = 2] (70)
z7J
where 25 is a sequence over A indexed by elements of §j. Notice that for any index i € &7,

{i—ki—k+1,...;i—1}CSjand {i+1,i+2,...,i+k} CS;. Define

& -\ def . c i— i
it o (25) S {i €87 275 = T, 21T = o) (71)
and let
A n o, n n,k nAT - N n
Bpjeta@ 2= 3 Al XiSuns(z) ) — A=) (72)
€S, 1 (z%9)
!
so that
Apja™ 2 = > A L (2", 2"). (73)

(c:i,c]f)GAQk

It follows from Lemma 4, that for all j and (c:i, ch) e A%

E[Ak @, 20|25 :zSJ} =0

7]7 _ ko€

1 (2" 1 (¢, cF) € A%} are conditionally indepen-

and for all j, the random variables {Akj oL ok

dent given ZSi. Moreover, each such random variable is conditionally distributed like the difference
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between the actual and estimated loss for a zero-th order DUDE operating on the subsequence of
noisy symbols with indices in S el k(zsﬂ'). Therefore, it follows from Lemma 9 (in unnormalized
form) that

0'2 -1 def |:A2 -1 k(l’ z" ‘Zsj :Zsj:|

kJ C,kvcl 7.] C_1C1

satisfies 3/2
o bl‘S (2%

k,j,c ZCr T

for some constant b;. The conditional independence of the Ak] 1 ck( ™, Z™) then implies (from
(73)) that the conditional variance of Ay j(z™, Z"), denoted by

2 d_ef [A ( nvzn)’Z‘Sj :ZSJ-] (74)

satisfies
3 /2

(75)

2 2 § :
L= <
Uk,] Z Uk,j,c:i,clf - bl ‘ 7, k,cl

(c:llc, kyeA2k (c_llc,c’f)G.AQIC

- z J
> [Seal

(C—k N kye A2k

Noting that
+1,

c n
=ISi=

it follows that

(cZ i cyeAk

< max w(257)
(c_i,c’f)E.A% Je- k’cl

3/2
< n +1
< (v 1)

n 3/2
oh; <bo <k+ 1) (76)

for some constant be independent of k, n and j. Together with Jensen’s inequality, (76) implies
that

1/2
) T[S
(c

Troch)eA

so that, from (75),

E[|Ag (2", 2™ |25 = 25] < (o} )2 (77)

,( n 3/4
(b2)"/ <k+1> (78)
which, together with (69) and (70), implies

R k+1 3/4 k+1 1/4
HLXM (", Z") = Ly (Z”)Hg(b2)1/2< ”> :b3< )

IN

D.DUDE D.DUDE n k+1 n
< (252)7 )
n
for some constant bs. O
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6.3 Discussion

Twice—universal denoising versus twice—universal compression. In lossless data compres-
sion, a universal code for a class of compressors has the property that its redundancy with respect
to the class vanishes with increasing length. A twice—universal code for a hierarchy of compressor
classes has the property that its redundancy with respect to any given compressor equals the best
possible redundancy with respect to the smallest class in the hierarchy containing this compressor,
plus a “penalty” for twice—universality that is negligible relative to the main redundancy term. In
particular, for the hierarchy of Markov compressors which parallels the family of sliding window
denoisers, the main redundancy term is essentially 0.5K (logn)/n, where K is the number of free
parameters corresponding to the given compressor, and the penalty is ¢(K)/n, where the numer-
ator is a function of K. While in this setting the redundancy bound is required to hold for any
K, it should be noticed that universality is only interesting when the redundancy vanishes, which
implicitly limits K to o(n/(logn)).

