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/RVVOHVV FRPSUHVVLRQ LV VWXGLHG IRU D FRXQWDEO\ LQ�QLWH DOSKDEHW VRXUFH ZLWK DQ

R��FHQWHUHG� WZR�VLGHG JHRPHWULF �76*� GLVWULEXWLRQ� ZKLFK LV D FRPPRQO\ XVHG VWD�

WLVWLFDO PRGHO IRU LPDJH SUHGLFWLRQ UHVLGXDOV� ,Q WKH �UVW SDUW RI WKLV SDSHU� ZH

GHPRQVWUDWH WKDW DULWKPHWLF FRGLQJ EDVHG RQ D VLPSOH VWUDWHJ\ RI PRGHO DGDSWDWLRQ�

HVVHQWLDOO\ DWWDLQV WKH WKHRUHWLFDO ORZHU ERXQG WR WKH XQLYHUVDO FRGLQJ UHGXQGDQF\

DVVRFLDWHG ZLWK WKLV PRGHO� ,Q WKH VHFRQG SDUW� ZH IRFXV RQ PRUH SUDFWLFDO FRGHV

IRU WKH 76*� WKDW RSHUDWH RQ D V\PERO�E\�V\PERO EDVLV� 6SHFL�FDOO\� ZH SUHVHQW D

FRPSOHWH FKDUDFWHUL]DWLRQ RI PLQLPXP H[SHFWHG�OHQJWK SUH�[ FRGHV IRU 76* VRXUFHV�

7KH IDPLO\ RI RSWLPDO FRGHV LQWURGXFHG KHUH LV DQ H[WHQVLRQ RI WKH *RORPE FRGHV�

ZKLFK DUH RSWLPDO IRU RQH�VLGHG JHRPHWULF GLVWULEXWLRQV RI QRQQHJDWLYH LQWHJHUV� $V LQ
WKH RQH�VLGHG FDVH� WKH UHVXOWLQJ RSWLPXP +X�PDQ WUHH KDV D VWUXFWXUH WKDW HQDEOHV

VLPSOH FDOFXODWLRQ RI WKH FRGHZRUG RI HYHU\ JLYHQ VRXUFH V\PERO� 2XU FKDUDFWHUL�

]DWLRQ DYRLGV WKH KHXULVWLF DSSUR[LPDWLRQV IUHTXHQWO\ XVHG ZKHQ PRGLI\LQJ *RORPE

FRGHV VR DV WR DSSO\ WR WZR�VLGHG VRXUFHV� )LQDOO\� ZH SURYLGH DGDSWDWLRQ FULWHULD IRU

D IXUWKHU VLPSOL�HG� VXE�RSWLPDO IDPLO\ RI FRGHV XVHG LQ SUDFWLFH�

,QGH[ 7HUPV� /RVVOHVV LPDJH FRPSUHVVLRQ� +X�PDQ FRGH� LQ�QLWH DOSKDEHW�

JHRPHWULF GLVWULEXWLRQ� H[SRQHQWLDO GLVWULEXWLRQ� *RORPE FRGHV� SUHGLFWLRQ UHVLGXDO�

XQLYHUVDO FRGLQJ� VHTXHQWLDO FRGLQJ� XQLYHUVDO PRGHOLQJ�

�3DUWV RI WKLV SDSHU ZHUH SUHVHQWHG LQ WKH ���� ,QWHUQDWLRQDO &RQIHUHQFH RQ ,PDJH 3URFHVVLQJ� /DXVDQQH� 6ZLW]HUODQG�
DQG LQ WKH ���� ,QWHUQDWLRQDO 6\PSRVLXP RQ ,QIRUPDWLRQ 7KHRU\� 8OP� *HUPDQ\�

\7KLV ZRUN ZDV GRQH ZKLOH WKH DXWKRU ZDV RQ VDEEDWLFDO OHDYH DW +HZOHWW�3DFNDUG /DERUDWRULHV� 3DOR $OWR� &DOLIRUQLD�
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� ,QWURGXFWLRQ
$ WUDGLWLRQDO SDUDGLJP LQ GDWD FRPSUHVVLRQ LV WKDW VHTXHQWLDO ORVVOHVV FRGLQJ FDQ EH YLHZHG
DV WKH IROORZLQJ LQGXFWLYH VWDWLVWLFDO LQIHUHQFH SUREOHP� $W HDFK WLPH LQVWDQW W� DIWHU
KDYLQJ REVHUYHG SDVW VRXUFH V\PEROV [W  �[�� [�� � � � � [W�� EXW EHIRUH REVHUYLQJ [W��� RQH
DVVLJQV D FRQGLWLRQDO SUREDELOLW\ PDVV IXQFWLRQ �30)� S��M[W� WR WKH QH[W V\PERO [W���
DQG DFFXPXODWHV D ORVV �L�H�� FRGH OHQJWK�

3
W� ORJ S�[W��M[W�� WR EH PLQLPL]HG LQ WKH ORQJ

UXQ� ,Q FRQWUDVW WR QRQ�VHTXHQWLDO �PXOWL�SDVV� PHWKRGV� LQ WKH VHTXHQWLDO VHWWLQJ� WKH
LQVWDQWDQHRXV FRQGLWLRQDO 30) S��M[W� LV OHDUQHG VROHO\ IURP WKH SDVW [W� DQG VR� WKH DERYH
FRGH OHQJWK FDQ EH LPSOHPHQWHG VHTXHQWLDOO\ E\ DULWKPHWLF FRGLQJ� 7KH VHTXHQWLDO GHFRGHU�
ZKLFK LQVWDQWDQHRXVO\ KDV DFFHVV WR WKH SUHYLRXVO\ GHFRGHG GDWD [W� FDQ GHWHUPLQH S��M[W�
DV ZHOO� DQG KHQFH FDQ DOVR GHFRGH [W���

,Q XQLYHUVDO FRGLQJ IRU D SDUDPHWULF FODVV RI VRXUFHV� WKH DERYH SUREDELOLW\ DVVLJQPHQW LV
GHVLJQHG WR VLPXOWDQHRXVO\ EHVW PDWFK HYHU\ SRVVLEOH VRXUFH ZLWKLQ WKLV FODVV� )RU H[DPSOH�
WKH FRQWH[W �RU �QLWH�PHPRU\� PRGHO >�� �@ KDV EHHQ VXFFHVVIXOO\ DSSOLHG WR ORVVOHVV LPDJH
FRPSUHVVLRQ >�� �� �� �@� DQ DSSOLFDWLRQ ZKLFK VHUYHV DV WKH PDLQ PRWLYDWLRQ IRU WKLV ZRUN�
$FFRUGLQJ WR WKLV PRGHO� WKH FRQGLWLRQDO SUREDELOLW\ RI HDFK V\PERO� JLYHQ WKH HQWLUH SDVW�
GHSHQGV RQO\ RQ D ERXQGHG� EXW SRVVLEO\ YDU\LQJ QXPEHU RI WKH PRVW UHFHQW SDVW V\PEROV�
UHIHUUHG WR DV ?FRQWH[W�� ,Q WKLV FDVH� WKH FRQGLWLRQDO V\PERO SUREDELOLWLHV JLYHQ HDFK
SRVVLEOH FRQWH[W DUH QDWXUDO SDUDPHWHUV�

$ IXQGDPHQWDO OLPLW WR WKH SHUIRUPDQFH RI XQLYHUVDO FRGLQJ LV JLYHQ E\ 5LVVDQHQ
V ORZHU
ERXQG >�� 7KHRUHP �@ RQ WKH XQLYHUVDO FRGLQJ UHGXQGDQF\ IRU D SDUDPHWULF FODVV RI VRXUFHV�
7KLV ORZHU ERXQG LV GHVFULEHG DV IROORZV� /HW I3¥� ¥ � �J EH D SDUDPHWULF FODVV RI
LQIRUPDWLRQ VRXUFHV LQGH[HG E\ D.�GLPHQVLRQDO SDUDPHWHU YHFWRU ¥� ZKLFK WDNHV RQ YDOXHV
LQ D ERXQGHG VXEVHW � � ,5. � $VVXPH WKDW WKHUH H[LVWV D

S
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WHQGV WR ]HUR DV F � � XQLIRUPO\ LQ �� /HW 4��� EH DQ DUELWUDU\ SUREDELOLW\ GLVWULEXWLRQ
RQ WKH VSDFH RI VRXUFH Q�WXSOHV� ZKLFK LV LQGHSHQGHQW RI WKH XQNQRZQ YDOXH RI ¥� 7KHQ�
IRU HYHU\ � ! � DQG HYHU\ ¥� H[FHSW IRU D VXEVHW RI � ZLWK YDQLVKLQJ /HEHVJXH PHDVXUH DV
D IXQFWLRQ RI Q�
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ORJ Q� ���

ZKHUH (¥ GHQRWHV H[SHFWDWLRQ Z�U�W� 3¥� ;
Q  �;�� ���� ;Q� LV D UDQGRP VRXUFH YHFWRU

GUDZQ E\ 3¥� DQG ORJDULWKPV KHUH DQG WKURXJKRXW WKH VHTXHO DUH WDNHQ WR WKH EDVH ��
7KH OHIW�KDQG VLGH RI ��� UHSUHVHQWV WKH XQQRUPDOL]HG FRGLQJ UHGXQGDQF\ DVVRFLDWHG ZLWK
ORVVOHVV FRGLQJ DFFRUGLQJ WR 4 ZKLOH WKH XQGHUO\LQJ VRXUFH LV 3¥� 7KH ULJKW�KDQG VLGH
UHSUHVHQWV WKH XQDYRLGDEOH FRVW RI XQLYHUVDOLW\ ZKHQ WKH FRGH LV QRW DOORZHG WR GHSHQG RQ
¥� 7KLV LQHTXDOLW\ WHOOV XV WKDW LI 4 LV FKRVHQ XQGHU D SHVVLPLVWLF DVVXPSWLRQ RI DQ RYHUO\
ODUJH .� WKHQ HDFK XQQHFHVVDU\ GHJUHH RI IUHHGRP ZRXOG FRVW HVVHQWLDOO\ ��� ORJ Q H[WUD
ELWV EH\RQG WKH QHFHVVDU\ PRGHO FRVW� 7KXV� WKH FKRLFH RI . SOD\V D IXQGDPHQWDO UROH
LQ PRGHOLQJ SUREOHPV� %\ ���� LW LV LPSRUWDQW WR NHHS LW DW WKH PLQLPXP QHFHVVDU\ OHYHO
ZKHQHYHU SRVVLEOH� E\ XVH RI DYDLODEOH SULRU LQIRUPDWLRQ RQ WKH GDWD WR EH PRGHOHG� VR DV
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WR DYRLG RYHU�WWLQJ� ,Q WKH DERYH H[DPSOH RI WKH FRQWH[W PRGHO� . LV JLYHQ E\ WKH SURGXFW
RI WKH QXPEHU RI FRQWH[WV DQG WKH QXPEHU RI SDUDPHWHUV SHU FRQWH[W� 7KXV� UHGXFLQJ
WKH ODWWHU �H�J�� E\ XWLOL]LQJ SULRU NQRZOHGJH RQ WKH VWUXFWXUH RI LPDJHV WR EH FRPSUHVVHG�
DOORZV IRU D ODUJHU QXPEHU RI FRQWH[WV ZLWKRXW SHQDOW\ LQ RYHUDOO PRGHO FRVW�

7KH GLVFXVVLRQ WKXV IDU DSSOLHV WR JHQHUDO SDUDPHWULF FODVVHV RI LQIRUPDWLRQ VRXUFHV� 0R�
WLYDWHG E\ WKH DSSOLFDWLRQ RI ORVVOHVV LPDJH FRPSUHVVLRQ� LQ ZKLFK SUHGLFWLRQ >�@ LV D YHU\
XVHIXO WRRO WR FDSWXUH H[SHFWHG UHODWLRQV �H�J�� VPRRWKQHVV� EHWZHHQ DGMDFHQW SL[HOV� RXU
IRFXV KHQFHIRUWK ZLOO EH FRQ�QHG WR WKH FODVV RI LQWHJHU�YDOXHG VRXUFHV ZLWK D 30) JLYHQ E\
WKH WZR�VLGHG JHRPHWULF �76*� GLVWULEXWLRQ PRGHO� ,W KDV EHHQ REVHUYHG >�@ WKDW SUHGLFWLRQ
HUURUV DUH ZHOO�PRGHOHG E\ WKH 76* GLVWULEXWLRQ FHQWHUHG DW ]HUR� KHQFHIRUWK UHIHUUHG WR
DV FHQWHUHG 76*� $FFRUGLQJ WR WKLV GLVWULEXWLRQ� WKH SUREDELOLW\ RI DQ LQWHJHU YDOXH [ RI
WKH SUHGLFWLRQ HUURU �[  �������� ����� LV SURSRUWLRQDO WR �M[M� ZKHUH � � ��� �� FRQWUROV
WKH WZR�VLGHG H[SRQHQWLDO GHFD\ UDWH� :KHQ FRPELQHG ZLWK D FRQWH[W PRGHO DV LQ >�� �@�
WKH 76* LV DWWUDFWLYH DOVR EHFDXVH WKHUH LV RQO\ RQH SDUDPHWHU ��� SHU FRQWH[W� DOWKRXJK
WKH DOSKDEHW LV LQ SULQFLSOH LQ�QLWH �DQG LQ SUDFWLFH �QLWH EXW TXLWH ODUJH� H�J�� � ELWV SHU
SL[HO�� 7KLV DOORZV IRU D PRGHOLQJ VWUDWHJ\ EDVHG RQ D IDLUO\ ODUJH QXPEHU RI FRQWH[WV DW D
UHDVRQDEOH PRGHO FRVW�

0RWLYDWHG E\ WKH REMHFWLYH RI SURYLGLQJ D WKHRUHWLFDO IUDPHZRUN IRU UHFHQWO\ GHYHORSHG
ORVVOHVV LPDJH FRPSUHVVLRQ DOJRULWKPV �H�J�� >�@��� ZH VKDOO VWXG\ ORVVOHVV FRPSUHVVLRQ IRU
D PRGHO WKDW LV VRPHZKDW PRUH JHQHUDO WKDQ WKH FHQWHUHG 76* LQ WKDW LW LQFOXGHV DOVR D
VKLIW SDUDPHWHU G IRU HDFK FRQWH[W� 7KLV SDUDPHWHU UH�HFWV D '& R�VHW W\SLFDOO\ SUHVHQW
LQ WKH SUHGLFWLRQ UHVLGXDO VLJQDO RI FRQWH[W�EDVHG VFKHPHV� GXH WR LQWHJHU�YDOXH FRQVWUDLQWV
DQG SRVVLEOH ELDV LQ WKH HVWLPDWLRQ SDUW� ,W LV DOVR XVHIXO IRU EHWWHU FDSWXULQJ WKH WZR
DGMDFHQW PRGHV RIWHQ REVHUYHG LQ HPSLULFDO FRQWH[W�GHSHQGHQW KLVWRJUDPV RI SUHGLFWLRQ
HUURUV� 0RUH SUHFLVHO\� WKH PRUH JHQHUDO PRGHO LV GHVFULEHG QH[W� )LUVW� VLQFH WKH RXWFRPHV
RI D VRXUFH DUH FRQGLWLRQDOO\ LQGHSHQGHQW JLYHQ WKHLU FRQWH[WV� DFFRUGLQJ WR WKH FRQWH[W
PRGHO� RQH FDQ YLHZ WKH VXEVHTXHQFH RI V\PEROV WKDW IROORZ DQ\ JLYHQ �[HG FRQWH[W� DV
LI LW HPHUJHG IURP D PHPRU\OHVV VRXUFH� ZKRVH 76* GLVWULEXWLRQ SDUDPHWHUV FRUUHVSRQG
WR WKLV FRQWH[W� 7KXV� DOWKRXJK WKH 76* PRGHO LQ LPDJH FRPSUHVVLRQ LV ZHOO�PRWLYDWHG
>�� �@ ZKHQ FRPELQHG ZLWK WKH FRQWH[W PRGHO� IRU WKH VDNH RI VLPSOLFLW\� ZH VKDOO FRQVLGHU
WKH SDUDPHWULF FODVV RI PHPRU\OHVV VRXUFHV I3¥J GH�QHG DV IROORZV� /HW ¥  ��� G� �KHQFH
.  ��� DQG OHW WKH PDUJLQDO 30) RI D V\PERO EH JLYHQ E\

3¥�[�  3���G��[�  &��� G��M[�GM� [  �������� ���� ���

ZKHUH
&��� G�  ��� �� ����G � �G� ���

LV D QRUPDOL]DWLRQ IDFWRU� � � � � � DV DERYH� DQG � � G � �� 7KLV OLPLWHG UDQJH RI G� ZKLFK
FRUUHVSRQGV WR 30) PRGHV DW � DQG ��� FDQ EH REWDLQHG E\ D VXLWDEOH HUURU IHHGEDFN ORRS
>�� �@� 7KH FHQWHUHG 76* GLVWULEXWLRQ FRUUHVSRQGV WR G  �� DQG� ZKHQ G  �

�
� 3���G� LV D

�7KH DOJRULWKP LQ >�@ KDV UHFHQWO\ EHHQ DGRSWHG DV WKH EDVHOLQH IRU WKH ORVVOHVV LPDJH FRPSUHVVLRQ VWDQGDUG -3(*�/6 >��@�
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EL�PRGDO GLVWULEXWLRQ ZLWK HTXDO SHDNV DW �� DQG �� �7KH SUHIHUHQFH RI �� RYHU �� KHUH
LV DUELWUDU\�� 7KH FDVH G  �� LV HVVHQWLDOO\ LGHQWLFDO WR WKH FHQWHUHG 76*�
7KLV SDSHU FRQVLVWV RI WKUHH SDUWV� 6HFWLRQ � IRFXVHV RQ XQLYHUVDO SUREDELOLW\ DVVLJQPHQW
IRU WKH 76* PRGHO ���� IRU ZKLFK WKH ERXQG ��� DSSOLHV �ZLWK .  �� DV GLVFXVVHG LQ
WKDW VHFWLRQ� 7KLV DVVLJQPHQW LV XVHG DV D SUHDPEOH IRU DULWKPHWLF FRGLQJ� 6SHFL�FDOO\� LW
LV GHPRQVWUDWHG WKDW DULWKPHWLF FRGLQJ EDVHG RQ D VLPSOH VWUDWHJ\ RI PRGHO DGDSWDWLRQ�
HVVHQWLDOO\ DWWDLQV WKH RSWLPDO XQLYHUVDO FRGLQJ UHGXQGDQF\ SUHVFULEHG E\ WKH ORZHU ERXQG
���� 7KLV VWUDWHJ\ LV GHULYHG E\ WKH PHWKRG RI PL[WXUHV� 7R WKLV HQG� WKH SDUDPHWULF IDPLO\
I3���G�J LV PRGL�HG VR DV WR PDNH SUREDELOLW\ DVVLJQPHQWV JLYHQ E\ PL[WXUH LQWHJUDOV KDYH
FORVHG IRUP H[SUHVVLRQV WKDW DUH LPSOHPHQWDEOH LQ D VHTXHQWLDO PDQQHU�

7KH UHPDLQLQJ VHFWLRQV DUH GHYRWHG WR +X�PDQ FRGLQJ RQ D V\PERO�E\�V\PERO EDVLV� ZKLFK
QRUPDOO\ LQFXUV ODUJHU UHGXQGDQF\� EXW LV PRUH DWWUDFWLYH IURP D SUDFWLFDO SRLQW RI YLHZ�
,W FDQ EH UHDGLO\ YHUL�HG WKDW WKH 76* GLVWULEXWLRQ ��� KDV D �QLWH HQWURS\� JLYHQ E\
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ZKHUH K�X�
�
 �X ORJ X� ��� X� ORJ��� X� LV WKH ELQDU\ HQWURS\ IXQFWLRQ DQG
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LV WKH SUREDELOLW\ WKDW D UDQGRP YDULDEOH GUDZQ DFFRUGLQJ WR WKH GLVWULEXWLRQ ��� EH QRQ�
QHJDWLYH� %\ >��@� WKLV JXDUDQWHHV WKDW D PLQLPXP H[SHFWHG�OHQJWK SUH�[ FRGH H[LVWV DQG
FDQ EH REWDLQHG E\ D VHTXHQFH RI +X�PDQ�OLNH SURFHGXUHV �KRZHYHU� WKLV JHQHUDO UHVXOW LV
QRQ�FRQVWUXFWLYH�� ,Q�QLWH HQWURS\ GLVWULEXWLRQV DUH DGGUHVVHG LQ >��@� :H �UVW GHYHORS
�6HFWLRQ �� D FRPSOHWH FKDUDFWHUL]DWLRQ RI PLQLPXP H[SHFWHG�OHQJWK SUH�[ FRGHV IRU WKH
76* VRXUFHV LQ ��� DVVXPLQJ NQRZQ YDOXHV RI � DQG G� 7KH IDPLO\ RI RSWLPDO SUH�[ FRGHV
LQWURGXFHG KHUH LV DQ H[WHQVLRQ RI WKH *RORPE FRGHV >��@� ZKLFK DUH RSWLPDO IRU RQH�VLGHG
JHRPHWULF �26*� GLVWULEXWLRQV RI QRQQHJDWLYH LQWHJHUV >��@� $V LQ WKH RQH�VLGHG FDVH� WKH
VWUXFWXUH RI WKH UHVXOWLQJ RSWLPXP +X�PDQ WUHH HQDEOHV VLPSOH FDOFXODWLRQ RI WKH FRGH�
ZRUG RI HYHU\ JLYHQ VRXUFH V\PERO� ZLWKRXW UHFRXUVH WR WKH VWRUDJH RI FRGH WDEOHV IRU ODUJH
DOSKDEHWV� 7KH FRPSOH[LW\ RI WKLV FDOFXODWLRQ LV HVVHQWLDOO\ WKH VDPH DV WKDW RI *RORPE
FRGHV� 3UHYLRXV DSSURDFKHV WR WKH SUREOHP KDYH IRFXVHG PDLQO\ RQ WKH FDVH G  �� $
SRSXODU DSSURDFK >��@ LV WR HQFRGH DQ LQWHJHU E\ DSSO\LQJ D *RORPE FRGH WR LWV LQGH[ LQ
WKH VHTXHQFH �������������������� ���� :KHQ G � ���� WKLV ?IROGLQJ� RI WKH QHJDWLYH
YDOXHV LQWR WKH SRVLWLYH RQHV UDQNV WKH LQWHJHUV DFFRUGLQJ WR QRQ�LQFUHDVLQJ SUREDELOLWLHV� $
GL�HUHQW KHXULVWLF DSSURDFK� EDVHG RQ HQFRGLQJ WKH DEVROXWH YDOXH ZLWK D *RORPE FRGH DQG
DSSHQGLQJ D VLJQ ELW IRU QRQ]HUR YDOXHV� ZDV SURSRVHG LQ >��@� $V VKRZQ LQ 6HFWLRQ �� WKHVH
VWUDWHJLHV DUH VXE�RSWLPDO IRU VRPH UDQJHV RI WKH SDUDPHWHUV ��� G�� HYHQ ZKHQ UHVWULFWHG
WR WKH OLQH G  �� 6RPH SDUWLDO DQVZHUV WR WKH TXHVWLRQ RI RSWLPDO FRGHV IRU G  � FDQ DOVR
EH IRXQG LQ >��@�

)LQDOO\� LQ 6HFWLRQ �� ZH UHOD[ WKH DVVXPSWLRQ WKDW � DQG G DUH NQRZQ D�SULRUL� LQ WKH
IUDPHZRUN RI V\PERO�E\�V\PERO FRGLQJ� 8QOLNH LQ 6HFWLRQ �� KHUH WKH VHW RI DYDLODEOH
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FRGLQJ VWUDWHJLHV IRU HDFK V\PERO LV GLVFUHWH� DQG WKH DGDSWDWLRQ DSSURDFK LV LQKHUHQWO\
?SOXJ�LQ�� :H SURYLGH RSWLPDO DGDSWDWLRQ FULWHULD �LQ D ZHOO�GH�QHG VHQVH� IRU D IXUWKHU
VLPSOL�HG� VXE�RSWLPDO IDPLO\ RI FRGHV XVHG LQ SUDFWLFH >��� �@� ,W VKRXOG EH SRLQWHG RXW
WKDW LQ WKH DGDSWLYH PRGH� D VWUXFWXUHG IDPLO\ RI FRGHV UHOD[HV WKH QHHG RI G\QDPLFDOO\
XSGDWLQJ FRGH WDEOHV GXH WR SRVVLEOH YDULDWLRQV LQ WKH HVWLPDWHG SDUDPHWHU ¥ �VHH� H�J��
>��@��

� 8QLYHUVDO 3UREDELOLW\ $VVLJQPHQW IRU 76*
V
&RQVLGHU WKH FODVV RI VRXUFHV GH�QHG LQ ���� ZKHUH ¥  ��� G� LV XQNQRZQ D�SULRUL� 6LQFH
5LVVDQHQ
V ORZHU ERXQG RQ WKH XQLYHUVDO FRGLQJ UHGXQGDQF\ ��� DSSOLHV �DV ZLOO EH VKRZQ
LQ WKH VHTXHO�� DQG VLQFH .  �� WKLV UHGXQGDQF\ HVVHQWLDOO\ FDQQRW IDOO EHORZ ORJ Q Q ELWV
SHU V\PERO� VLPXOWDQHRXVO\ IRU PRVW VRXUFHV LQ �  ��� ��� >�� �@�
,Q YLHZ RI WKLV� RXU JRDO LV WR GHYLVH D XQLYHUVDO SUREDELOLW\ DVVLJQPHQW VWUDWHJ\ A4 WKDW
HVVHQWLDOO\ DFKLHYHV WKLV ORZHU ERXQG� 0RUHRYHU� ZH ZRXOG OLNH WR DYRLG WKH GHSHQGHQFH RI
WKH SHU�V\PERO SUREDELOLW\ DVVLJQPHQW DW HDFK WLPH LQVWDQW W RQ IXWXUH GDWD DV ZHOO DV RQ
WKH KRUL]RQ Q RI WKH SUREOHP� ZKLFK PD\ QRW EH VSHFL�HG LQ DGYDQFH�

,W LV ZHOO NQRZQ WKDW IRU FHUWDLQ SDUDPHWULF FODVVHV RI VRXUFHV� H�J�� �QLWH�DOSKDEHW PHPR�
U\OHVV VRXUFHV SDUDPHWUL]HG E\ WKH OHWWHU SUREDELOLWLHV� WKHVH REMHFWLYHV FDQ EH DFKLHYHG E\
WKH PHWKRG RI PL[WXUHV �VHH� H�J�� >��� ��� ��@�� 7KH LGHD EHKLQG WKLV PHWKRG LV WR DVVLJQ
D FHUWDLQ SULRU Z�¥� RQ WKH SDUDPHWHU VHW �� DQG WR GH�QH WKH SUREDELOLW\ DVVLJQPHQW DV

A4�[Q�  
=
�
GZ�¥�3¥�[

Q� ���

ZKHUH I3¥J LV WKH WDUJHWHG SDUDPHWULF FODVV RI VRXUFHV� 6LQFH A4�[W�  3
[W��

A4�[W��� DQG
A4�[W��M[W�  A4�[W��� A4�[W�� LW LV JXDUDQWHHG WKDW LQVWDQWDQHRXV SUREDELOLW\ DVVLJQPHQWV
GR QRW GHSHQG RQ IXWXUH RXWFRPHV� ,I� LQ DGGLWLRQ� Z GRHV QRW GHSHQG RQ Q� WKHQ QHLWKHU GR
WKH SUREDELOLW\ DVVLJQPHQWV A4�[W��M[W� IRU W � Q� ,Q WKLV UHVSHFW� WKH PHWKRG RI PL[WXUHV
KDV D FOHDU DGYDQWDJH RYHU WZR�SDVV PHWKRGV WKDW DUH EDVHG RQ H[SOLFLW EDWFK HVWLPDWLRQ
RI ¥� ZKHUH WKHVH VHTXHQWLDOLW\ SURSHUWLHV GR QRW KROG LQ JHQHUDO� 7KH JRDO RI DWWDLQLQJ
5LVVDQHQ
V ORZHU ERXQG FDQ EH DOVR DFKLHYHG IRU FHUWDLQ FKRLFHV RI WKH SULRU Z� ,Q VRPH
FDVHV �VHH� H�J�� >��@�� WKHUH LV D FHUWDLQ FKRLFH RI Z IRU ZKLFK WKH ORZHU ERXQG LV HVVHQWLDOO\
DWWDLQHG QRW RQO\ RQ WKH DYHUDJH� EXW PRUHRYHU� SRLQWZLVH IRU HYHU\ [Q� ,Q RWKHU ZRUGV�
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IRU HYHU\ [Q DQG HYHU\ ¥ � �� ZKHUH 2��� GHVLJQDWHV D WHUP WKDW LV XSSHU ERXQGHG E\ D
FRQVWDQW XQLIRUPO\ IRU HYHU\ VHTXHQFH�

8QIRUWXQDWHO\� LQ FRQWUDVW WR WKH ZHOO�VWXGLHG �QLWH�DOSKDEHW FDVH� ZKHUH WKHUH LV D FORVHG�
IRUP H[SUHVVLRQ IRU WKH PL[WXUH LQWHJUDO ��� IRU HYHU\ [Q� DQG WKH LQVWDQWDQHRXV SUREDELOLW\
DVVLJQPHQWV DUH HDV\ WR GHULYH� WKH 76* GLVWULEXWLRQ PRGHO GRHV QRW GLUHFWO\ OHQG LWVHOI
WR WKLV WHFKQLTXH� 7KH VLPSOH UHDVRQ LV WKDW WKHUH LV QR DSSDUHQW FORVHG�IRUP H[SUHVVLRQ
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IRU PL[WXUHV RI WKH SDUDPHWULF IDPLO\ I3¥J LQ ���� 1HYHUWKHOHVV� LW WXUQV RXW WKDW DIWHU D
VOLJKW PRGL�FDWLRQ RI WKH 76* GLVWULEXWLRQ PRGHO� ZKLFK JLYHV D VRPHZKDW ODUJHU FODVV RI
30)
V� WKH PHWKRG RI PL[WXUHV EHFRPHV HDVLO\ DSSOLFDEOH ZLWKRXW HVVHQWLDOO\ D�HFWLQJ WKH
UHGXQGDQF\� 6SHFL�FDOO\� WKH LGHD LV WKH IROORZLQJ� /HW XV UH�GH�QH WKH SDUDPHWULF IDPLO\
DV I4
J� ZKHUH QRZ 
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ZLWK � � ��� �� DV DERYH� DQG � � >�� �@� &OHDUO\� WKH QHZ SDUDPHWHU � GHVLJQDWHV WKH
SUREDELOLW\ WKDW D UDQGRP YDULDEOH GUDZQ DFFRUGLQJ WR WKH GLVWULEXWLRQ ��� EH QRQQHJDWLYH�
%\ WKH UHODWLRQV 4
�[ � ��  �4
�[�� [ � �� DQG 4
�[ � ��  �4
�[�� [ � �� HYHU\
VRXUFH LQ WKH RULJLQDO GH�QLWLRQ RI WKH 76* PRGHO ��� FRUUHVSRQGV WR VRPH VRXUFH LQ WKH
PRGL�HG 76* PRGHO ���� ZLWK WKH VDPH YDOXH IRU WKH SDUDPHWHU � DQG ZLWK WKH SDUDPHWHU
� JLYHQ E\ WKH UHODWLRQ ���� +RZHYHU� ZKLOH WKH RULJLQDO 76* PRGHO DOORZV RQO\ IRU � �
>� �� � ��� � �� � ��@ IRU D JLYHQ �� WKH PRGHO ��� SHUPLWV DQ\ � � >�� �@� ,W IROORZV WKDW
WKH PRGL�HG 76* PRGHO ��� LV VWULFWO\ ULFKHU WKDQ WKH RULJLQDO PRGHO ���� EXW ZLWKRXW
LQFUHDVLQJ WKH GLPHQVLRQ . RI WKH SDUDPHWHU VSDFH� DQG KHQFH ZLWKRXW H[WUD PRGHO FRVW
SHQDOW\� 7KHUHIRUH� LW ZLOO EH VX�FLHQW WR GHYLVH D XQLYHUVDO SUREDELOLW\ DVVLJQPHQW A4 IRU
WKH PRGL�HG 76* PRGHO�

:H ZLOO DOVR XVH WKH PRGL�HG 76* PRGHO WR SURYH WKH H[LVWHQFH RI D
S
Q�FRQVLVWHQW HV�

WLPDWRU DQG KHQFH WKH DSSOLFDELOLW\ RI 5LVVDQHQ
V ORZHU ERXQG� 7KLV LV YDOLG EHFDXVH RI
WKH IROORZLQJ FRQVLGHUDWLRQ� 6LQFH WKH /HEHVJXH PHDVXUH RFFXSLHG E\ WKH VHW RI VRXUFHV
WKDW FRUUHVSRQG WR WKH RULJLQDO 76* PRGHO LV D �[HG IUDFWLRQ �ODUJHU WKDQ ���� RI WKH VHW
RI VRXUFHV LQ WKH PRGL�HG PRGHO ���� WKHQ D ORZHU ERXQG WKDW KROGV IRU ?PRVW� VRXUFHV
�/HEHVJXH� LQ WKH PRGL�HG FODVV� VWLOO KROGV IRU ?PRVW� VRXUFHV �/HEHVJXH� LQ WKH RULJLQDO
FODVV� 7KXV� LW ZLOO EH VX�FLHQW WR SURYH

S
Q�FRQVLVWHQF\ RI D FHUWDLQ HVWLPDWRU IRU WKH

PRGL�HG PRGHO�

,Q RUGHU WR FRQVWUXFW D XQLYHUVDO SUREDELOLW\ DVVLJQPHQW IRU WKH PRGL�HG 76* PRGHO� ZH
ZLOO FRQVLGHU WKH UHSUHVHQWDWLRQ RI DQ DUELWUDU\ LQWHJHU [ DV D SDLU �\� ]�� ZKHUH
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6LQFH WKH UHODWLRQ EHWZHHQ [ DQG �\� ]� LV RQH�WR�RQH� QR LQIRUPDWLRQ LV ORVW E\ WKLV UHS�
UHVHQWDWLRQ� 7KH NH\ REVHUYDWLRQ QRZ LV WKDW LI ; LV D UDQGRP YDULDEOH GUDZQ XQGHU
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$FFRUGLQJO\� JLYHQ D PHPRU\OHVV VRXUFH ;��;�� ��� ZLWK PDUJLQDO 30) JLYHQ E\ ���� RQH
FUHDWHV� XVLQJ \��� DQG ]���� WZR LQGHSHQGHQW PHPRU\OHVV SURFHVVHV� <�� <�� ��� � 4<

� DQG
=�� =�� ��� � 4=

� � ZKHUH WKH IRUPHU LV %HUQRXOOL ZLWK SDUDPHWHU �� DQG WKH ODWWHU LV 26*
ZLWK SDUDPHWHU ��

7KH LQGHSHQGHQFH EHWZHHQ I<WJ DQG I=WJ DQG WKH IDFW WKDW HDFK RQH RI WKHVH SURFHVVHV
LV SDUDPHWUL]HG E\ D GL�HUHQW FRPSRQHQW RI WKH SDUDPHWHU YHFWRU� VLJQL�FDQWO\ IDFLOLWDWH
WKH XQLYHUVDO SUREDELOLW\ DVVLJQPHQW �DQG KHQFH DOVR XQLYHUVDO DULWKPHWLF FRGLQJ� IRU WKLV
PRGHO FODVV� VLQFH WKHVH SURFHVVHV FDQ EH HQFRGHG VHSDUDWHO\ ZLWKRXW ORVV RI RSWLPDOLW\� 7R
HQFRGH \W��  \�[W���� ZH XVH WKH SUREDELOLW\ DVVLJQPHQW >��@
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DQG IRU W  �� \W  \� LV LQWHUSUHWHG DV WKH QXOO VWULQJ ZLWK 1�
�
 �� 7KLV SUREDELOLW\ DVVLJQ�

PHQW LV LQGXFHG E\ D PL[WXUH RI W\SH ��� XVLQJ WKH 'LULFKOHW�� �� SULRU RQ �� WKDW LV� WKH

SULRU ZKLFK LV LQYHUVHO\ SURSRUWLRQDO WR
T
���� ��� 6LPLODUO\� WKH SUREDELOLW\ DVVLJQPHQW

IRU ]W�� JLYHQ ]W LV WKH UHVXOW RI D 'LULFKOHW�� �� PL[WXUH RYHU �� ZKLFK JLYHV
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2XU PDLQ UHVXOW LQ WKLV VHFWLRQ LV VXPPDUL]HG LQ WKH GLUHFW SDUW RI WKH IROORZLQJ WKHRUHP�

7KHRUHP � /HW 4������[
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�D� �&RQYHUVH SDUW�� /HW 4�[Q� EH DQ DUELWUDU\ SUREDELOLW\ DVVLJQPHQW� 7KHQ� IRU HYHU\
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(����� ORJ
4������;

Q�

4�;Q�
� ��� �� ORJ Q

IRU HYHU\ ��� �� � ��� ��� >�� �@ H[FHSW IRU SRLQWV LQ D VXEVHW ZKRVH /HEHVJXH PHDVXUH
WHQGV WR ]HUR DV Q � ��
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�E� �'LUHFW SDUW�� /HW A4�[Q� EH GH�QHG DV LQ HTXDWLRQV ���������� 7KHQ� IRU HYHU\ ��� �� �
��� ��� >�� �@� DQG IRU HYHU\ Q�YHFWRU RI LQWHJHUV [Q�
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ZKHUH & LV D FRQVWDQW WKDW GRHV QRW GHSHQG RQ Q RU [Q�

'LVFXVVLRQ� 6HYHUDO FRPPHQWV UHJDUGLQJ 7KHRUHP � DUH LQ RUGHU�

/RZHU ERXQG� 7R VKRZ WKH DSSOLFDELOLW\ RI 5LVVDQHQ
V ORZHU ERXQG >�� 7KHRUHP �@ IRU
WKH R��FHQWHUHG 76* PRGHO� ZKLFK FRUUHVSRQGV WR WKH FRQYHUVH SDUW RI WKH WKHRUHP� ZH
UHGXFH WKH SUREOHP WR WKH ZHOO�NQRZQ %HUQRXOOL FDVH� D VSHFLDO FDVH LQ� H�J�� >��� 7KHRUHP
�@� +RZHYHU� VLQFH >��� 7KHRUHP �@ UHTXLUHV WKDW WKH SDUDPHWHUV UDQJH LQ DQ LQWHUYDO WKDW
LV ERXQGHG DZD\ IURP � DQG �� IRU WKH VDNH RI FRPSOHWHQHVV ZH SURYLGH DQ LQGHSHQGHQW
SURRI� )XUWKHUPRUH� RQH FDQ XVH WKH VDPH WRROV WR VKRZ WKH DSSOLFDELOLW\ RI WKH ERXQG LQ
>��� 7KHRUHP �@� QDPHO\
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ORJ Q
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IRU DOO ��� �� � ��� ��� >�� �@ H[FHSW LQ D VHW RI /HEHVJXH PHDVXUH ]HUR�
3RLQWZLVH UHGXQGDQF\ DQG H[SHFWHG UHGXQGDQF\� 6WULFWO\ VSHDNLQJ� WKH PLQLPXP SRLQW�
ZLVH UHGXQGDQF\ LV QRW DWWDLQHG XQLIRUPO\ LQ [Q VLQFH 6Q Q LV DUELWUDULO\ ODUJH IRU VRPH
VHTXHQFHV� +RZHYHU� LI WKH GDWD DFWXDOO\ KDV �QLWH DOSKDEHW �ZKLFK LV SUDFWLFDOO\ WKH FDVH
LQ LPDJH FRPSUHVVLRQ�� WKHQ 6Q Q LV XQLIRUPO\ ERXQGHG E\ D FRQVWDQW� DQG WKH PLQLPXP
SRLQWZLVH UHGXQGDQF\ �Z�U�W� WKH EHVW PRGHO LQ WKH LQ�QLWH DOSKDEHW FODVV� LV HVVHQWLDOO\
DWWDLQHG� ,Q DQ\ FDVH� HYHQ LI WKH DOSKDEHW LV LQ�QLWH� DV DVVXPHG E\ WKH 76* PRGHO� WKH
PLQLPXP H[SHFWHG UHGXQGDQF\ LV DOZD\V DWWDLQHG VLQFH WKH H[SHFWDWLRQ ZLWK UHVSHFW WR �
RI ORJ�6Q Q� �� LV ERXQGHG E\
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ZKLFK LV D FRQVWDQW�

0D[LPXP OLNHOLKRRG HVWLPDWLRQ DQG WKH SOXJ�LQ DSSURDFK� )RU WKH FODVV RI �QLWH�DOSKDEHW
PHPRU\OHVV VRXUFHV� SDUDPHWUL]HG E\ WKH OHWWHU SUREDELOLWLHV� LW LV ZHOO�NQRZQ WKDW WKH
PL[WXUH DSSURDFK DGPLWV D GLUHFW ?SOXJ�LQ� LPSOHPHQWDWLRQ� ZKHUH DW HDFK WLPH LQVWDQW�
WKH SDUDPHWHU YHFWRU LV �UVW HVWLPDWHG E\ �D ELDVHG YHUVLRQ RI� WKH PD[LPXP OLNHOLKRRG
�0/� HVWLPDWRU DQG WKHQ XVHG WR DVVLJQ D SUREDELOLW\ GLVWULEXWLRQ WR WKH QH[W RXWFRPH
�VHH� H�J�� WKH DVVLJQPHQW ������ ,W LV LQWHUHVWLQJ WR REVHUYH WKDW WKLV SOXJ�LQ LQWHUSUHWDWLRQ
GRHV QRW H[LVW ZLWK WKH 26* SURFHVV� ZKHUH WKH 0/ HVWLPDWRU IRU � DW WLPH W� DV ZHOO DV
IRU PRGHO ���� LV JLYHQ E\
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IRU VHTXHQFHV VXFK WKDW 6W � � �ZKHQ 6W  � WKHUH LV QR 0/ HVWLPDWRU RI � LQ WKH UDQJH
��� ���� 1RQHWKHOHVV� DQ LQGLUHFW SOXJ�LQ PHFKDQLVP LV YDOLG KHUH� VLQFH WKH H[SUHVVLRQ LQ ���
FDQ EH LQWHUSUHWHG DV WKH SUREDELOLW\ RI D UXQ RI ] ]HURV IROORZHG E\ D RQH XQGHU D %HUQRXOOL
SURFHVV ZLWK SDUDPHWHU �� WKHQ HQFRGLQJ DQ 26* VRXUFH LV HTXLYDOHQW WR HQFRGLQJ WKH
FRUUHVSRQGLQJ ELQDU\ VHTXHQFH RI UXQV� ,Q XQLYHUVDO FRGLQJ� ZKLOH WKH ELDVHG 0/ HVWLPDWRU
RI >��@ LV XVHG WR XSGDWH WKH HVWLPDWH RI � DIWHU HYHU\ ELW� D GLUHFW� QDLYH SOXJ�LQ DSSURDFK
ZRXOG FRUUHVSRQG WR XSGDWLQJ WKH HVWLPDWH RI � RQO\ DIWHU RFFXUUHQFHV RI RQHV� DQG KHQFH
PD\ QRW SHUIRUP DV ZHOO�

7R VXPPDUL]H� RSWLPDO HQFRGLQJ RI [W�� DV SHU 7KHRUHP � DQG WKH HQVXLQJ GLVFXVVLRQ� FDQ
EH UHDOL]HG ZLWK D VHTXHQFH RI M[W��M�I�[W����� ELQDU\ HQFRGLQJV� )LUVW� ZH HQFRGH \W���
ZKLFK GHWHUPLQHV ZKHWKHU [W�� LV QHJDWLYH� 7KHQ� ZH HQFRGH M[W��M � \W�� E\ �UVW WHVWLQJ
ZKHWKHU LW LV ]HUR� LQ FDVH LW LV SRVLWLYH� ZH SURFHHG E\ LQTXLULQJ ZKHWKHU LW LV RQH� DQG
VR IRUWK� 7KH FRUUHVSRQGLQJ SUREDELOLW\ HVWLPDWHV DUH EDVHG RQ 6W DQG 1W� ZKLFK VHUYH DV
VX�FLHQW VWDWLVWLFV IRU WKH GLVWULEXWLRQ ����

7KH UHPDLQLQJ SDUW RI WKLV VHFWLRQ LV GHYRWHG WR WKH SURRI RI 7KHRUHP ��

3URRI RI 7KHRUHP ��

:H EHJLQ ZLWK SDUW �D�� $FFRUGLQJ WR 5LVVDQHQ
V ORZHU ERXQG >�@� LW LV VX�FLHQW WR SURYH
WKH H[LVWHQFH RI

S
Q�FRQVLVWHQW HVWLPDWRUV A� DQG A� IRU � DQG IRU �� UHVSHFWLYHO\� VXFK WKDW WKH

SUREDELOLWLHV RI WKH HYHQWV ISQMA�� �M ! FJ DQG ISQMA� � �M ! FJ DUH ERWK XSSHU ERXQGHG
E\ D IXQFWLRQ  �F� IRU DOO Q � QF� ZKHUH  �F� DQG QF GR QRW GHSHQG RQ HLWKHU � RU �� DQG
 �F� WHQGV WR ]HUR DV F � ��
)RU WKH SDUDPHWHU �� FRQVLGHU WKH HVWLPDWRU A�  ��1Q Q� FDOFXODWHG IURP WKH Q REVHUYD�
WLRQV RI WKH %HUQRXOOL SURFHVV \�� ���� \Q� 8VLQJ WKH IDFW >��@ WKDW IRU �� � � >�� �@�
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$V IRU WKH SDUDPHWHU �� FRQVLGHU WKH HVWLPDWRU A�  � � 0Q Q� ZKHUH 0Q LV WKH QXPEHU
RI ]HURV LQ ]�� ���� ]Q �

� 6LQFH WKH UDQGRP YDULDEOH JLYHQ E\ WKH LQGLFDWRU IXQFWLRQ �I]W �J LV
%HUQRXOOL ZLWK SDUDPHWHU �� WKHQ VLPLODUO\ WR WKH GHULYDWLRQV LQ ���� DQG ����� ZH DJDLQ
REWDLQ 3UISQMA� � �M ! FJ � H[S���F��� 7KXV�  �F�  H[S���F��� LQGHSHQGHQWO\ RI � DQG
�� LQ WKLV FDVH� 7KLV FRPSOHWHV WKH SURRI RI SDUW �D��

7XUQLQJ QRZ WR SDUW �E�� ZH VKDOO XVH WKH IROORZLQJ UHODWLRQ� ZKLFK FRQ�QHV >��� (TXDWLRQ

�1RWLFH WKDW WKLV LV QRW WKH 0/ HVWLPDWRU IRU ��
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ZKHUH & LV D FRQVWDQW WKDW GRHV QRW GHSHQG RQ M DQG - �

&RQVLGHU� �UVW� XQLYHUVDO FRGLQJ RI D ELQDU\ VWULQJ \Q XVLQJ WKH 'LULFKOHW�� �� PL[WXUH RYHU
WKH FODVV RI %HUQRXOOL VRXUFHV ZLWK SDUDPHWHU �� 7KHQ� DFFRUGLQJ WR (TXDWLRQ ���� WKH
PL[WXUH GLVWULEXWLRQ LV JLYHQ E\
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ZKHUH WKH ODVW VWHS IROORZV IURP SOXJJLQJ WKH 0/ HVWLPDWRU ���� LQ WKH 26* GLVWULEXWLRQ
���� ZLWK WKH HTXDOLW\ KROGLQJ WULYLDOO\ IRU 6Q  �� &RPELQLQJ HTXDWLRQV ����� ����� DQG
����� ZH JHW
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IRU DQ\ [Q DQG ��� ��� 7KLV FRPSOHWHV WKH SURRI RI 7KHRUHP �� (

� 2SWLPDO SUH�[ FRGHV IRU 76*
V
,Q 6HFWLRQ �� ZH SUHVHQWHG DQ RSWLPDO VWUDWHJ\ IRU HQFRGLQJ LQWHJHUV PRGHOHG E\ WKH PRGL�
�HG 76* GLVWULEXWLRQ ���� 7KLV VWUDWHJ\ LV DOVR RSWLPDO IRU WKH 76* PRGHO ���� DQG UHTXLUHV
DULWKPHWLF FRGLQJ� ,Q WKLV VHFWLRQ� ZH FRQVLGHU +X�PDQ FRGLQJ RI WKH GLVWULEXWLRQ ��� RQ
D V\PERO�E\�V\PERO EDVLV� ZKLFK QRUPDOO\ LQFXUV ODUJHU UHGXQGDQF\ EXW LV DWWUDFWLYH IURP
D SUDFWLFDO SRLQW RI YLHZ� H�J�� LQ LPDJH�FRGLQJ DSSOLFDWLRQV�� 7KURXJKRXW WKLV VHFWLRQ WKH
YDOXHV RI WKH SDUDPHWHUV � DQG G DUH DVVXPHG NQRZQ� 0RUHRYHU� WKH R�VHW SDUDPHWHU G LV
DVVXPHG WR EH LQ WKH UDQJH � � G � �

�
� &OHDUO\� WKH FDVH G ! �

�
FDQ EH UHGXFHG WR G � �

�

E\ PHDQV RI WKH UH�HFWLRQ�VKLIW WUDQVIRUPDWLRQ [ � ��[ � �� RQ WKH 76*�GLVWULEXWHG
YDULDEOH [� 7KH SDUDPHWHU �� LQ WXUQ� EHORQJV WR WKH RSHQ LQWHUYDO ��� ��� 1H[W� ZH GHYHORS
D FRPSOHWH FKDUDFWHUL]DWLRQ RI PLQLPXP H[SHFWHG�OHQJWK SUH�[ FRGHV IRU WKH 76* PRGHOV
���� 7R WKLV HQG� ZH ZLOO SDUWLWLRQ WKH SDUDPHWHU VSDFH ��� G� LQWR UHJLRQV� HDFK UHJLRQ
FRUUHVSRQGLQJ WR D YDULDQW RI D EDVLF FRGH FRQVWUXFWLRQ GHYLFH� ,Q WKH QH[W IHZ GH�QLWLRQV
DQG OHPPDV� ZH GH�QH WKH SDUWLWLRQ DQG VRPH RI LWV EDVLF SURSHUWLHV�

)RU D JLYHQ G� GH�QH �
�
 PLQIG� �

�
� GJ� &OHDUO\� � � �

�
� )RU HYHU\ SRVLWLYH LQWHJHU C DQG

HYHU\ SDLU RI PRGHO SDUDPHWHUV ��� G�� GH�QH WKH IXQFWLRQV

U��C� �� G�  ��C���� � ����� � �C�� � �� ����

U��C� �� G�  ��C���� � ���� � �C � �� ����

U��C� �� G�  �C�� � ������ �� ����

DQG
U��C� �� G�  �C�� � ����� �� ����

/HPPD � �L� *LYHQ C ! � DQG G� U� KDV D XQLTXH URRW ���C� G� � ��� ��� 6LPLODUO\� IRU
C � �� U�� U�� DQG U� KDYH XQLTXH URRWV LQ ��� ��� GHQRWHG UHVSHFWLYHO\ ���C� G�� ���C� G�� DQG
���C� G��

�LL� )RU � � ��� �� DQG � � L � �� � � �L�C� G� LI DQG RQO\ LI UL�C� �� G� � ��
�7KH XVH RI V\PERO�E\�V\PERO FRGLQJ LQ ORZ�FRPSOH[LW\ LPDJH FRPSUHVVLRQ V\VWHPV LV SODXVLEOH� VLQFH FRQWH[WV ZLWK YHU\

VNHZHG SUHGLFWLRQ HUURU GLVWULEXWLRQV� IRU ZKLFK WKH RSWLPDO SUH�[ FRGH FRXOG EH VHYHUHO\ PLVPDWFKHG� DUH XQFRPPRQ LQ
SKRWRJUDSKLF LPDJHV� )RU RWKHU W\SHV RI LPDJHV� WKH UHGXQGDQF\ RI SL[HO�EDVHG SUH�[ FRGHV LV DGGUHVVHG LQ >�@ E\ HPEHGGLQJ
DQ DOSKDEHW H[WHQVLRQ LQWR WKH FRQWH[W FRQGLWLRQLQJ IRU FRQWH[WV UHSUHVHQWLQJ �DW UHJLRQV� ZKLFK WHQG WR SUHVHQW YHU\ VNHZHG
GLVWULEXWLRQV�

��



�LLL� )RU C � ��
���C� G� � ���C� G� � ���C� G� � ���C� G� � ���C� �� G� �

ZKHUH ZH GH�QH ����� G�  �� 0RUHRYHU� HTXDOLW\ EHWZHHQ ���C� G� DQG ���C� G�� DQG EHWZHHQ
���C� G� DQG ���C � �� G� RFFXUV RQO\ DW G  