In the denoising setting, the corresponding property for the proposed TU-DUDE is formulated
using the regret of DUDE with respect to sliding window denoisers, which is larger than the best
possible regret, as established in [6]. In addition, in the case of the TU-DUDE with the the above
parameter k,, for example, we cannot claim the penalty to be negligible for any fized k, but only
for values of k in the upper half of the range 0 < k < k,,. The relative weakness of these claims
are best understood by examining the workings of the simplest twice—universal source codes, which
basically search for the best model size, encode this value, and then universally encode the data
with a code designed for this optimal model size.? A similar approach in the denoising setting is
not possible, since the loss resulting from a given choice of k cannot be computed, as the clean
sequence z" is not observable. The TU-DUDE overcomes this problem by applying the value of k
that minimizes an estimated loss over the range 0 < k < k,,. As the search space increases, the
effect of the estimation error becomes more noticeable, and therefore the penalty grows with k,,

unlike the data compression case.

Why D-DUDE and not DUDE? The technique underlying the proof of Theorem 1 does
not directly apply to a denoiser based on the original DUDE with a context parameter selected
using the loss estimator. The difficulty is that in a DUDE-based denoiser, the random variables
Ak,j,c;lc ok (z™, Z") for different contexts may no longer be conditionally independent given Z5i,
thereby greatly complicating the analysis of the variance of their sum. The D-DUDE, on the
other hand, induces such a conditional independence. Whether or not replacing D-DUDE with the
original DUDE in X&’f}gUDE continues to yield the twice—universality properties of Theorem 1 is

thus an open question.

3Though leading to twice—universality, this approach is known to be sub-optimal, since a mixture over all classes

will produce a shorter code length [4].
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7 Non-pathological sequences

In this section, we explore the extent to which it is possible to claim a smaller twice—universality
penalty than in Theorem 1 if the set of underlying clean sequences x" is restricted to be “benign.”
To this end, we show that the loss estimator (22) applied to the D-DUDE concentrates more
closely around the true loss for certain “non-pathological” clean sequences. Specifically, the source
of much of the twice—universality penalty of Theorem 1 can be attributed to the probability that
the accumulated D-DUDE counts m; are such that the decision problem (3) has two or more (near)
optimal solutions (i.e., lies at a decision boundary). Non-pathological clean sequences are those for
which this probability decays sufficiently rapidly. We formalize this notion and show that for the
corresponding non-pathological clean sequences =", the TU-DUDE with parameter k,, attains an

improved twice—universality penalty of roughly

(kn +1)3log n)

n

€TU-NP,kp, (k7 n) = O(

for k < k,,, which is less than the one proved in Theorem 1.
Let m; (2", C:}C, c}) be as defined in Section 6 with respect to the D-DUDE. Let M denote the

set of all M-dimensional vectors with non-negative components. For a,b,c € A, let

M*(a,b,¢) % {m e M : (A — X) (T "m) ® 7.) = 0}
denote the M-dimensional semi-hyperplane that contains all the m’s that might fall on a deci-
sion boundary of the decision rule (37) underlying DUDE and D-DUDE, involving reconstruction

symbols a, b, and noisy symbol c. Let

M def U M*(a,b,c).

a,b,ceA:
ab

We term a clean sequence “non-pathological” if the expected values of the counts m;, when signif-
icant, are bounded away from M* for all j. Formally, =™ is said to be («,~, k;, )-non-pathological,
. . . _ . - _ 1

if, for all k < ky, all 7, 0 < j <k, and all cfllc,clf, if E[Hmj(Z”,cf}ﬁ,c’f)Hl] > 20‘(105%, then, for all
m* € M*,

1
> ||B[mizn o] || 2 S (0)

HE[rhj(Z",cj}c,c’f)} —m

Letting A, denote the set of («, 7, k,,)-non-pathological sequences? we shall define the (o, ¥, ky, )-
non-pathological k-th order regret of the TU-DUDE of order k, to be

RNP,Ig (X’?{Jk.‘%UDE> déf max {E{LXnkn (xZ.;_.f7Zn)] - Dk(xn)}

" eNy, TU-DUDE

Notice that this quantity differs from the regret defined in (2) in that the maximization is restricted
to Ny,. In analogy with (5), we shall say that the TU-DUDE of order k, is twice-univeral with

4To reduce notational clutter, we suppress the dependence of N, on (o, 7, kn).
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(a, 7y, ky)-non-pathological penalty e(k,n) if

~

- M?*(k+1
RNP,k (XZI?I’J]{—:EUDE> < C #

k 81
T () (31)
for all sufficiently large n, and all k£ simultaneously. In this context, we shall refer to e(k,n) as the

(v, v, kp)-non-pathological twice—universality penalty of the TU-DUDE of order k,.