�
�
� ZKLOH HTXDOLW\ EHWZHHQ ���C� G� DQG ���C� G�

RFFXUV RQO\ DW G � I�� �
�
J� 7KHUHIRUH� ���C� G� � ���C� �� G��

3URRI� �L� 7KH H[LVWHQFH DQG XQLTXHQHVV RI D URRW �L�C� G� � ��� �� RI UL� � � L � �� LV
HVWDEOLVKHG E\ REVHUYLQJ WKDW� IRU �[HG C DQG G LQ WKH DSSURSULDWH UDQJHV� UL LV D FRQWLQXRXV
IXQFWLRQ RI � LQ ��� ��� UL�C� �� G�� �� DV � � ��� UL�C� �� G� KDV D SRVLWLYH OLPLW DV � � ���
DQG #UL #� ! �� � � ��� ��� 7KH PRQRWRQLFLW\ RI UL DOVR \LHOGV SDUW �LL� RI WKH OHPPD�
1RWLFH WKDW U���� �� G�� � DV � � ��� MXVWLI\LQJ WKH GH�QLWLRQ RI ����� G�  ��

$V IRU SDUW �LLL�� ZH �UVW REVHUYH WKDW

U��C� �� G�� U��C� �� G�  ��C������ � ����� � ��C � �C��� � ��

ZKHUH WKH ODVW LQHTXDOLW\ IROORZV IURP � � �� � � �� DQG C � �� 7KXV� GXH WR WKH VWULFW
PRQRWRQLFLW\ RI U� DQG U�� ZH PXVW KDYH ���C� G� � ���C� G�� :H QRZ FRPSDUH ���C� G� ZLWK
���C� G�� )RU FOXWWHU UHGXFWLRQ� ZH RPLW WKH DUJXPHQWV �C� G� RI WKH �L ZKHQ WKH\ DUH FOHDU
IURP WKH FRQWH[W� ,W IROORZV IURP WKH GH�QLWLRQ RI �� WKDW

�C�  
�

� � �����

�

6XEVWLWXWLQJ �� IRU � LQ GH�QLWLRQ ����� ZH REWDLQ

U��C� ��� G�  
����

�� � ����� ��
�� � ���� � �

�

� � �����

� �  ������ � �
� � ����

� ��

ZKHUH WKH ODVW LQHTXDOLW\ IROORZV IURP � � �
�
� 7KXV� E\ SDUW �LL�� ���C� G� � ���C� G�� ZLWK

HTXDOLW\ RFFXUULQJ DW G  �  �
�
�

1H[W� GH�QLWLRQV ���� DQG ���� LPSO\ U��C� �� G� � U��C� �� G� IRU � � ��� ��� 7KXV� ZH PXVW
KDYH �� � �� E\ SDUWV �L� DQG �LL� RI WKH OHPPD� (TXDOLW\ RFFXUV DW G � I�� �

�
J� LQ ZKLFK

FDVH �  �� DQG U��C� �� G�  U��C� �� G�� $OVR� ZH KDYH

�C�  
�

� � ����
�

6XEVWLWXWLQJ �� IRU � LQ WKH H[SUHVVLRQ IRU U��C � �� �� G� GHULYHG IURP GH�QLWLRQ ����� ZH
REWDLQ

U��C� �� ��� G�  
��

�� � ���� ��
�� � ����� � �

�

� � ����
� �  ������ � ����

� � ����
� ��

7KXV� ���C� G� � ���C� �� G�� ZLWK HTXDOLW\ DW G  �  �
�
�

��



,W IROORZV IURP /HPPD � WKDW� IRU D JLYHQ YDOXH RI G� WKH UL GH�QH D SDUWLWLRQ RI WKH LQWHUYDO
��� �� LQWR VXE�LQWHUYDOV� ZLWK ERXQGDULHV JLYHQ E\ WKH YDOXHV �L�C� G� LQ OH[LFRJUDSKLFDOO\
LQFUHDVLQJ RUGHU RI �C� L�� 1DPHO\� ZH KDYH

�  ����� G� � ����� G� � ����� G� � ����� G� � ����� G� � ����� G� � � � �
� � � � ���C� G� � ���C� G� � ���C� G� � ���C� G� � � � � � �� ����

0RUHRYHU� LW LV HDV\ WR VHH IURP GH�QLWLRQ ���� WKDW ���C� G�� � DV C � ��
7KH GL�HUHQW LQWHUYDOV GH�QHG E\ WKH ERXQGDULHV �L EHFRPH WZR�GLPHQVLRQDO UHJLRQV RQFH
WKH GHSHQGHQFH RQ G LV WDNHQ LQWR DFFRXQW� (DFK SDLU RI PRGHO SDUDPHWHUV ��� G� IDOOV LQ D
UHJLRQ FKDUDFWHUL]HG E\ DQ LQWHJHU SDUDPHWHU C��� G�� DQG E\ D VXE�LQWHUYDO FRUUHVSRQGLQJ
WR C� %\ /HPPD �� SDUW �LL�� WKH SDUDPHWHU C��� G� LV JLYHQ E\

C��� G�  PD[
C�=�

IC M U��C� �� G� ! �J� ����

6LQFH OLPC�� ���C� G�  �� C��� G� LV ZHOO GH�QHG IRU DOO � DQG G LQ WKH UDQJH RI LQWHUHVW�
,Q IDFW� C��� G� FDQ EH H[SOLFLWO\ FRPSXWHG E\ VHWWLQJ ]  �C DQG VROYLQJ WKH TXDGUDWLF
HTXDWLRQ

]��� � ����� � ] � �  ��

ZKLFK KDV D XQLTXH VROXWLRQ ]� LQ WKH RSHQ LQWHUYDO ��� ��� 7KHQ�

C��� G�  

�
ORJ ]�
ORJ �

�
�

)RU HDVH RI UHIHUHQFH� ZH ODEHO WKH UHJLRQV GH�QHG E\ WKH SDUWLWLRQ LQ ���� DV IROORZV�

5HJLRQ ,� ���C� G� � � � ���C� G��

5HJLRQ ,,� ���C� G� � � � ���C� G�� G � �
�
�

5HJLRQ ,,
� ���C� G� � � � ���C� G�� G ! �
�
�

5HJLRQ ,,,
� ���C� G� � � � ���C� G��

5HJLRQ ,9� ���C� G� � � � ���C� �� G�� G � �
�
�

5HJLRQ ,9
� ���C� G� � � � ���C� �� G�� G ! �
�
�

:H GH�QH 5HJLRQ ,,, DV WKH XQLRQ RI UHJLRQV ,,
� ,,,
 DQG ,9
� 7KH GL�HUHQW WZR�GLPHQVLRQDO
UHJLRQV IRU C  �� � DUH LOOXVWUDWHG LQ )LJXUH �� 1RWLFH WKH V\PPHWU\ DURXQG G  �

�
�

:H QRZ WXUQ WR WKH EDVLF GHYLFHV RI RXU FRGH FRQVWUXFWLRQ� )RU DQ\ LQWHJHU [� GH�QH

0�[�  

�
�[ [ � ��
�M[M � � [ � ��

����

��
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)RU QRQQHJDWLYH LQWHJHUV L� WKH LQYHUVH IXQFWLRQ ��L� RI 0 LV JLYHQ E\

��L�  

�
L � L HYHQ�

��L � �� � L RGG�

6LQFH � � G � �
�
� WKH LQWHJHUV DUH UDQNHG LQ GHFUHDVLQJ SUREDELOLW\ RUGHU E\

3���G���� � 3���G����� � 3���G���� � 3���G����� � 3���G���� � � � � ����

7KXV� 0�[� LV WKH LQGH[ RI [ LQ WKH SUREDELOLW\ UDQNLQJ� VWDUWLQJ ZLWK LQGH[ � DQG ZLWK
WLHV� LI DQ\� EURNHQ DFFRUGLQJ WR WKH RUGHU JLYHQ LQ ����� &RQYHUVHO\� ��L� LV WKH V\PERO
ZLWK WKH LWK KLJKHVW SUREDELOLW\�

)RU DQ\ SRVLWLYH LQWHJHU /� OHW */ GHQRWH WKH *RORPE FRGH >��@ RI RUGHU /� ZKLFK HQFRGHV D
QRQ�QHJDWLYH LQWHJHU \ LQ WZR SDUWV� �D� DQ DGMXVWHG ELQDU\ UHSUHVHQWDWLRQ RI \� \ PRG /��

XVLQJ EORJ/F ELWV LI \�� �GORJ/H�/� GORJ/H ELWV RWKHUZLVH� DQG �E� D XQDU\ UHSUHVHQWDWLRQ
RI T E\ /F� XVLQJ T�� ELWV�

:H DUH QRZ UHDG\ WR VWDWH WKH PDLQ UHVXOW RI WKLV VHFWLRQ�

7KHRUHP � /HW [ GHQRWH DQ LQWHJHU�YDOXHG UDQGRP YDULDEOH GLVWULEXWHG DFFRUGLQJ WR ���
DQG ��� IRU D JLYHQ SDLU RI PRGHO SDUDPHWHUV ��� G�� � � � � �� � � G � �

�
� DQG OHW

C  C��� G� DV GH�QHG LQ ����� 7KHQ� DQ RSWLPDO SUH�[ FRGH IRU [ LV FRQVWUXFWHG DV IROORZV�

�5HJLRQ ,� ,I ���C� G� � � � ���C� G�� HQFRGH [ XVLQJ *�C���0�[���

�5HJLRQ ,,� ,I G � �
�
DQG ���C� G� � � � ���C� G�� HQFRGH M[M XVLQJ WKH FRGH *C�¤C�M[M��� ZKHUH WKH

PDSSLQJ ¤C�M[M� LV GH�QHG EHORZ� DQG DSSHQG D VLJQ ELW ZKHQHYHU [ � �� /HW U EH WKH
LQWHJHU VDWLVI\LQJ �U�� � C � �U� DQG OHW V  �U � C� 'H�QH

¤C�M[M�  
�!�
!�

V� M[M  � DQG V � C�
�� M[M  V DQG V � C�
M[M� RWKHUZLVH�

�5HJLRQ ,,,� ,I G � �
�
DQG ���C� G� � � � ���C� G�� RU G ! �

�
DQG ���C� G� � � � ���C � �� G�� HQFRGH

[ XVLQJ *�C�0�[���

�5HJLRQ ,9� ,I G � �
�
DQG ���C� G� � � � ���C � �� G�� GH�QH V DV LQ 5HJLRQ ,,� HQFRGH M[M XVLQJ

-C�M[M� GH�QHG EHORZ� DQG DSSHQG D VLJQ ELW ZKHQHYHU [ � ��

-C�M[M�  

�!!!�
!!!�

*C�M[M � ��� M[M ! V�
*C�M[M�� � � M[M � V�
*C����� [  ��
*C����� M[M  V�

�D PRG E GHQRWHV WKH OHDVW QRQQHJDWLYH UHVLGXH RI D PRGXOR E

��



'LVFXVVLRQ�

5HODWLRQ WR SULRU ZRUN� 7KHRUHP � LQFOXGHV WKH PDLQ UHVXOW RI >��@ DV D VSHFLDO FDVH ZKHQ
G  �

�
� ,Q WKLV FDVH� WKH GLVWULEXWLRQ ���� DIWHU UHRUGHULQJ RI WKH LQWHJHUV LQ GHFUHDVLQJ

SUREDELOLW\ RUGHU� LV HTXLYDOHQW WR DQ 26* GLVWULEXWLRQ ZLWK SDUDPHWHU £  
S
�� $V

VKRZQ LQ >��@� WKH RSWLPDOLW\ WUDQVLWLRQ IRU VXFK D GLVWULEXWLRQ EHWZHHQ WKH /�WK RUGHU
*RORPE FRGH DQG WKH / � �VW� / � �� RFFXUV DW WKH �XQLTXH� YDOXH £ � ��� �� VXFK WKDW
J/�£�  £/ � £/�� � �  �� ,W FDQ EH UHDGLO\ YHUL�HG WKDW U��C� £�� ���  � LI DQG RQO\ LI
J�C���£�  �� DQG U��C� £

�� �
�
�  � LI DQG RQO\ LI J�C�£�  �� C � ��

1RWLFH WKDW WKH RSWLPDO FRGHV IRU UHJLRQV , DQG ,,, DUH DV\PPHWULF� LQ WKDW WKH\ DVVLJQ
GL�HUHQW FRGH OHQJWKV WR [ DQG �[ IRU VRPH YDOXHV RI [� ,Q FRQWUDVW� WKH FRGHV IRU UHJLRQV
,, DQG ,9 DUH V\PPHWULF� 7KH PDSSLQJ ���� ZDV �UVW HPSOR\HG LQ >��@ WR DSSO\ *RORPE
FRGHV WR DOSKDEHWV WKDW LQFOXGH ERWK SRVLWLYH DQG QHJDWLYH QXPEHUV� 7KHRUHP � VKRZV
WKDW WKLV VWUDWHJ\ �ZKLFK ZDV DOVR XVHG LQ >�@ DQG DOZD\V SURGXFHV DV\PPHWULF FRGHV� LV
RSWLPDO IRU YDOXHV RI � DQG G FRUUHVSRQGLQJ WR UHJLRQV , DQG ,,,� EXW LV QRW VR IRU UHJLRQV
,, DQG ,9� ,Q IDFW� ERWK >��@ DQG >�@ DFWXDOO\ XVH D VXE�IDPLO\ RI WKH *RORPE FRGHV� IRU
ZKLFK WKH FRGH SDUDPHWHU LV D SRZHU RI �� PDNLQJ WKH HQFRGLQJ DQG GHFRGLQJ SURFHGXUHV
H[WUHPHO\ VLPSOH� 7KLV VXE�IDPLO\ LV IXUWKHU LQYHVWLJDWHG LQ 6HFWLRQ � LQ FRQMXQFWLRQ ZLWK
DGDSWDWLRQ VWUDWHJLHV IRU WKH FRGH SDUDPHWHUV� LQ FDVH � DQG G DUH XQNQRZQ D�SULRUL� $
GL�HUHQW KHXULVWLF DSSURDFK� EDVHG RQ HQFRGLQJ WKH DEVROXWH YDOXH ZLWK D *RORPE FRGH DQG
DSSHQGLQJ D VLJQ ELW IRU QRQ]HUR YDOXHV� ZDV SURSRVHG LQ >��@� 7KHRUHP � VKRZV WKDW WKLV
KHXULVWLF �ZKLFK DOZD\V SURGXFHV V\PPHWULF FRGHV� LV RSWLPDO RQO\ LQ 5HJLRQ ,,� DQG WKHQ
RQO\ ZKHQ C LV D SRZHU RI WZR�

0HWKRG RI WKH SURRI� ,Q WKH SURRI RI 7KHRUHP �� ZH ZLOO ERUURZ IURP >��@ WKH FRQFHSW
RI D UHGXFHG VRXUFH� 7KLV FRQFHSW LV JHQHUDOL]HG LQ >��@ DQG VKRZQ WR EH DSSOLFDEOH WR
DOO �QLWH HQWURS\ GLVWULEXWLRQV RI WKH LQWHJHUV� DOEHLW LQ D QRQ�FRQVWUXFWLYH IDVKLRQ� +HUH�
IRU HDFK RI WKH UHJLRQV GH�QHG IRU ��� G�� DQG HDFK LQWHJHU P � �� ZH ZLOO GH�QH D �QLWH
PWK RUGHU UHGXFHG VRXUFH 5/�P DV D PXOWLVHW FRQWDLQLQJ WKH �UVW �P � E SUREDELOLWLHV LQ
WKH UDQNLQJ ����� ZKHUH E � I�� �J GHSHQGV RQ WKH UHJLRQ� DQG D �QLWH VHW RI VXSHU�V\PERO
SUREDELOLWLHV� VRPH RI ZKLFK UHSUHVHQW LQ�QLWH ?WDLOV� RI WKH UHPDLQLQJ LQWHJHUV� 7KH LQGH[
/ DOVR H[SUHVVHV UHJLRQ GHSHQGHQFH� DQG LW VDWLV�HV /  �C � � IRU 5HJLRQ , DQG /  �C
RWKHUZLVH�

:H ZLOO XVH +X�PDQ
V DOJRULWKP WR FRQVWUXFW DQ RSWLPDO SUH�[ FRGH IRU 5/�P� DQG ZLOO
WKHQ OHWP WHQG WR LQ�QLW\� WKXV REWDLQLQJ D FRGH IRU WKH LQWHJHUV� 7KH FRGH OHQJWK DVVLJQHG
E\ RXU FRQVWUXFWLRQ WR DQ DUELWUDU\ LQWHJHU [ ZLOO EH WKH RQH DVVLJQHG E\ WKH RSWLPDO SUH�[
FRGH IRU5/�P� IRU WKH OHDVWP VXFK WKDW �P�E � 0�[�� %\ WKH QDWXUH RI WKH FRQVWUXFWLRQ�
WKLV FRGH OHQJWK ZLOO UHPDLQ XQFKDQJHG IRU ODUJHU YDOXHV RI P� 7KH DUJXPHQW YDOLGDWLQJ
WKH OLPLWLQJ VWHS� DQG ZK\ LW \LHOGV DQ RSWLPDO SUH�[ FRGH IRU WKH RULJLQDO LQ�QLWH VRXUFH�
LV JLYHQ LQ >��@ DQG LW FDUULHV WR RXU FRQVWUXFWLRQ� 7KH H[DFW GH�QLWLRQ RI WKH UHGXFHG
VRXUFHV XVHG� DQG WKH ZD\ WKH +X�PDQ FRQVWUXFWLRQ RQ D UHGXFHG VRXUFH SURFHHGV� ZLOO
YDU\ DFFRUGLQJ WR WKH UHJLRQ WKH SDUDPHWHU SDLU ��� G� IDOOV LQWR� WKXV OHDGLQJ WR GL�HUHQW
FRGH VWUXFWXUHV IRU WKH GL�HUHQW UHJLRQV� ,W WXUQV RXW WKDW WKH WZR�VLGHG QDWXUH RI WKH

��



GLVWULEXWLRQ DGGV VXUSULVLQJ FRPSOH[LW\ WR WKH FKDUDFWHUL]DWLRQ DV FRPSDUHG WR WKH RQH�
VLGHG FDVH �WKLV KROGV HYHQ LQ WKH VLPSOHU FDVH G  ��� 7KLV LV HYLGHQFHG E\ WKH YDULHW\
RI UHJLRQV DQG FRGHV LQ 7KHRUHP �� ,Q DGGLWLRQ WR WKH SUREOHPV VROYHG LQ WKH RQH�VLGHG
FDVH� WKH FKDUDFWHUL]DWLRQ RI WKH WZR�VLGHG FDVH LQFOXGHV �QGLQJ YDULRXV W\SHV RI WDLOV DQG
UHGXFHG VRXUFHV� WKH WUDQVLWLRQV EHWZHHQ WKHP� DQG WKH �QH VWUXFWXUH RI WKH FRGHV LQ
UHJLRQV ,, DQG ,9�

:H QRZ R�HU VRPH LQVLJKW LQWR KRZ WKH YDULRXV SDUDPHWHU UHJLRQV �DQG KHQFH WKH DERYH
PHQWLRQHG FRPSOH[LW\� DULVH� 7KH IXQFWLRQV U��C� �� G� DQG U��C� �� G� FRQWURO WKH SRVLWLYH
LQWHJHU SDUDPHWHU / FKDUDFWHUL]LQJ D EDVLF SURSHUW\ RI *RORPE�W\SH FRGHV� 6WDUWLQJ IURP
VRPH FRGHZRUG OHQJWK �� WKH FRGH FRQWDLQV H[DFWO\ / FRGHZRUGV RI OHQJWK ��L IRU DOO L � �
�IRU WKH FRGHV RI 7KHRUHP �� � LV DW PRVW ���� ZKHUH � LV WKH PLQLPDO FRGHZRUG OHQJWK��
7KH OLQHV U��C� �� G�  � PDUN WKH WUDQVLWLRQ IURP UHJLRQV ZLWK /  �C� � WR UHJLRQV ZLWK
/  �C� C � �� ZKLOH WKH OLQHV U��C� �� G�  � PDUN WKH WUDQVLWLRQ IURP /  �C WR /  �C���
7KH OLQHV U��C� �� G�  � DQG U��C� �� G�  �� LQ WXUQ� GHWHUPLQH KRZ WKH RSWLPDO FRGH
FRQVWUXFWLRQ KDQGOHV ?QDWXUDO SDLUV� RI V\PEROV LQ UHJLRQV ZLWK /  �C� 7KHVH DUH SDLUV
RI V\PEROV WKDW DUH FORVH LQ SUREDELOLW\� L�H�� I[��[J IRU G � �

�
DQG I[����[J IRU G ! �

�
�

ZKHUH [ LV D SRVLWLYH LQWHJHU� )RFXVLQJ RQ WKH FDVH G � �
�
� DQG DVVXPLQJ [ LV VX�FLHQWO\

ODUJH� ZH REVHUYH WKDW LI WKH RSWLPDO FRGH WUHH FRQVWUXFWLRQ PHUJHV [ DQG �[ �L�H�� PDNHV
WKHP VLEOLQJ OHDYHV�� WKHQ E\ WKH FRQVWUDLQWV LPSRVHG E\ U� DQG U� LQ GHWHUPLQLQJ WKH
YDOXH RI /� WKH UHVXOWLQJ SUREDELOLW\ �  3���G��[� � 3���G���[� PXVW IDOO LQ WKH SUR[LPLW\
RI WKH LQWHUYDO >3���G��[� C�� 3���G����[� C��@ RQ WKH UHDO OLQH� ,W WXUQV RXW WKDW WKH UHJLRQV
IRU /  �C DUH GHWHUPLQHG E\ ZKHWKHU � LV WR WKH OHIW �5HJLRQ ,,�� LQVLGH �5HJLRQ ,,,
��
RU WR WKH ULJKW �5HJLRQ ,9� RI WKH LQWHUYDO� :KHQ � IDOOV LQVLGH WKH LQWHUYDO� PHUJLQJ
RI [ DQG �[ LQ WKH RSWLPDO WUHH FRQVWUXFWLRQ ZRXOG SUHYHQW WKH WUDQVODWHG QDWXUDO SDLU
I[� C���[� C�J IURP PHUJLQJ� %HFDXVH RI WKH VHOI�VLPLODU FKDUDFWHU RI WKH GLVWULEXWLRQ�
WKLV FRQGLWLRQ DSSOLHV WR DOO [� DQG LW UHVXOWV� LQ JHQHUDO� LQ D FRQVWUXFWLRQ WKDW GRHV QRW
PHUJH QDWXUDO SDLUV �H�J�� WKH DV\PPHWULF FRGHV RI 5HJLRQ ,,,
�� 2Q WKH RWKHU KDQG� ZKHQ
QRWKLQJ VWDQGV LQ WKH ZD\ RI D QDWXUDO SDLU� WKH\ WHQG WR PHUJH� UHVXOWLQJ LQ WKH V\PPHWULF
FRGHV RI UHJLRQV ,, DQG ,9� $ VLPLODU VLWXDWLRQ H[LVWV IRU G ! �

�
� EXW ZLWK D WZLVW� 7KHUH�

DJDLQ� WKH RSWLPDO FRQVWUXFWLRQ ZLOO QRW PHUJH QDWXUDO SDLUV LQ 5HJLRQ ,,,
� DQG LW ZLOO LQ
UHJLRQV ,,
 DQG ,9
� 1HYHUWKHOHVV� UHJDUGOHVV RI ZKHWKHU WKH\ DUH PHUJHG RU QRW� V\PEROV LQ
D QDWXUDO SDLU HQG XS ZLWK HTXDO FRGH OHQJWKV LQ WKH WKUHH VXE�UHJLRQV RI 5HJLRQ ,,,� 7KLV
LV GXH WR WKH IDFW WKDW WKH RSWLPDO FRGH LV D *RORPE FRGH RI HYHQ SDUDPHWHU� DQG WKDW
HYHU\ LQWHJHU KDV D QDWXUDO SDLU ZKHQ G ! �

�
�

7HUPLQRORJ\� :H ZLOO RIWHQ ORRVHO\ UHIHU WR WKH ?FRGH OHQJWK DVVLJQHG WR SUREDELOLW\ S�
UDWKHU WKDQ WKH PRUH FXPEHUVRPH ?FRGH OHQJWK DVVLJQHG WR WKH V\PERO ZKRVH SUREDELOLW\
LV S�� $OVR� ZH ZLOO FKDUDFWHUL]H SUH�[ FRGHV LQ WHUPV RI WKHLU FRGHZRUG OHQJWK GLVWULEXWLRQV�
UDWKHU WKDQ WKH DFWXDO ELQDU\ SDWWHUQV WKH\ DVVLJQ WR WKH V\PEROV� 7KXV� WKH DFWXDO FRGH
GHVFULEHG ZLOO QRW DOZD\V PDWFK WKH XQGHUO\LQJ WUHH LQGXFHG E\ WKH LWHUDWLYH FRQVWUXFWLRQ�
)RU H[DPSOH� ZKLOH WKH WKUHH VXE�UHJLRQV FRPSULVLQJ 5HJLRQ ,,, IRU D JLYHQ C �UHJLRQV
,,
� ,,,
� DQG ,9
� DGPLW WKH VDPH RSWLPDO SUH�[ FRGH� WKH FRQVWUXFWLRQV OHDGLQJ WR WKH
RSWLPDO OHQJWK GLVWULEXWLRQ DQG WKHLU XQGHUO\LQJ WUHHV DUH TXLWH GL�HUHQW� $ GLVFXVVLRQ RI

��



WKH QXPEHU RI GL�HUHQW FRGLQJ WUHHV WKDW FDQ EH RSWLPDO IRU D JLYHQ GLVWULEXWLRQ� LQFOXGLQJ
VRPH LQ�QLWH DOSKDEHW FDVHV� FDQ EH IRXQG LQ >��@�

$GGLWLRQDO GH�QLWLRQV� 7KH IROORZLQJ GH�QLWLRQV ZLOO DLG LQ WKH SURRI RI 7KHRUHP ��

)RU DOO LQWHJHUV M� ZH GH�QH

SM  

�
&��� G��GM �H�G� M RGG�
&��� G���M ���G� M HYHQ�

����

1RWLFH WKDW ZKHQ M � �� ZH KDYH SM  3���G����M��� L�H�� SM LV WKH M�WK SUREDELOLW\ LQ WKH
UDQNLQJ ����� /HW P � �� / ! �� DQG L EH LQWHJHUV� :H GH�QH D VLQJOH WDLO I/�L�P� DV
IROORZV�

I/�L�P�  
�;
M �

S�P�L�M/� ����

)RU DOO LQWHJHUV M� OHW
�M  S�M�� � S�M� ����

1RWLFH WKDW� IRU M � �� ZH KDYH �M  3U�M[M  M�� )RU HYHQ YDOXHV RI /� ZH GH�QH D
V\PPHWULF GRXEOH WDLO )/�L�P� DV

)/�L�P�  I/��L���P� � I/��L�P�  
�;
M �

�P�L�M /
�
� ����

7KH FODLPV RI WKH IROORZLQJ OHPPD IROORZ LPPHGLDWHO\ IURP WKH GH�QLWLRQV ���� ����� �����
DQG ����� DQG IURP VWUDLJKWIRUZDUG JHRPHWULF VXP FDOFXODWLRQV�

/HPPD � /HW / ! �� P � �� DQG L EH LQWHJHUV�

�L� )RU DQ\ LQWHJHU N � L� ZH KDYH

I/�L�P� � I/�N�P� �

DQG� IRU HYHQ /�
)/�L�P� � )/�N�P� �

�LL� )RU LQWHJHUV N DQG K � �P� ZH KDYH

I/�L��N�P� K�  �N�KI/�L�P��

DQG� IRU HYHQ /�
)/�L�N�P� K�  �N�K)/�L�P�� ����

�LLL� :H KDYH
I/�L�P�  &��� G��P�� AI/�L ����

DQG
)/�L�P�  &��� G��P�� A)/�L� ����

��



ZKHUH

AI/�L  

�!!!!!!!!!!!!!!!�
!!!!!!!!!!!!!!!�

�M���G

�� ��C��
�� � �C��G� /  �C��� L  �M�

�M�G

�� ��C��
�� � �C����G� /  �C��� L  �M���

�M���G

�� �C
/  �C� L  �M�

�M�G

�� �C
/  �C� L  �M���

����

DQG

A)/�L  
�L�����G � �G�

�� �C
� /  �C� ����

/HW �  �
�
� �� :H GH�QH WKH DX[LOLDU\ IXQFWLRQV UL�C� �� G�� L  �� �� E\ VXEVWLWXWLQJ � IRU �

LQ UL�C� �� G� DV GH�QHG LQ ���������� 6LQFH � � �
�
� �� WKH IROORZLQJ LQHTXDOLWLHV KROG�

U��C� �� G� � U��C� �� G�� ����

U��C� �� G� � U��C� �� G�� ����

ZLWK HTXDOLWLHV KROGLQJ RQO\ IRU G  �
�
�

3URRI RI 7KHRUHP ��

5HJLRQ ,� /HW /  �C � �� :H UHFDOO WKDW 5HJLRQ , LV FKDUDFWHUL]HG E\ WKH FRQGLWLRQV
���C� G� � � � ���C� G� RU� HTXLYDOHQWO\ U��C� �� G� ! � DQG U��C� �� G� � �� :H UHIHU WR
WKH ODWWHU WZR FRQGLWLRQV DV &�D DQG &�E UHVSHFWLYHO\� %\ WKH LQHTXDOLWLHV ���� DQG �����
&�D DQG &�E LPSO\ WKH ZHDNHU FRQGLWLRQV U��C� �� G� ! � DQG U��C� �� G� � �� ZKLFK ZLOO EH
UHIHUUHG WR� UHVSHFWLYHO\� DV &�D DQG &�E�

:H GH�QH DQ PWK RUGHU UHGXFHG VRXUFH $/�P� P � �� DV WKH PXOWLVHW RI SUREDELOLWLHV

$/�P  IS�� S�� � � � � S�P��� I/���P�� I/���P�� � � � I/�/���P�J�

�:KHQ P  �� WKH VRXUFH LQFOXGHV WDLOV RQO\��

:H EXLOG DQ RSWLPDO SUH�[ FRGH IRU $/�P� P ! �� )RU UHDO QXPEHUV D� E� F� G� ZH XVH WKH
QRWDWLRQ ID� EJ � IF� GJ WR GHQRWH PD[ID� EJ � PLQIF� GJ� 7KLV QRWDWLRQ LV H[WHQGHG LQ
WKH QDWXUDO ZD\ WR UHODWLRQV RI WKH IRUP D � IF� GJ DQG D � IF� GJ� :H FODLP WKDW WKH
SUREDELOLWLHV LQ $/�P DUH RUGHUHG DV IROORZV�

IS�P��� I/�/���P�J � IS�P��� I/�/���P�J � IS�P��� I/�/���P�J � � � �
� � � � IS�P�/� I/���P�J � S�P�/�� � � � � � S� � ����

7R SURYH WKH FODLP� LW VX�FHV WR SURYH WKH WZR OHIWPRVW LQHTXDOLWLHV� VLQFH WKH UHPDLQLQJ
LQHTXDOLWLHV DUH VFDOHG YHUVLRQV RI WKH �UVW WZR� )RU /  � RU P  �� VRPH RI WKH V\PEROV
LQYROYHG LQ WKH WZR OHIWPRVW LQHTXDOLWLHV DUH QRW SDUW RI $/�P� EXW WKH LQHTXDOLWLHV VWLOO

��



DSSO\ �ZLWK VRPH QHJDWLYH�LQGH[HG SM DQG I/�L�� 7R SURYH WKH OHIWPRVW LQHTXDOLW\ LQ �����

DIWHU DSSO\LQJ ����� LW VX�FHV WR VKRZ ����G � AI/�/�� DQG AI/�/�� � ����G� 8VLQJ WKH
H[SUHVVLRQ IRU AI/�/�� IURP ����� WKH IRUPHU LQHTXDOLW\ LV HTXLYDOHQW WR WKH FRQGLWLRQ

��C���� � �����G� � �C�� � � ! ��

ZKLFK LQ WXUQ LV HTXLYDOHQW WR &�D LI G � �
�
� RU WR &�D RWKHUZLVH� 6LPLODUO\� AI/�/�� � ����G

LV HTXLYDOHQW WR HLWKHU &�E RU &�E�

)RU WKH VHFRQG OHIWPRVW LQHTXDOLW\ LQ WKH FKDLQ ����� LW VX�FHV WR SURYH ����G � AI/�/�� DQG
AI/�/�� � ����G� $V EHIRUH� WKH �UVW LQHTXDOLW\ LV HTXLYDOHQW WR� RU GRPLQDWHG E\ &�D� ZKLOH
WKH VHFRQG RQH LV LQ WKH VDPH VLWXDWLRQ ZLWK UHVSHFW WR &�E�

,W IROORZV WKDW WKH �UVW PHUJH RI WKH +X�PDQ DOJRULWKP RQ $/�P SURGXFHV WKH SUREDELOLW\

S�P�� � I/�/���P�  S�P�� �
�;
M �

S�P�/���M/  
�;
M �

S�P���M/  I/���P� ���

1RWLFH WKDW I/���P���  I/����P�� VR DIWHU VFDOLQJ E\ ��C��� WKH VHFRQG OHIWPRVW LQHTXDOLW\
LQ ���� LPSOLHV WKDW WKH QHZO\ FUHDWHG SUREDELOLW\ VDWLV�HV I/���P� �� � IS�P�/� I/���P�J�
+HQFH� WKH QH[W PHUJH LQ WKH +X�PDQ DOJRULWKP SURGXFHV WKH SUREDELOLW\

S�P�� � I/�/���P�  S�P�� �
�;
M �

S�P�/���M/  
�;
M �

S�P���M/  I/���P� ��� ����

,I /  �� ���� VWLOO DSSOLHV� VLQFH WKH VHFRQG VWHS XVHV WKH SUREDELOLW\ I/����P�  I/���P���
SURGXFHG LQ WKH �UVW VWHS�

$OVR� E\ ����� ZH KDYH I/�L�P�  I/�L���P� ��� � � L � /��� 7KXV� DIWHU WZR VWHSV �RQH
URXQG� RI WKH +X�PDQ DOJRULWKP� $/�P LV WUDQVIRUPHG LQWR $/�P��� 7KH SURFHVV FRQWLQXHV
IRU D WRWDO RI P URXQGV� EXLOGLQJ XS WKH WDLOV I/�L� XQWLO $/�� LV UHDFKHG� 7KLV UHGXFHG
VRXUFH LV JLYHQ� LQ DVFHQGLQJ SUREDELOLW\ RUGHU� E\

$/��  I I/�/������ I/�/������ � � � � I/����� J�

:H VD\ WKDW D �QLWH VRXUFH ZLWK SUREDELOLWLHV �� � �� � � � � � �1�� LV TXDVL�XQLIRUP LI
HLWKHU 1 � � RU �� � �� � �1��� $V QRWHG LQ >��@� DQ RSWLPDO SUH�[ FRGH IRU D TXDVL�
XQLIRUP VRXUFH RI 1 SUREDELOLWLHV DGPLWV DW PRVW WZR GLVWLQFW FRGHZRUG OHQJWKV� DQG LW
FRQVLVWV RI �GORJ1H�1 FRGHZRUGV RI OHQJWK EORJ1F� DQG �1 � �GORJ1H FRGHZRUGV RI OHQJWK
GORJ1H� WKH VKRUWHU FRGHZRUGV EHLQJ DVVLJQHG WR WKH ODUJHU SUREDELOLWLHV�
:H FODLP WKDW $/�� LV TXDVL�XQLIRUP� )RU /  �� WKHUH LV QRWKLQJ WR SURYH� 2WKHUZLVH� ZH
QHHG WR VKRZ I/�/����� � I/�/����� � I/����� � �� %\ /HPPD ��LLL�� DIWHU VWUDLJKWIRUZDUG
PDQLSXODWLRQV� WKH ODWWHU LQHTXDOLW\ LV HTXLYDOHQW WR