Theorem 11. For all channels such that the transition matriz IL has only non-zero entries, all
sequences ky, satisfying k, = O(logn), any v > 0, any sufficiently large o > 0, and all sufficiently

large n, X?b’?’}wm is twice—universal with (o, 7y, ky)-non-pathological penalty

a(k, +1)3logn
n

€TU-NP,kp, (kvn) = C\/
for a constant C and k < k,.

We also show that for many channels and loss functions, the fraction of sequences that are
(v, 7, ky)-non-pathological tends to one as long as k, < 7logn, where 7 depends on the channel.
Let P* denote the M-dimensional column vector whose entries are all ﬁ We prove this result
for all channels with transition probability matrices IT such that II”P* does not fall within M*.
Many channels and loss functions, e.g., many symmetric channels, including the BSC with crossover
probability 0 < ¢ < %, and the Hamming loss function, satisfy this requirement.

For all TI, let

def . * T 1y *
AL A) % o —a’pH|,, 82
A% it m h (52)

where the dependence on A is through M*. Recalling that N, denotes the set of all (a7, ky,)-non-

pathological clean sequences, we prove the following theorem.

Theorem 12. IfII, A are such that TITP* ¢ M*, then for k, < Tlogn, where

1

"= Zlog (mineeA (TP [a])’

all v < A(II, A) and all a > 0, we have |[Ny,| = M"™(1 — o(1)).

Observe that for symmetric channels, IT is such that TI” P*[a] = M ~! for all @ € A. Therefore, it
follows from Theorems 11 and 12 that, for all k,, < 7logn, where 7 < (2log M)~1, all v < A(II, A)
and all sufficiently large «, the (a,7, k,)-non-pathological twice—universality penalty of the TU-
DUDE with parameter k,, is C/(a(k, + 1)3logn)/n for a fraction of clean sequences (|N,|/M™)
tending to one. Recall from Section 3 that the sequence k, is approximately logn/(2log M).

Thus, for a fraction of clean sequences tending to one, the above more favorable twice—universality
penalty holds for the TU-DUDE with parameter arbitrarly close to this most “ambitious” sequence.
Notice that the above (a7, kj, )-non-pathological twice—universality penalty is negligible relative to
the DUDE redundancy for k over a wider range, roughly O(loglogn) < k < k,, as compared to
kn/2 < k < k, in the unconstrained case. To get this result, however, we cannot quite set k, to

Kn, as in the unconstrained case, but only to (1 — €)ky,, for an arbitrarily small, but fixed € > 0.
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The proofs of the above theorems constitute the rest of this section. For 0 < j < k, we shall
consider a set of “bad sequences” z" € A" for which there exists a sufficiently populated context
¢ 1,k for which my; (2", ¢}, ¢}) falls within M* if at most one coordinate z;, with i = j mod (k+1),
is changed. Recall that the complement of the set of indices {7 : i = j mod (k+1)} was denoted as
S in the proof of Theorem 1, and this notation shall appear again below. Formally, for a > 0, the

set of “bad sequences” will be taken to be

Br.a(j) Lef {z" :Elc:,i,clf e A% s.t. Hrhj(z”,c:,i,c]f)ﬂl > alogn and

Im* € M, [ji; (2", ¢}, ) — m*||; < 2}. (83)

The following lemma implies that for all (e, 7, ky,)-non-pathological sequences, the probability that

the noisy sequence Z" is in By, o (j) vanishes for a sufficiently large choice of a.