��C������ � ���G� � �C�� � � � �C��G���� � �� � �� ����

��



%\ GH�QLWLRQ ����� VLQFH ��� ! � DQG G � �� WKH OHIW�KDQG VLGH RI ���� LV ODUJHU WKDQ
U��C� �� G�� ZKLFK LV SRVLWLYH E\ &�D� 7KHUHIRUH� $/�� LV TXDVL�XQLIRUP� DQG LWV RSWLPDO
SUH�[ FRGH LV FRQVWUXFWHG DV GHVFULEHG DERYH� ZLWK 1  /�

7UDFLQJ WKH ZD\ $/�� ?XQIROGV� LQWR $/�P� LW LV DSSDUHQW WKDW WKH FRGH OHQJWK DVVLJQHG WR
SM� IRU P VXFK WKDW �P� � � M� LV EM /F � � � �$�I/�M��� ZKHUH �$�I� LV WKH FRGH OHQJWK
DVVLJQHG E\ WKH RSWLPDO SUH�[ FRGH IRU $/�� WR I � DQG M �  M PRG /� 7KLV LV SUHFLVHO\
WKH FRGH OHQJWK DVVLJQHG E\ WKH /WK RUGHU *RORPE FRGH WR M� DV FODLPHG E\ 7KHRUHP � IRU
5HJLRQ ,�

5HJLRQ ,,� /HW /  �C� ,Q 5HJLRQ ,, ZH KDYH G � �
�
� U��C� �� G� ! � DQG U��C� �� G� � ��

7KH ODWWHU WZR LQHTXDOLWLHV DUH UHIHUUHG WR� UHVSHFWLYHO\� DV FRQGLWLRQV &�D DQG &�E�

:H XVH D UHGXFHG VRXUFH 6/�P� GH�QHG E\

6/�P  I S�� S�� � � � � S�P� �P��� �P��� � � � � �P�C���
)/���P� C� ��� )/���P� C� ��� � � � � )/�C�P� C� �� J�

�)RU C  �� 6/�P FRQWDLQV QR �L
V��

:H FODLP WKDW WKH SUREDELOLWLHV LQ 6/�P DUH RUGHUHG DV IROORZV �OLVWHG LQ DVFHQGLQJ RUGHU�
ZLWK LQHTXDOLW\ VLJQV RPLWWHG��

S�P� S�P��� )/�C�P� C� ��� �P�C��� S�P��� S�P��� )/�C���P� C� ��� � � �
� � � � �P��� S��P�C���� S��P�C������ )/���P� C� ��� S��P�C�� � � � � S�� S� �

:KHQ P � C� WKH VHTXHQFH RI RULJLQDO SUREDELOLWLHV SL VWRSV DW S� ?LQ WKH PLGGOH� RI WKH
FKDLQ �L�H�� MXVW EHIRUH RQH RI WKH )/�M
V�� EXW WKH RUGHU UHODWLRQV EHWZHHQ DOO UHPDLQLQJ
V\PEROV DUH VWLOO FODLPHG WR KROG�

7R SURYH WKH FODLP� LW VX�FHV WR VKRZ WKDW �D� S�P�� � )/�C�P�C���� �E� )/�C�P�C��� �
�P�C��� DQG �F� �P�C�� � S�P��� 7KH UHVW RI WKH FKDLQ IROORZV E\ YLUWXH RI VFDOLQJ� :H
XVH WKH H[SUHVVLRQ IRU )/�C IURP ���� DQG ����� ,QHTXDOLW\ �D� LV HTXLYDOHQW WR &�D� %\
GH�QLWLRQ ����� DQG DIWHU HOLPLQDWLQJ FRPPRQ IDFWRUV� LQHTXDOLW\ �E� LV HTXLYDOHQW WR

��C � � � �� ����

&OHDUO\� ���� LV LPSOLHG E\
�C�� � ������ � � ��

WKH ODWWHU LQHTXDOLW\ EHLQJ &�E� ,QHTXDOLW\ �F�� LQ WXUQ� LV DOVR HTXLYDOHQW WR &�E� DV G  ��

7KH �UVW VWHS RI WKH +X�PDQ DOJRULWKP RQ 6/�P PHUJHV S�P DQG S�P��� FUHDWLQJ �P� %\
LQHTXDOLW\ �E� DERYH� VXLWDEO\ VFDOHG E\ �C��� ZH KDYH �P � )/�C�P�  )/���P � C � ���
+HQFH� WKH VHFRQG +X�PDQ VWHS MRLQV )/�C�P� C��� ZLWK �P�C��� 5HFDOOLQJ WKH GH�QLWLRQ
RI )/�C LQ ����� ZH REWDLQ

)/�C�P� C� �� � �P�C��  
�;
M �

�P��C���MC � �P�C��  
�;
M �

�P�C���MC  )/���P� C� ���

��



:KHQ C  �� WKH SUREDELOLW\ �P FUHDWHG LQ WKH �UVW VWHS LV XVHG LQ WKH VHFRQG RQH� 1RWLFH
WKDW� E\ ����� ZH FDQ DOVR ZULWH )/�M�P � C � ��  )/�M���P � C � �� IRU � � M � C���
+HQFH� DIWHU WZR VWHSV �RQH URXQG� RI WKH +X�PDQ DOJRULWKP� 6/�P LV WUDQVIRUPHG LQWR
6/�P��� $IWHU P URXQGV� ZH REWDLQ 6/��� JLYHQ LQ DVFHQGLQJ SUREDELOLW\ RUGHU E\

6/��  I S�� )/�C�C� ��� �C��� )/�C���C� ��� � � � � )/���C� ��� ��� )/���C� �� J� ����

:KHQ C  �� ���� WUDQVODWHV WR 6���  I S�� )������ J�
:H FODLP WKDW 6/�� LV TXDVL�XQLIRUP� L�H�� S��)/�C�C� ���)/���C� �� � � ZKHQHYHU C ! ��
%\ ����� ���� DQG ����� WKH UHTXLUHG FRQGLWLRQ LV HTXLYDOHQW WR

�G �
��C�� � ���C���G � �G�

�� �C
� ��

0XOWLSO\LQJ E\ ��� �C�� DQG UHDUUDQJLQJ WHUPV� WKH DERYH LQHTXDOLW\ LV HTXLYDOHQW WR

�G��� ��C� � �C�GU��C��� �� G� � ��

%\ ����� DQG VLQFH U��C � �� �� G� ! �� DV LQ 5HJLRQ ,, ZH KDYH � ! ���C� G� ! ���C� G� �
���C� �� �� G�� LW IROORZV WKDW 6/�� LV TXDVL�XQLIRUP�

:H QRZ FRQVWUXFW DQ RSWLPDO SUH�[ FRGH IRU 6/��� DQG VKRZ KRZ LW WUDQVODWHV LQWR DQ
RSWLPDO FRGH IRU 6/�P DQG� WKXV� IRU WKH LQWHJHUV XQGHU WKH GLVWULEXWLRQ ���� /HW U EH WKH
LQWHJHU VDWLVI\LQJ �U�� � C � �U� DQG V  �U � C� $VVXPH �UVW WKDW V � C� 6LQFH 6/��

KDV �C SUREDELOLWLHV� DQ RSWLPDO SUH�[ FRGH IRU LW DVVLJQV FRGH OHQJWK U WR WKH �V ODUJHVW
SUREDELOLWLHV� QDPHO\�

�V� )/�V�C� ��� � � � � ��� )/���C� ��� ��� )/���C� �� � ����

7KH FRGH DVVLJQV OHQJWK U � � WR WKH �C� �V UHPDLQLQJ SUREDELOLWLHV� QDPHO\�

S�� )/�C�C� ��� �C��� � � � � �V��� )/�V���C� �� � ����

1RWLFH WKDW LQ WKH LWHUDWLYH FRQVWUXFWLRQ RI WKH +X�PDQ FRGH IRU 6/�P� P � �� SDLUV S�M���
S�M� M � �� ZKLFK FRUUHVSRQG WR LQWHJHUV RI RSSRVLWH VLJQV� PHUJH WR IRUP �M� 7KXV� LW
VX�FHV WR FKDUDFWHUL]H WKH FRGH OHQJWK DVVLJQHG E\ WKH FRQVWUXFWLRQ WR WKH �M� M ! �� DQG
S�� 6LPLODUO\ WR 5HJLRQ ,� WUDFLQJ WKLV WLPH WKH ZD\ 6/�� ?XQIROGV� LQWR 6/�P� ZH REVHUYH
WKDW �L�MC� � � L � C� � � M � P� LV D OHDI LQ D VXEWUHH URRWHG DW )/�L���C���� M OHYHOV GRZQ
IURP WKH URRW RI WKH VXEWUHH� 7KXV� WKH FRGH OHQJWK DVVLJQHG WR �L�MC ZKHQ P LV VX�FLHQWO\
ODUJH LV M � �6�)/�L���C � ���� M � �� +HUH� �6��� LV WKH FRGH OHQJWK DVVLJQPHQW RI WKH
+X�PDQ FRGH IRU 6/��� L�H�� �6���  U IRU SUREDELOLWLHV � LQ WKH OLVW ����� DQG �6���  U��
IRU SUREDELOLWLHV � LQ WKH OLVW ����� &RGH OHQJWKV IRU S� DQG �L� � � L � C� DUH DVVLJQHG
GLUHFWO\ E\ �6 � 7KH IRUHJRLQJ GLVFXVVLRQ LV VXPPDUL]HG LQ WKH IROORZLQJ OHPPD�

��



/HPPD � ,I V � C� WKH FRGH OHQJWKV DVVLJQHG E\ RXU FRQVWUXFWLRQ IRU 5HJLRQ ,, DUH DV
IROORZV�

3UREDELOLW\ � &RGH /HQJWK

S� � U � ��

�MC � U � M� M � ��
�N�MC � U � M� � � N � V� �� M � ��

�V � U�

�V�MC � U � � � M� M � ��
�K�MC � U � � � M� V� � � K � C� �� M � ��

)RU HDVH RI FRPSDULVRQ� WKH IROORZLQJ OHPPD H[SOLFLWO\ OLVWV WKH FRGH OHQJWK DVVLJQPHQW RI
DQ CWK RUGHU *RORPE FRGH �LQ D SXUSRVHO\ UHGXQGDQW PDQQHU�� ZLWK U DQG V GH�QHG DV LQ
7KHRUHP ��

/HPPD � 7KH FRGH OHQJWKV DVVLJQHG E\ DQ CWK RUGHU *RORPE FRGH RQ WKH QRQQHJDWLYH
LQWHJHUV DUH DV IROORZV�

6\PERO � &RGH /HQJWK

� � U�

MC � U � M� M � ��
N � MC � U � M� � � N � V� �� M � ��

V � U � ��

V� MC � U � � � M� M � ��
K� MC � U � � � M� V�� � K � C� �� M � ��

&RPSDULQJ WKH OHQJWK DVVLJQPHQW LQ /HPPD � ZLWK WKDW RI /HPPD �� ZH REVHUYH WKDW RXU
FRQVWUXFWLRQ DVVLJQV WR S� DQG �L� L ! �� WKH VDPH FRGH OHQJWK WKDW DQ CWK RUGHU *RORPE
FRGH DVVLJQV WR L  � DQG L ! �� UHVSHFWLYHO\� H[FHSW WKDW WKH FRGH OHQJWKV IRU L  � DQG
L  V KDYH EHHQ H[FKDQJHG� 7KLV LV GXH WR WKH IDFW WKDW �V DQG S� KDYH ?VZDSSHG SODFHV�
LQ WKH OLVWV ���� DQG ���� ZLWK UHVSHFW WR WKHLU ?QDWXUDO� SODFHV LQ D *RORPE FRGH� :KHQ
V  C� L�H�� C LV D SRZHU RI WZR� DOO WKH SUREDELOLWLHV LQ 6/�� DUH DVVLJQHG WKH VDPH FRGH OHQJWK
U� DQG WKH VZDSSLQJ KDV QR H�HFW� HYHQ WKRXJK S� LV VWLOO WKH ORZHVW SUREDELOLW\ LQ 6/���
7R FRPSOHWH WKH SURRI RI 7KHRUHP � IRU 5HJLRQ ,,� WKH FRGH IRU WKH RULJLQDO SUREDELOLWLHV
S�M��� S�M� M � �� LV REWDLQHG E\ DSSHQGLQJ D VLJQ ELW WR WKH FRGH IRU WKH FRUUHVSRQGLQJ �M�
5HJLRQ ,9� /HW /  �C� 5HJLRQ ,9 LV FKDUDFWHUL]HG E\ G � �

�
� DQG WKH FRQGLWLRQV

U��C� �� G� ! � DQG U��C � �� �� G� � �� UHIHUUHG WR� UHVSHFWLYHO\� DV FRQGLWLRQV &�D DQG &�E�
7KH FRQVWUXFWLRQ LQ 5HJLRQ ,9 IROORZV DORQJ VLPLODU OLQHV DV WKDW RI 5HJLRQ ,,� DQG LW ZLOO
RQO\ EH RXWOLQHG KHUH�

:H XVH D UHGXFHG VRXUFH 7/�P� GH�QHG E\
7/�P  I S�� S�� � � � � S�P� �P��� �P��� � � � � �P�C�

)/���P� C�� )/���P� C�� � � � � )/�C�P� C� J�

��



,W IROORZV IURP &�D DQG &�E WKDW WKH SUREDELOLWLHV LQ 7/�P DUH VRUWHG LQ DVFHQGLQJ RUGHU DV
IROORZV�

S�P� S�P��� �P�C� )/�C�P� C�� S�P��� S�P��� �P�C��� )/�C���P� C�� � � �
� � � � S��P�C���� S��P�C������ �P��� )/���P� C�� S��P�C�� � � � � S�� S�� S� �

6LPLODUO\ WR 5HJLRQ ,,� D URXQG FRQVLVWLQJ RI WZR VWHSV RI WKH +X�PDQ DOJRULWKP RQ 7/�P
OHDGV WR 7/�P��� ZLWK WKH SDLU S�P� S�P�� PHUJLQJ WR IRUP �P� DQG �P�C PHUJLQJ ZLWK
)/�C�P � C� WR IRUP )/���P � C � ��� $IWHU P URXQGV� ZH REWDLQ WKH UHGXFHG VRXUFH 7/���
ZKLFK FRQVLVWV RI WKH IROORZLQJ �C� � SUREDELOLWLHV� LQ DVFHQGLQJ RUGHU�

S�� �C� )/�C�C�� �C��� )/�C���C�� � � � � ��� )/���C� �

,W IROORZV IURP &�D DQG &�E WKDW 7/�� LV TXDVL�XQLIRUP� 1RZ� LI U LV WKH LQWHJHU VDWLVI\LQJ
�U�� � C � �U� WKHQ U DOVR VDWLV�HV �U � �C � � � �U��� 7KXV� DQ RSWLPDO SUH�[ FRGH IRU
7/�� FRQWDLQV �U�� � �C� �  �V� � FRGHZRUGV RI OHQJWK U� DQG �C� �V � � FRGHZRUGV RI
OHQJWK U � �� 7KH OLVW RI SUREDELOLWLHV FRUUHVSRQGLQJ WR FRGHZRUGV RI OHQJWK U LV JLYHQ E\

)/�V�C�� �V��� )/�V���C�� � � � � ��� )/���C�� ��� )/���C��

ZKLOH WKH OLVW RI SUREDELOLWLHV FRUUHVSRQGLQJ WR FRGHZRUGV RI OHQJWK U � � LV JLYHQ E\

S�� �C� )/�C�C�� � � � � �V��� )/�V���C�� �V �

�,I C  �� WKH �UVW OLVW FRQVLVWV MXVW RI )/������ ZKLOH WKH VHFRQG OLVW FRQVLVWV RI S� DQG ����

)URP WKLV FRGH OHQJWK GLVWULEXWLRQ IRU 7/�� ZH GHULYH D FRGH OHQJWK GLVWULEXWLRQ IRU S� DQG
�M� M � �� GHVFULEHG LQ WKH IROORZLQJ OHPPD�
/HPPD � 7KH FRGH OHQJWKV DVVLJQHG E\ RXU FRQVWUXFWLRQ IRU 5HJLRQ ,9 DUH DV IROORZV�

3UREDELOLW\ � &RGH /HQJWK

S� � U � ��

�MC � U � M� M � ��
�N�MC � U � M� L � N � V� �� M � ��

�V � U � ��

�V�MC � U � M� M � ��
�K�MC � U � � � M� V� � � K � C� �� M � ��

:H REVHUYH WKDW RXU FRQVWUXFWLRQ DVVLJQV WR S� DQG �L� L ! �� WKH VDPH FRGH OHQJWK WKDW DQ
CWK RUGHU *RORPE FRGH DVVLJQV WR L  � DQG L ! �� UHVSHFWLYHO\� H[FHSW WKDW S� LV DVVLJQHG
D FRGH RQH ELW ORQJHU� DQG DOO �V�MC� M � �� DUH DVVLJQHG D FRGH RQH ELW VKRUWHU� 6LQFH
OHQJWK WUDQVLWLRQV LQ DQ CWK RUGHU *RORPE FRGH RFFXU SUHFLVHO\ DW LQWHJHUV FRQJUXHQW WR V
PRGXOR C �LQ WKDW WKH *RORPE FRGH OHQJWK IRU V� MC LV RQH PRUH WKDQ WKH FRGH OHQJWK IRU