Lemma 13. For all (o, 7, ky)-non-pathological x™ with v, 0 < v < 1, allk < ky, all j, 0 < j < k+1,

n+ 2k + 2
P(Z" ¢ B () < - —B2alogn+pBsk
(2" € Br.alj)) _m((k—kl)alogn)e

where B1, Bo2, B3 are positive functions of v and M.

Proof. We abbreviate rhj(Z”,c:}C,c’f) by m;. Assuming Z" € By o(j), let ci,lc,clf be such that
m;||; > alogn, and let m* € e such that |[jm; — m*||; < 2. e triangle inequality we
|y |l; > alogn, and let m* € M* be such that |[fh; — m*||; < 2. By the triangle inequality

then have
Hm*_E[ﬁIJ]Hl_HE[ﬁlj]_ﬁlelSQ. (84)
If Ef||m;|1] > 0‘1105”) then since z" is («, 7, ky )-non-pathological, by (80) and (84)
= ~ - alogn
B[] — x|y > 5| [Efiy][ + —; (85)
If Ef||m;|l1] < all‘f% then since ||m;j[|; > alogn
||[Em;]-mj||; > al 1 1 1 2 +alogn> 1B [ ]| +0410gn
m;]—m; alogn(1l— —— ) =alogn L
o ’ 2(1+7) 5"\ 2(1+7) o =Byl

e., (85) still holds. Therefore, if Z" € By o(j), there exists c_k,,c1 such that (85) holds, which
implies that there exists ¢ € A such that

alogn
2M

e} — Efmy[e]]| > yElmye]] + (86)

For j=0,...,k, and p =0, 1, define rﬁg(z”,c:}i,c’f) by

~§’(Z C i,clf) [Co]
k

H k+1<i<n-—k,i=(k+1)(2¢+p)+j for some q € Z,2T% = & k}
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namely, the number of times z;flkf = c’jk with ¢ — j being an even (for p = 0) or an odd (for p = 1)

multiple of k£ 4+ 1, so that
m; <z", cj,lg, c]f> = rh? (z”, c:,lf, clf> + rhjl- (z”, c:}C, c’f)

Abbreviating m} (2", ¢, cb) by m?, it follows that the existence of ¢ € A satisfying (86) implies
that, for some p € {0,1},

@l - E[wd[d]| > T B[wdld] + O‘E\i”. (87)
Therefore,
P(Z" € Bia(j))
P <3c’3k € A% p e (0,1}, sit. ‘rhg’[co} - E[mf[co]ﬂ > %E{mg[co]} + O‘Eé”)
<y ¥ P(‘mg?[co] - E[mg[co]} ‘ > %E[rﬁ?[coﬂ + O‘EE") (88)

k
pe{0,1} ¢k e A2k+1

-y > 7
pE{O,l} clikeAQk-&-l:

Bl leol] > 555

CX o (jattel el > gla] +°5E) o
pe{0,1} ¢k, Ak

E[mf [co]| < 455"

i [eo] — B [@feo]| > 2B [m?leo]] + aﬁin)

where (88) follows from the union bound. Observe that for all j, c*,, and p € {0, 1}, rhﬁ-7 [co] is
a sum of independent 0 — 1 random variables.® We can then apply Theorem 2.3(b) in [12], from
which it follows that for a collection Y7, Y53, ...,Y,, of independent random variables, 0 < Y; < 1,
Sp=>_,Y;, and any € > 0,

_ 2E[Sh]

P(|Sn — E[Sy]| > €E[Sy]) < 2e 20+5), (90)

Thus, we obtain that for all j, c’jk, and p € {0, 1},

PQm;?[co] - E[rhf[co]” > %E{mg[co]} n ai(;éﬂ) - p(’mﬁ?[co] . E[rh?[co]” > %E[mg[co]])
e o
and, also,
P<)m§[c0] - E[rhg?[co]” > %E{rﬁg[co]} + O‘Ej“) < P(‘rhg’[co} - E[mf[co]ﬂ > O‘Ej“)
< 26_32MQ(E([X:§;T507])1"1‘2‘#) . (92)

®Observe that, due to overlap, this is not, in general, the case for 7, [co].
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Notice that for all z™

Pl < | —|. 93
P ] )
cikGAQk‘H

Hence, the number of ¢*, for which F [rhg-' [Co]:| > O‘;’# is at most %. Combining this

fact with (91), we obtain that

] i yoT alogn
S 5 r{(astel - elastal]| > Jelaied] + 15
PE{O1} ¢k | 11 [co]| > 2 loEn
< ¥ > 2e 0
PE{0.1} ¢k B[P [co]] > Llogn
_ 'yzalogn
< Z Z 92¢ 64M(1+7)
pe{0.1} ¢k Bm?[eo]|> 228"
20( og n
o (BMn 42k 4 2)\ e (94)
= (2k + 2)alogn
On the other hand, by (92), we obtain that
] i yoT alogn
S5 (e el el - 215)
PE{0.1} b | B[P [eo]] < 2logm
B o¢2(logn)2
- Z Z % 32M?(E[rh§[co]}+a1lzoz%fn)
pe{0,1} c’ik:E[rh?[CO]]S S
- a2(10g’ﬂ)2
< AM?*KH1e 822 (53" + 3k )
YAt (95)

Substituting (94) and (95) in (89), we obtain that

n+ 2k +2 >6ﬂ2010gn+53k

P(Z" € Bra(j) < b1 ((k+1)alogn

where (1, (2, and (3 are positive functions of v and M. O
The proof of Theorem 11 shall rely on the following definitions. For 0 < j < k, define g; :

A" x AF x AF x A — A to be
gi (2", c:llg, &2 def arg 1;:%12 A ((HfTrhj(z", c:llg, ) 7TZ/)
where ties are broken based on some fixed ordering of the elements of A, so that for k+1 <i <n—k
Xb:buoe(z")i] = g; (2", 24, 211, 2)-
In analogy to (38), for 0 < j < k, and c:}c, ek € A*, a sequence 2" is said to be (7, ci,lc, - continuous
if, for all i € S and 2’ € A,

i—1 . n -1 k i—1 n -1 k
gj(zl 'Z'zi+1a07k70172>:9j<z1 'Zi'zi—i-l?C—k?ClﬂZ)' (96)
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It is said to be (4, ¢} 1 CF)-discontinuous 0therw1se If 2" ¢ By o(j) and ||, (2", ¢}, F)|[1 > alogn,
then it follows from (83) that 2" is (j,c_, 1. c®)-continuous.

Proof of Theorem 11. The proof shall follow the reasoning of the proof of Theorem 1. Since
ngf,UDE satisfies (62), then by the obvious extension of Lemma 3 to («,~, ky)-non-pathological
twice—universality, it suffices to show that, under the assumptions of Theorem 11, for all £ < k,,

and all («,~, k,)-non-pathological =",

(Z”)} <C’\/a(kn+1)logn (97)

D DUDE D DUDE

for a constant C. For all k, i <k +1, c_;,ck € AF let Ay (), A, Akjc*i ck( ) be as they were
defined, respectively, in (66), (67), and (72) in Section 6. Then recall from the proof of Theorem 1
((69) and (73)), that

k
- 1
n n _ . < -
HL DDUDE(x 7Z ) LXDi}BUDE } HJZOE ‘Akj " Z ’) (98)
and
ISR SR SN

(e poch)eA2r

and that, for all j, the random variables {A -1 k(x Z”) : (cZi,ch) € A%} are conditionally

k,j,c_
zero mean and independent given Z%. Therefore, for all 25

E[A};(a",2")| 2% =25 = ) E[Ai SRACEED)

7]6 k701
(cZpich)e Azt

75 = zsf] (99)

(see left-most equation in (75)). We again abbreviate m;(Z", ci,lc, c¥) by m;. We depart from the
proof of Theorem 1 by separately considering “good” and “bad” sequences z", observing that for
all j,0<j <k,

|:A2 . k( Zn)

a.]ac k€1

Zﬂ—zs}

k.,j,c_ 1€

_E[AQ (@ 201 (Z"¢Bk,a(j))‘zsj :z‘sj]

+ Z P(Z" = 2" 25 = 2° )A2 1 (2" 2")

k,j,c k1
ZneBk,a(j)
[A{] 1 (@ 2NN ¢ Bk,a@))‘ 75 =2 ] +un® > P(Z7=2"2% = 2%)
ZneBk,a(j)
(100)
where (100) follows from the fact that, for all 2™, 2™, ci,lc, ck,
By et (@™ 2] < iy (2", ey el < Vvin (101)
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for some constant 1. Now

B|&, 1 (" 2N ¢ Buali))| 25 = 55

Ck’

= B8y 4" 22§ Bra) il 2 alog)| 29 = 59

+E[A2]c_1 (@ ZMUZ™ ¢ Bra(h), 1M1 < alogn)| 25 = Sj]

k’

< E[Ai%ci’ck(x Z”)l(Z” is (7, c:}g,c’f)—continuous) 751 = zSJ}

+FE A2]C,}€ 2@ ZMUZ" ¢ Bia()), |Imyll < alogn) 75 = zsf'] (102)
< E[Ai,] c_i,c’f( x", Z")l(Z” is (4, cLﬁ,c’f)—continuous) 7% = zsj}

[ . 1oy )2 S;_ .S
+ 8| (1" e el ) 1l < atogm| 25 = =5 (103)

where (102) follows from the fact that 2™ ¢ By o (j) and |[fiy||1 > alogn imply that 2™ is (j, ¢}, ck)-
continuous and (103) from (101). It was shown in the proof of Lemma 9 (see (60)) that for all

mn

e[ A3, M*

. 2
E|:(LXS[?DE( 2", Z") — Lgno (Z”)) 1(Z is LXnO —contmuous)] < n

DUDE DUDE

Following the same steps, we obtain that, for all 257,

)
k,j,c_ct

<A2 1 k(2™ 21 (Z” is (j,c:}c,c’f)—contmuous)

ZSJ =2 > <Cl||A”2 M4‘ Jciltdck(zsj)

(104)

where the set of indices S Lk (ZSJ') was defined in (71) and is deterministic when conditioned on
A
Observe that

7’L

~ S
Hm]( —k’cl)Hl - ‘ JueT ek (Z ])

Therefore,
. 1 Vo (s 1k
E[m(umj(Z",ck,cnnl) 1(||mj<zn,c:k,c1>|\1 < alogn)
| RIEEY ) (105)

Substituting (104) and (105) in (103), combining with (100) and (99), and noting that

Z ‘S,cf,lﬁ,c’f( Sj)

(c:}C ,c’f)G.AQ"C

78i — sz:|

=v -1
1‘ ]C k:clf

n+k+1
E+1 7

= |S5] < (106)
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we obtain that
E[Ai,j(x", z”)‘ 7% = zSJ']

Sty T > ‘5 bt (2 1(‘5 et (27) )
(c:i,c]f)EA%

tun® Y Y P(Z"=2"25% = 2%) (107)

(cZ k,cl) €Ak 2"€By 0 (F)

for some constant 5. Note that

2

2 1(
(cZ k,cl) c A2k
< (alogn) Z S‘j’C:}C’C;f (257)

(c= k,cl) c A2k
n+k+1
k+1

S. 1 k(ZSj)

J5C_ 1 C1

< (alogn) (108)

where the last inequality follows from (106). Substituting (108) in (107), and taking expectation

over ZSi, we obtain

n+k+1 n+k+1

E[ALj(2",2")] < o ma— v (alogn) + mn® M P(Z" € Bya(j)
n+k+1 n+k+1 2y 2k B+ 26 +2) g0

1 M s log n+LGsk

Sy T gy (@leen)un (k+ Dalogn ©
(109)

logn

<o (& 110
<o(7) (10

for k < k, = O(logn), some constant C’, sufficiently large o (depending on the implicit constant in
the O(logn) bound on k), and sufficiently large n, where (109) follows from Lemma 13, and (110)
follows from k < k, = O(logn) for, as noted, a and n sufficiently large. Applying Jensen’s
inequality, we obtain that, for all 7, 0 < j < k,

anlogn
. n n < i .
Bllanta M) <o (S En )

Finally, substituting into (98), we obtain that, for all £ < k,, = O(logn),

n ons 5 n a(k+1)logn a(k, +1)logn
E(’LXS}BUDE( 2 )_LXBIBUDE(Z )|> = \/Cl<n> = \/Cl<n '

which proves (97) with C = 2v/C’, as desired. O

Proof of Theorem 12. Let X™ € A" be a random 1i.i.d. sequence with uniform distribution

P*. We will show that under certain conditions on k,, the probability that X" is not (a7, kn)-
non-pathological vanishes with n, when II"P* ¢ M*. Tt will follow that |N,| = M"(1 — o(1)).
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The outline of the proof is as follows. We first obtain a bound on the probability that the condi-
tional expectation E[rhj(Z", c:}g, )X ”] deviates by more than a certain amount from its mean
E[Ihj(Z”,c:}g,c’f)]. We then show that if the complements of these events occur for all j and
all (C:i,c’f) then X" is («,, kyn)-non-pathological, for v and k, satisfying the conditions of the
theorem. The reverse inclusion of the complements of these events is then combined, via a union
bound, with the first step, to prove the theorem.

For all j, 0 < j < k, and all c:}{,c’f € A¥, since Z" is i.i.d. (as induced by X" being i.i.d.),

By (2", e, of)| = I851P (23" = mhef ) TITP*

where the expectation is over all random choices of X™ and channel realizations Z”. From the fact

that X" is a sequence of i.i.d. random variables, it follows that

Ptk def P(Z% = c:llgc’f) > e 2k (111)
where
A1 = —log (min(HTP*)[a]), (112)
acA

which is well defined, since the assumed invertibility of IT implies that there are no all-zero columns,
so that, for 1 <¢ < n, and all a € A,

P(Z; = a) = (II"P*)[a] > 0.

For p € {0,1}, let Ih?(z”,cik,c’f) be as in the proof of Lemma 13. In the sequel, we will
abbreviate m (2", ¢!, ¢f) by mf. Also for p € {0,1}, let

S]?’p:{iGS;;z‘:(k+1)(2q—|—p)—|—jforsomeq€Z}

so that S; = S;’O U S;’l. By the triangle inequality, repeated applications of the union bound (over
p € {0,1} and ¢g € A), and the fact that ZCOGA(HTP*)[CO] = ||[TIT P*||; = 1, we obtain that, for
all 7,0 <5 <k, ci,lg,clf € A*, and p € {0,1}, and all sufficiently large n,

|55

>—Lp _
1 lognpc—llcclf>

157!
1~ log n PeZiek

< > ZP(\E{rh?[cd\X"}—|8§”’|pc-icf<HTP*>[co1\zQfﬂg’:pc-lmnTP*)[co]). (113)

—k€1
pE{O,l} cp€A

P<HE{rhj(Z”,c_,1€,c’f)|X”} — |8[p-1 4 TP

< 5 o earfx) s

pe{0,1}

p -1 IITP*

c_pcf

Noting that, for all j, 0 < j < k, and all c:i,c’f e AF and p € {0,1}
FE <E[ﬁ1§[CO]‘ Xn:|) = E|:I~n§[00]i| — ‘S](;’p’pc:iclfHTP*[CO],

and recalling that Iﬁ? [co], conditioned on X™, is a sum of independent 0 — 1 random variables,

since X" is 4.i.d., it follows analogously that E [rh? [co]‘ X "} is a sum of i.7.d. random variables
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bounded between 0 and 1. Therefore, we can again invoke Theorem 2.3(b) in [12] (as in (90), with
e = 1/logn) to obtain

P(‘E[rﬁ?[co} X"

Incorporating (114) into (113) yields that, for all j, 0 < j < k, c:i,c’f c A*, and p € {0,1}, and

all sufficiently large n,

cp
S5

logn

| = 18¢71p, 6 (7P ]| > pc-i6§<HTP*>[co])

1857 1p_—1_j (T P*)leo)
—k1

<2 (logn)? . (114)

(15¢1-1)e=(E+ DM

Pt k) <4Me slesn? (115)

—k€1

s
1~ logn

P(HE[mj(zn L DX = I85]p - o TP

1% l (111) and (112). This concludes the first step of the proof.

For the next step, we begin by observing that if, for some z € A", j, 0 < j < k, and
c:}f, ch e AF,

where we used |S;"] > ~5—

- . |55
1 E[my| X" = 2"] — [Sf|p.-1 4TI P*||1 < @Pc Lo (116)

then, since ||TIT P*||; = 1,

1 c n_ n 1 c
(1 g ) Slpeseg < MBI X =2l < (14 YISy (D)

Also, from (82), for all m* € M* and all c:,lc, ck,

I — [85|p, 1 TP ||y > |S5]p,-1 ¢ AL A). (118)

Thus, if z", 7, and c:}g,clf satisfy (116), then, by the triangle inequality, for all m* € M* and
v < A(HT’A), it follows that
||E[my] X™ = 2] —m"[|;
* Tpx* ~ T*
> [l — [851p, 1 TPy — || B0y X" = 2] — |85]p, 1, TP

1
SSlp - AL A) — 119
> 1510,y (AT A) - ) (119
=2. ﬂqu A(HA)— 1
9 Fe_peq ’ logn
[E[m;| X" = 2"]||x 1 |55 1
> A(II,A) — - A(IL A
- 2(1+loén) (ILA) logn T Pt ( )= logn
(120)
|55 1
>~||Efm;| X" =x —Dp - A(IIA) —
> Bl X7 ="l + g (AT ) - )
N n—(lH'l) 21k 1
> . TL: n 1 o
> Ly X7 =y + g B Mok (A ) - (121)
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alogn

2 IE[my| X" = 2"l + (2k + 1) + —>—,

(122)

implying, if it holds for all j, c:}g, cb,and k < ky, that 2™ is («, ¥, k,,)-non-pathological for sufficiently
large n, provided
n—(k+1)
2(k+1)

where (119) follows from (116) and (118), (120) from (117), and (121) from (111) and the fact that

n
¢l > :
15512 \jﬁ‘—I—lJ

Note that the condition in (123) holds for all « > 0 and sufficiently large n, provided that k < k,, <

e" Pk > ok 41+ %log n, (123)

7 logn where

< 1
T< —.
21

We complete the proof by combining the above two steps. In particular, since z™ satisfying (116)
for all j, c:,lc, c’f, and k < k,, implies that z" is («,7, k,)-non-pathological, it follows that, for
v < A(II,A) and k, < 7logn,

P(X™ ¢ N)
. | j‘p71 k)
1~ logn™ k<1

< P(Hk < ko, il b st HE[rhj(Z",c:}g,clf)\X"] — 18§ |p,-1 4TI P

kn k+1

<3y ¥ P(HE[Ihj(Z",c:}f,clf)]X"}—|S;|pc_ic;fHTP*

k=0 j=0 c=1 che Ak

i
-1
1~ log nPeiek

n—2kp—2Y —(2kn+1)A
( n+1 )E " !

< kn(kp 4 1) Mo Tlge™ 6(Iog n)? (124)
= o(1) (125)
when
< = (126)
TS oN

where (124) follows from (115), and (125) follows from the fact that, for k, < 7Tlogn, with 7
satisfying (126), the factor e() appearing in (124) is smaller than e for some sufficiently small
0 > 0 and sufficiently large n, and the other factors, again under the condition k, < 7logn, are at

most polynomially increasing. O
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