��



V � � � MC�� WKLV VKRUWHQLQJ LV HTXLYDOHQW WR DVVLJQLQJ WR �L� L ! V� WKH FRGH OHQJWK WKDW D
*RORPE FRGH ZRXOG DVVLJQ WR L� �� 7KH FRGHZRUGV IRU S� �WKDW QHHGV WR JURZ E\ RQH ELW
UHODWLYH WR *C��� RI OHQJWK U� DQG �V �WKDW UHWDLQV WKH OHQJWK U�� RI *C�V� EXW MXVW ORVW
WKDW FRGHZRUG WR �V��� DUH REWDLQHG E\ DSSHQGLQJ D ELW WR *C���� $V LQ WKH FDVH RI 5HJLRQ
,,� WKH SURRI LV FRPSOHWHG E\ REVHUYLQJ WKDW WKH �M� M ! �� VSOLW LQWR RULJLQDO SUREDELOLWLHV�
DPRXQWLQJ WR WKH DSSHQGDJH RI D VLJQ ELW WR WKH FRGH IRU �M�

5HJLRQV ,,
 DQG ,9
� 7KHVH UHJLRQV VDWLVI\ WKH VDPH FRQGLWLRQV DV UHJLRQV ,, DQG ,9
�UHVS��� EXW DUH GH�QHG IRU G ! �

�
� L�H�� ZH KDYH �  �

�
� G� &RQVLGHU WKH GLVWULEXWLRQ

3��������� DQG OHW SM  3��������M�� IRU M � �� H[WHQGLQJ LQ DQDORJ\ ZLWK SM IRU M � �� :H
FDQ ZULWH

3���G��[�  &��� G��M[�GM  

�
&��� G���

�
� �[����  �3�������[� �� [ � ��

&��� G���
�
� ��[��  �3�������[� [ � ��

IRU D FRQVWDQW �� 7KHUHIRUH� ZH KDYH SM  �SM�� IRU DOO LQWHJHUV M� ZKLFK PHDQV WKDW
RQFH WKH SUREDELOLWLHV DUH RUGHUHG� DQG LJQRULQJ VFDOLQJ IDFWRUV� WKH GLVWULEXWLRQ 3���G�����
G ! �

�
� ?ORRNV� H[DFWO\ OLNH WKH GLVWULEXWLRQ 3��������� ZLWK S� UHPRYHG� 1RWLQJ WKDW LQ

WKH FRQVWUXFWLRQV IRU UHGXFHG VRXUFHV LQ UHJLRQV ,, DQG ,9� S� ZDV LQYROYHG RQO\ LQ WKH
�QDO VWDJH� ZKHQ DQ RSWLPDO FRGH IRU WKH ?FRUH� VRXUFHV 6/�� RU 7/�� ZDV GHWHUPLQHG� ZH
FRQFOXGH WKDW WKH VDPH FRQVWUXFWLRQV FDQ EH XVHG IRU UHJLRQV ,,
 DQG ,9
� H[FHSW IRU WKDW
�QDO VWDJH� :H QRZ IRUPDOL]H WKLV LGHD�

/HW /  �C� )RU DOO LQWHJHUV M� OHW

�M  S�M�� � S�M���

DQG� IRU DOO LQWHJHUV L GH�QH WKH DV\PPHWULF GRXEOH WDLO

./�L�Q�  
�;
M �

�Q�L�MC�

,W IROORZV IURP WKH GLVFXVVLRQ DERYH WKDW ZH FDQ ZULWH

�M  ��M� M � =�

DQG
./�L�Q�  �)/�L�Q�� L � =�

ZKHUH �M DQG )/�L DUH DQDORJRXV WR �M DQG )/�L� UHVSHFWLYHO\� EXW GH�QHG IRU WKH GLVWULEXWLRQ
3������ $VVXPH ��� G� IDOOV LQ 5HJLRQ ,,
� DQG GH�QH WKH UHGXFHG VRXUFH

6/�P  I S�� S�� � � � � S�P��� �P��� �P��� � � � � �P�C���
./���P� C� ��� ./���P� C� ��� � � � � ./�C�P� C� �� J�

7KLV VRXUFH LV HTXLYDOHQW WR D VFDOHG YHUVLRQ RI 6/�P � IS�J� EXW IRU WKH GLVWULEXWLRQ 3������
7KHUHIRUH� WKH LWHUDWLRQ OHDGLQJ IURP 6/�P WR 6/�� DSSOLHV� DQG DIWHU �P VWHSV RI WKH +X�PDQ
DOJRULWKP� ZH KDYH

6/��  I./�C�C� ��� �C��� ./�C���C� ��� �C��� � � � � ./���C� ��� ��� ./���C� �� J�

��



ZKHUH WKH SUREDELOLWLHV DUH OLVWHG LQ DVFHQGLQJ RUGHU� 7KH FRQVWUXFWLRQ QRZ GHSDUWV IURP
WKDW RI 5HJLRQ ,,� :H REVHUYH WKDW� ZLWKRXW DQ DQDORJ RI S� LQ WKH ZD\� ZH FDQ FDUU\ RXW
C� � DGGLWLRQDO PHUJHV� ZKLFK� E\ WKH GH�QLWLRQ RI ./�L� \LHOG

./�L�C� �� � �L��  ./�L������ � � L � C �

,Q DGGLWLRQ� ZH KDYH ./���C� ��  ./�C���� 7KXV� ZH REWDLQ D IXUWKHU UHGXFHG VRXUFH

6/���  I./�C���� ./�C������ � � � � ./����� J�
,W FDQ EH UHDGLO\ YHUL�HG WKDW 6/��� LV TXDVL�XQLIRUP� 7KXV� WKH FRQVWUXFWLRQ \LHOGV DQ
CWK RUGHU *RORPE FRGH IRU ��� ��� ��� � � �� ZKHUH �M� M � �� JHWV DVVLJQHG D FRGH OHQJWK
FRUUHVSRQGLQJ WR WKDW RI *C�M � ��� 7KLV WUDQVODWHV LQWR DQ /WK RUGHU *RORPE FRGH IRU
S�� S�� S�� � � �� DV FODLPHG E\ 7KHRUHP � IRU 5HJLRQ ,,
 �DV SDUW RI 5HJLRQ ,,,��

6LPLODU FRQVLGHUDWLRQV DSSO\ WR 5HJLRQ ,9
� ZKHUH ZH GH�QH D UHGXFHG VRXUFH 7 /�P DQDOR�
JRXV WR 7/�P � IS�J� 7KLV OHDGV WR D FRUH VRXUFH

7 /��  I �C� ./�C�C�� �C��� ./�C���C�� � � � � ��� ./���C�� ��� ./���C� J�
ZKLFK FDQ EH IXUWKHU UHGXFHG WR REWDLQ

7 /���  I./�C���� ./�C������ � � � � ./����� J�
7KLV VRXUFH� DJDLQ� OHDGV WR DQ /WK RUGHU *RORPE FRGH IRU WKH RULJLQDO VRUWHG SUREDELOLWLHV�

5HJLRQ ,,,
� /HW /  �C� 5HJLRQ ,,,
 LV FKDUDFWHUL]HG E\ WKH FRQGLWLRQV U��C� �� G� ! � DQG
U��C� �� G� � �� UHIHUUHG WR� UHVSHFWLYHO\� DV FRQGLWLRQV &�D DQG &�E�
+HUH� ZH GH�QH D UHGXFHG VRXUFH 8/�P JLYHQ E\

8/�P  I S�� S�� � � � � S�P��� I/���P�� I/���P�� � � � � I/�/���P� J�
7KLV UHGXFHG VRXUFH DSSHDUV WR EH IRUPDOO\ LGHQWLFDO WR $/�P XVHG LQ 5HJLRQ ,� +RZHYHU�
LQVSHFWLQJ ���� DQG ����� ZH QRWH WKDW WKH H[SUHVVLRQV IRU I/�L�P� ZKHQ / LV HYHQ DUH TXLWH
GL�HUHQW IURP WKRVH DSSO\LQJ ZKHQ / LV RGG� 1HYHUWKHOHVV� DIWHU DSSURSULDWH UHLQWHUSUHWD�
WLRQ RI I/�L� WKH RUGHU UHODWLRQV FODLPHG LQ ���� KROG IRU 5HJLRQ ,,,
� EHLQJ LPSOLHG WKLV WLPH
E\ &�D DQG &�E UDWKHU WKDQ &�D DQG &�E� 6LPLODUO\� WKH HYROXWLRQ IURP 8/�P WR 8/�� E\
ZD\ RI WKH +X�PDQ SURFHGXUH LV IRUPDOO\ LGHQWLFDO WR WKDW IURP $/�P WR $/��� )LQDOO\� WKH
TXDVL�XQLIRUPLW\ RI 8/�� IROORZV IURP &�D� DQG WKXV� WKH FRQVWUXFWLRQ LQ 5HJLRQ ,,,
 \LHOGV
D FRGH ZKRVH OHQJWK DVVLJQPHQW IRU SL� L � �� LV LGHQWLFDO WR WKDW RI DQ /WK RUGHU *RORPE
FRGH IRU L � ��
2SWLPDOLW\� 7KH RSWLPDOLW\ RI WKH FRGHV SUHVFULEHG E\ 7KHRUHP � IROORZV IURP WKH VDPH
DUJXPHQW SUHVHQWHG LQ >��@� DSSOLHG VHSDUDWHO\ WR HDFK UHJLRQ� 7KH PDLQ IRUPDO UHTXLUHPHQW
LV WKH FRQYHUJHQFH RI WKH DYHUDJH FRGH OHQJWK� ZKLFK LV HVWDEOLVKHG LQ /HPPD � EHORZ� 7KLV
FRPSOHWHV WKH SURRI RI 7KHRUHP ��

:H UHIHU WR WKH SUH�[ FRGHV GH�QHG LQ 7KHRUHP � IRU UHJLRQV ,� ,,� ,,,� DQG ,9 DV FRGHV
RI 7\SH ,� ,,� ,,,� DQG ,9� UHVSHFWLYHO\� 7KH H[SHFWHG FRGH OHQJWKV IRU WKHVH FRGHV ZKHQ

��



DSSOLHG WR WKH 76* GLVWULEXWLRQ ��� DUH REWDLQHG IURP WKHLU GH�QLWLRQV LQ 7KHRUHP � E\
DSSO\LQJ VWUDLJKWIRUZDUG JHRPHWULF VXPV� DQG GHULYHG VXPV RI WKH JHQHUDO IRUP

3
L L[

L� 7KH
UHVXOWLQJ FRGH OHQJWKV DUH JLYHQ LQ WKH IROORZLQJ OHPPD� 1RWLFH WKDW WKH H[SHFWHG FRGH
OHQJWKV DSSO\ WR DOO DOORZDEOH SDUDPHWHU YDOXHV ��� G�� DQG QRW MXVW WR WKH UHJLRQ IRU ZKLFK
D FRGH LV RSWLPDO�

/HPPD � /HW C EH DQ DUELWUDU\ SRVLWLYH LQWHJHU� DQG OHW �;�C��� G� GHQRWH WKH DYHUDJH FRGH
OHQJWK IRU D FRGH RI W\SH ; �; ,�,,�,,,�,9�� IRU WKH JLYHQ YDOXH RI C� ZKHQ DSSOLHG WR
D 76* VRXUFH ZLWK SDUDPHWHUV ��� G�� /HW U DQG V EH GH�QHG DV LQ 7KHRUHP �� DQG OHW
V�  V PRG �U��� 7KHQ� ZH KDYH

�,�C��� G�  � � EORJ��C� ��F � �V
���

�� ��C��
��� 3���G���� � �C� �

�,,�C��� G�  � � GORJ CH� ��� 3���G������
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¥
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� /RZ FRPSOH[LW\ DGDSWLYH FRGHV
,Q WKLV VHFWLRQ� ZH FRQVLGHU WKH FDVH ZKHUH WKH YDOXHV RI WKH SDUDPHWHUV � DQG G DUH
XQNQRZQ D�SULRUL� LQ WKH IUDPHZRUN RI V\PERO�E\�V\PERO FRGLQJ� (YHQ WKRXJK LQ JHQHUDO
DGDSWLYH VWUDWHJLHV DUH HDVLHU WR LPSOHPHQW ZLWK DULWKPHWLF FRGHV� WKH VWUXFWXUHG IDPLO\ RI
FRGHV LQWURGXFHG LQ 6HFWLRQ � SURYLGHV D UHDVRQDEOH DOWHUQDWLYH IRU ORZ FRPSOH[LW\ DGDSWLYH
FRGLQJ RI 76* PRGHOV� %DVHG RQ [W� VHOHFW D FRGH LQ WKH IDPLO\ VHTXHQWLDOO\� DQG XVH WKLV
FRGH WR HQFRGH [W��� 8QOLNH LQ 6HFWLRQ �� KHUH WKH VHW RI DYDLODEOH FRGLQJ VWUDWHJLHV IRU
HDFK V\PERO LV GLVFUHWH� DQG WKH DSSURDFK LV LQKHUHQWO\ ?SOXJ�LQ�� 7KH SHUIRUPDQFH RI
WKLV RQ�OLQH DOJRULWKP LV PHDVXUHG E\ LWV DYHUDJH FRGH OHQJWK �XQGHU WKH XQNQRZQ PRGHO
SDUDPHWHUV�� DQG WKH REMHFWLYH LV WR SHUIRUP HVVHQWLDOO\ DV ZHOO DV WKH EHVW �[HG VWUDWHJ\
LQ WKH IDPLO\� QDPHO\ WKH +X�PDQ FRGH IRU WKH XQNQRZQ SDUDPHWHU YDOXHV�

/HW &  I&���� &���� � � � � &�M�� � � �J GHQRWH D FRXQWDEOH IDPLO\ RI FRGHV� DQG OHW &W � &
GHQRWH WKH FRGH FKRVHQ E\ DQ RQ�OLQH DOJRULWKP WR HQFRGH [W��� )RU D �[HG FRGH &

� � &�
OHW ���M� GHQRWH WKH H[SHFWHG FRGH OHQJWK GL�HUHQFH EHWZHHQ &�M� DQG &�� 7KHQ� LW FDQ EH
UHDGLO\ YHUL�HG WKDW WKH H[SHFWDWLRQ RI WKH FRGH OHQJWK GL�HUHQFH ���[Q� RYHU WKH HQWLUH
VHTXHQFH [Q LV JLYHQ E\

(>���;Q�@  
�;
M �

���M�
Q;
W �

3UI&W  &�M�J � ����
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(TXDWLRQ ���� PRWLYDWHV WKH IROORZLQJ RQ�OLQH VWUDWHJ\ IRU DGDSWLYH FRGLQJ RI D 76* GLV�
WULEXWLRQ� *LYHQ DQ HVWLPDWH RI � DQG G EDVHG RQ WKH VX�FLHQW VWDWLVWLFV 6W DQG 1W �DV
GH�QHG LQ HTXDWLRQV ���� DQG ����� 6HFWLRQ ��� XVH WKH FRUUHVSRQGLQJ RSWLPDO SUH�[ FRGH
SUHVFULEHG E\ 7KHRUHP � WR HQFRGH [W��� ,I WKH SUREDELOLW\ 3UI&W  &�M�J GHFD\V UDSLGO\
HQRXJK IRU &�M� � &� DV WKH HVWLPDWHV FRQYHUJH WR WKH WUXH SDUDPHWHU YDOXHV� DQG WKH
DYHUDJH FRGH OHQJWK GL�HUHQFHV ���M� DUH VXLWDEO\ ERXQGHG� WKHQ WKH SHU�V\PERO H[SHFWHG
FRGH OHQJWK ORVV ZLOO EH 2�� Q�� $Q DGYDQWDJH RI WKLV VWUDWHJ\ LV WKDW LW GHSHQGV RQO\ RQ 6W

DQG 1W� DV RSSRVHG WR WKH SRSXODU SOXJ�LQ DSSURDFK RI FKRRVLQJ WKH FRGH WKDW ZRXOG KDYH
SHUIRUPHG EHVW RQ [W� 7KH ODWWHU DSSURDFK ZDV XVHG LQ >��@ WR HQFRGH 26* GLVWULEXWLRQV�

<HW� ERWK WKH UHJLRQ GHWHUPLQDWLRQ LQ RUGHU WR �QG WKH RSWLPDO FRGH IRU WKH HVWLPDWHG SDLU
��� G�� DQG WKH HQFRGLQJ SURFHGXUH� PD\ EH WRR FRPSOH[ LQ VRPH DSSOLFDWLRQV� )RU WKDW
UHDVRQ� WKH VXE�IDPLO\ RI FRGHV XVHG LQ SUDFWLFDO VFKHPHV VXFK DV >��@ DQG >�@ LV EDVHG RQ
*RORPE FRGHV IRU ZKLFK WKH FRGH SDUDPHWHU LV D SRZHU RI �� *LYHQ DQ LQWHJHU SDUDPHWHU
U � �� WKH FRGH *�U HQFRGHV D QRQQHJDWLYH LQWHJHU ] LQ WZR SDUWV� WKH U OHDVW VLJQL�FDQW
ELWV RI ]� IROORZHG E\ WKH QXPEHU IRUPHG E\ WKH UHPDLQLQJ KLJKHU RUGHU ELWV RI ]� LQ XQDU\
UHSUHVHQWDWLRQ �WKH VLPSOLFLW\ RI WKH SRZHU�RI�� FDVH ZDV DOUHDG\ QRWHG LQ >��@�� 7KH FRGH
OHQJWK LV U � � � E] �UF ELWV� )XUWKHUPRUH� IROORZLQJ >��@ DQG >�@� ZH ZLOO FRQVLGHU RQO\
WKH DV\PPHWULF FRGHV RI W\SHV , DQG ,,,� 7KH FRGHZRUG DVVLJQHG WR DQ LQWHJHU [ LV GHQRWHG
�U�[�  *�U�0�[��� *LYHQ WKH QDWXUH RI WKH PDSSLQJ ����� ZKLFK SULYLOHJHV � RYHU ���
� RYHU ��� HWF�� ZH FRQVLGHU DQ DGGLWLRQDO FRGH ���� ZKLFK FRUUHVSRQGV WR U  � EXW ZLWK
WKH PDSSLQJ ���� PRGL�HG VR WKDW QHJDWLYH DQG QRQQHJDWLYH YDOXHV DUH LQWHUOHDYHG LQ WKH
VHTXHQFH ��� ����� �� ���� 7KLV FRGH DFFRXQWV IRU YDOXHV RI G ODUJHU WKDQ �

�
� IRU ZKLFK �� LV

PRUH IUHTXHQW WKDQ �� DQG VPDOO �� )RU U ! � �ODUJHU YDOXHV RI �� WKLV UH�PDSSLQJ �ZKLFK
DFWXDOO\ UHDOL]HV WKH WUDQVIRUPDWLRQ [ � ��[��� PHQWLRQHG LQ WKH EHJLQQLQJ RI 6HFWLRQ ��
LV LUUHOHYDQW� DV WKH YDOXHV LQ WKH SDLUV ������� ������� ���� DUH JLYHQ WKH VDPH FRGH OHQJWK�
7KXV� WKLV �QDO VHFWLRQ SUHVHQWV D IXUWKHU SUDFWLFDO FRPSURPLVH� DFFRUGLQJ WR ZKLFK ZH
FRQVLGHU DGDSWLYH FRGLQJ IRU WKH DERYH UHGXFHG IDPLO\ RI FRGHV� 7KLV UHGXFHG IDPLO\
UHSUHVHQWV D VSHFL�F RSWLPDOLW\�FRPSOH[LW\ WUDGH�R�� DQG VLPLODU GHULYDWLRQV DUH SRVVLEOH
ZLWK RWKHU VXE�IDPLOLHV� )RU H[DPSOH� WKH V\PPHWULF FRGHV RI 7\SH ,, DUH LQFOXGHG LQ >��@�
OHDGLQJ WR D PRUH FRPSOH[ DQDO\VLV IRU UHJLRQ GHWHUPLQDWLRQ� 7KH VSHFL�F WUDGH�R� LQ WKLV
VHFWLRQ LV PRWLYDWHG E\ WKH VXFFHVV RI WKH ORVVOHVV LPDJH FRPSUHVVLRQ DOJRULWKP /2&2�,
>�@� LQ ZKLFK RQO\ WKH DV\PPHWULF VXE�IDPLO\ &  I�UJ6

��� LV HPSOR\HG�� %DVHG RQ D
VHTXHQWLDO HVWLPDWH RI � DQG � �UDWKHU WKDQ G�� /2&2�, FKRRVHV D FRGH IURP WKH DERYH
VXE�IDPLO\� /HPPD � EHORZ SUHVHQWV RSWLPDO GHFLVLRQ UHJLRQV WR FKRRVH DPRQJ WKHVH FRGHV
IRU JLYHQ YDOXHV RI � DQG � XQGHU WKH PRGL�HG 76* GLVWULEXWLRQ ����

/HPPD � /HW 6
�
 � ��� �� DQG £

�
 �

S
� � �� �� *LYHQ 6 DQG �� WKH IROORZLQJ GHFLVLRQ

UXOHV PLQLPL]H WKH H[SHFWHG FRGHZRUG OHQJWK RYHU WKH VXE�IDPLO\ RI FRGHV &�
D� ,I 6 � £� FRPSDUH 6� �� DQG �� �� ,I 6 LV ODUJHVW� FKRRVH FRGH ��� 2WKHUZLVH� LI � LV

�'HVSLWH WKH VXE�RSWLPDOLW\ RI WKLV VXE�IDPLO\ RI FRGHV� WHVWV SHUIRUPHG RYHU D EURDG VHW RI LPDJHV XVHG WR GHYHORS WKH
QHZ ,62�,(& VWDQGDUG -3(*�/6 >��@ UHYHDO WKDW /2&2�, LV ZLWKLQ DERXW �� RI WKH EHVW DYDLODEOH FRPSUHVVLRQ UDWLRV �JLYHQ
E\ >�@� DW D UXQQLQJ WLPH FRPSOH[LW\ FORVH WR DQ RUGHU RI PDJQLWXGH ORZHU�

��



ODUJHVW� FKRRVH ��� 2WKHUZLVH� FKRRVH �
�
��

E� ,I 6 ! £� FKRRVH FRGH �U��� U � � SURYLGHG WKDW
�

£���U��� � � � 6 � �

£���U� � � � ����

3URRI� /HW �U�6� �� GHQRWH WKH DYHUDJH FRGH OHQJWK IRU FRGH �U� U � �� DQG OHW ����6� ��
GHQRWH WKH DYHUDJH FRGH OHQJWK IRU FRGH ���� 6LQFH 0�[�  �] � \� ZLWK ] GH�QHG LQ
(TXDWLRQ ��� DQG GLVWULEXWHG 26* ZLWK SDUDPHWHU �� DQG \ GH�QHG LQ (TXDWLRQ ��� DQG
%HUQRXOOL ZLWK 3UI<  �J  � �VHH 6HFWLRQ ��� (�����>0�[�@  �6 � �� �� 7KXV�

���6� ��  ����6� �� ��  � � �6 � � � ����

7KH RWKHU FRGHV LQ WKH VXE�IDPLO\ XQGHU FRQVLGHUDWLRQ �U ! �� DUH RI 7\SH ,,,� VR ZH DSSO\
/HPPD � ZLWK C  �U�� WR REWDLQ

�U�6� ��  �,,,�C��� G�  U � � �
�C

�� �C
�

7KXV� WKH FRGH VHOHFWLRQ IRU U ! � LV GRQH DFFRUGLQJ WR WKH VLJQ RI

�U���6� ��� �U�6� ��  �� �C

�� ��C
� ����

%\ ����� WKH PD[LPXP YDOXH RI � IRU ZKLFK �U � U ! �� FDQ EH RSWLPDO� LV VXFK WKDW
��

U��
 �� ��

U

� QDPHO\�
�  �£� �����U��� � ����

7KXV� WKH PD[LPXP YDOXH RI 6 IRU ZKLFK �U � U ! �� FDQ EH RSWLPDO� LV

6  
W

£���U��� � � � ����

7KH GHFLVLRQ UXOH RI /HPPD � IROORZV IURP HTXDWLRQV ���� DQG ����� (

/HPPD � H[WHQGV UHVXOWV LQ >��@ DQG >��@� 7KH JROGHQ UDWLR LV PHQWLRQHG LQ FRQQHFWLRQ
ZLWK *RORPE FRGHV LQ >��@� DQG DOVR LQ >��@�

7KHRUHP � EHORZ VWDWHV WKDW� LQ D SUREDELOLVWLF VHWWLQJ� DQ RQ�OLQH VWUDWHJ\ EDVHG RQ 0/
HVWLPDWLRQ DQG WKH GHFLVLRQ UHJLRQV RI /HPPD � SHUIRUPV HVVHQWLDOO\ DV ZHOO DV WKH EHVW
FRGH LQ WKH VXE�IDPLO\ &� 7KH FRGH VHOHFWLRQ IRU [W�� LV EDVHG RQ WKH VX�FLHQW VWDWLVWLFV 6W

DQG 1W�

7KHRUHP � (QFRGH [W�� XVLQJ WKH FRGH SUHVFULEHG E\ /HPPD � DIWHU VXEVWLWXWLQJ 6W W IRU
6 DQG 1W W IRU � � �� � � W � Q� DQG OHW ��[Q� GHQRWH WKH FRGH OHQJWK UHVXOWLQJ IURP
DSSO\LQJ WKLV DGDSWDWLRQ VWUDWHJ\ WR WKH VHTXHQFH [Q� /HW �� GHQRWH WKH PLQLPXP H[SHFWHG
FRGHZRUG OHQJWK RYHU FRGHV LQ & IRU WKH �XQNQRZQ� SDUDPHWHUV � DQG �� 7KHQ�

�

Q
(�����>��;
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'LVFXVVLRQ�

5HODWLRQ WR SULRU ZRUN� $ UHVXOW DQDORJRXV WR 7KHRUHP � LV SURYHG LQ >��@ IRU WKH DOWHUQDWLYH
SOXJ�LQ VWUDWHJ\ RI HQFRGLQJ [W�� ZLWK WKH FRGH WKDW ZRXOG KDYH SHUIRUPHG EHVW RQ [W�
XQGHU DQ 26* GLVWULEXWLRQ� 7KHUH� WKH GHYLDWLRQ IURP RSWLPDOLW\ LV ERXQGHG DV 2�� 

S
Q��

,Q IDFW� WKLV DOWHUQDWLYH DSSURDFK ZDV DOVR DQDO\]HG �IRU JHQHUDO ORVV IXQFWLRQV� LQ WKH
LQGLYLGXDO VHTXHQFH VHWWLQJ LQ >��@� ZKHUH LW ZDV VKRZQ WKDW E\ LQWURGXFLQJ UDQGRPL]DWLRQ
LW LV SRVVLEOH WR PDWFK WKH SHUIRUPDQFH RQ HYHU\ VHTXHQFH XS WR 2�� 

S
Q�� ,W VKRXOG EH

SRLQWHG RXW WKDW� LQ RXU FDVH� WKHVH WZR SOXJ�LQ VWUDWHJLHV LQGHHG GL�HU� )RU H[DPSOH� IRU
WKH VHTXHQFH [�  ������� 6W W  � � ! £� VR WKH DSSURDFK EDVHG RQ 0/ HVWLPDWLRQ
HQFRGHV [� ZLWK WKH FRGH ��� 2Q WKH RWKHU KDQG� GLUHFW LQVSHFWLRQ UHYHDOV WKDW WKH EHVW
FRGH IRU [� LV ���

/RZ FRPSOH[LW\ DSSUR[LPDWLRQ� 7KH GHFLVLRQ UHJLRQ ERXQGDULHV ���� DGPLW D ORZ FRPSOH[LW\
DSSUR[LPDWLRQ� IRU ZKLFK LW LV XVHIXO WR GH�QH WKH IXQFWLRQV 6�U� DQG ��U�� U ! �� E\

6�U�
�
 

�

£���U��� � �
�
 
�U��

OQ£
� �

�
� ��U� � ����

,W FDQ EH VKRZQ WKDW ��U� LV D GHFUHDVLQJ IXQFWLRQ RI U� WKDW UDQJHV EHWZHHQ £ � �
�
�

�� OQ£� � ���� �U  ��� DQG � �U � ��� 6LQFH £ � ����� DQG � OQ£ � ������ ���� LPSOLHV
WKDW 6�U� LV ZLWKLQ �� RI �U � �

�
� �
�
IRU HYHU\ U ! �� 7KXV� XVLQJ DSSUR[LPDWH YDOXHV RI

6�U� DQG 6�U� �� LQ OLHX RI WKH ERXQGV LQ ����� D JRRG DSSUR[LPDWLRQ WR WKH GHFLVLRQ UXOH
RI 7KHRUHP � IRU HQFRGLQJ [W�� LV�

/HW 6�W  6W � �W ��� �W ���
D� ,I 6 �W � �W� FRPSDUH 6W� 1W� DQG W�1W� ,I 6W LV ODUJHU� FKRRVH FRGH ��� 2WKHUZLVH� LI

W�1W LV ODUJHU� FKRRVH ��� 2WKHUZLVH� FKRRVH �
�
��

E� ,I 6 �W ! �W� FKRRVH FRGH �U��� U � � SURYLGHG WKDW

W�U � 6 �W � W�U�� �

7KLV VLPSOL�HG UXOH LV XVHG LQ /2&2�, >�@ DQG LW FDQ EH LPSOHPHQWHG ZLWK D IHZ VKLIW DQG
DGG RSHUDWLRQV�

3URRI RI 7KHRUHP ��

,W VX�FHV WR SURYH WKDW WKH ULJKW�KDQG VLGH RI ���� LV XSSHU�ERXQGHG E\ D FRQVWDQW DV
Q � � IRU WKH IDPLO\ & RI FRGHV XQGHU FRQVLGHUDWLRQ� /HW U� GHQRWH WKH ODUJHVW YDOXH RI
U IRU ZKLFK �U LV RSWLPXP RU� LQ FDVH QR VXFK U H[LVWV �KHQFH ��� LV RSWLPXP�� OHW U�  ��
6LPLODUO\� OHW U� GHQRWH WKH VPDOOHVW YDOXH RI U IRU ZKLFK �U LV RSWLPXP RU� LQ FDVH ��� LV
RSWLPXP� OHW U�  �� 1RWLFH WKDW� LQ JHQHUDO� U�  U�� H[FHSW ZKHQ 6 LV RQ RQH RI WKH FRGH
VHOHFWLRQ ERXQGDULHV GH�QHG LQ /HPPD �� :H GLYLGH WKH RXWHU VXP LQ WKH ULJKW�KDQG VLGH
RI ���� LQ WZR SDUWV� RQH FRUUHVSRQGLQJ WR FRGHV �U VXFK WKDW U ! U�� ZKLFK \LHOGV D VXP

��



��� DQG RQH IRU WKH RWKHU FRGHV LQ & ZKLFK DUH QRW RSWLPXP �FRGHV �U VXFK WKDW U � U��
DQG� LI QRW RSWLPXP� ����� ZKLFK \LHOGV D VXP ��� 7KXV� ���� WDNHV WKH IRUP

(�����>��[
Q�@  Q�� ��� ��� � ����

&OHDUO\� LI U ! U� WKHQ WKH FRGH OHQJWK GL�HUHQFH EHWZHHQ �U DQG �U� FDQ EH DW PRVW U� U�

ELWV SHU HQFRGLQJ� GXH WR D ORQJHU ELQDU\ SDUW XVLQJ �U �U ! U� FDQQRW LQFUHDVH WKH XQDU\
SDUW�� 7KXV�

�� �
�;

U U���

�U � U��
Q;

W �

3UI&W  �UJ  
�;

U U�

Q;
W �

3UIU�W� ! UJ ����

ZKHUH �U�W�
�
 &W� 1RZ� ZLWK 6�U� GH�QHG DV LQ (TXDWLRQ ����� U ! �� DQG 6���

�
 PD[I�� ��

�J� WKH SURSRVHG RQ�OLQH VHOHFWLRQ UXOH LV VXFK WKDW
3UIU�W� ! UJ  3UI6W ! W6�U�J � ����

'H�QH ��U�
�
 6�U� �� � 6�U��� ZKLFK LV DQ LQFUHDVLQJ IXQFWLRQ RI U� %\ /HPPD � DQG WKH

GH�QLWLRQ RI U�� ZH KDYH � ! ��U� ! � IRU DOO U � U�� ,Q DGGLWLRQ� WKH SURFHVV I]LJ GH�QLQJ
6W LQ (TXDWLRQ ����� 6HFWLRQ �� LV GLVWULEXWHG 26* �(TXDWLRQ ����� ,W FDQ EH WKHQ VHHQ WKDW
WKH &KHUQR� ERXQGLQJ WHFKQLTXH JLYHV

3UI6W ! W6�U�J � ��W'���U�MM�� ����

ZKHUH '���U�MM�� GHQRWHV WKH LQIRUPDWLRQDO GLYHUJHQFH EHWZHHQ 26* VRXUFHV ZLWK SDUDP�
HWHUV ��U� DQG �� UHVSHFWLYHO\� ZKLFK LV SRVLWLYH IRU U � U�� ,W IROORZV IURP ����� ����� DQG
����� WKDW

�� �
�;

U U�

�

�'���U�MM�� � �
�
 

�;
U U�

DU � ����

7R SURYH WKH FRQYHUJHQFH RI WKH VHULHV LQ WKH ULJKW�KDQG VLGH RI ���� ZH XSSHU�ERXQG WKH
UDWLRV DU�� DU� 6LQFH '���U�MM�� LV DQ LQFUHDVLQJ IXQFWLRQ RI U IRU U � U�� ZH KDYH

DU��
DU

 
�'���U�MM�� � �
�'���U���MM�� � � � �'���U�MM���'���U���MM�� � ����

,W FDQ EH UHDGLO\ YHUL�HG WKDW

'���MM���  '%���MM���
�� ��

ZKHUH WKH LQIRUPDWLRQDO GLYHUJHQFH '%��MM�� IRU %HUQRXOOL SURFHVVHV LV GH�QHG LQ (TXD�
WLRQ ����� 6HFWLRQ �� 7KXV� E\ �����

DU��
DU

� ��
'%���U���MM���'%���U�MM��

����U��� � ����
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 >��U � ��� ��U�@ ORJ
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����

ZKHUH WKH LQHTXDOLW\ IROORZV IURP ��U��� ! ��U� DQG WKH FRQFDYLW\ RI WKH HQWURS\ IXQFWLRQ�
%\ ����� ZH KDYH ��U�  >��U���@� IRU DOO U � �� ZKLFK WRJHWKHU ZLWK ���� DQG ���� LPSOLHV

DU��
DU

� ����U��� ORJ 6�U�6 � ����

'H�QH 6� � 6�U��� ZKLFK LV WKH VPDOOHVW YDOXH RI 6�U� ODUJHU WKDQ 6 DQG GHSHQGV RQO\ RQ
WKH DFWXDO SDUDPHWHU YDOXH� 6LQFH ��U � �� � ���� ! �

�
� ���� \LHOGV IRU DOO U � PD[IU�� �J

DU��
DU
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6�
� � �

7KXV�
�� � � � ����

$V IRU WKH VXP ��� ZH FRQVLGHU WZR FDVHV� U� ! � DQG U�  �� ,Q WKH �UVW FDVH� D FRGH
WKDW FRQWULEXWHV WR WKH VXP �� LV VHOHFWHG WR HQFRGH [W�� ZKHQHYHU 6W � W6�U� � ��� ,Q
DGGLWLRQ� IRU FRGHV �U� � � U � U�� RU ���� WKH FRGH OHQJWK LQFUHDVH ZLWK UHVSHFW WR �U�
IRU DQ LQWHJHU [ FDQ EH DW PRVW 0�[� ELWV SHU HQFRGLQJ� GXH WR D ORQJHU XQDU\ SDUW �WKH
ELQDU\ SDUW GHFUHDVHV DW OHDVW E\ RQH�� 7KXV� WKH H[SHFWHG FRGH OHQJWK LQFUHDVH LQ ���� LV
XQLIRUPO\ XSSHU�ERXQGHG IRU DOO FRGHV WKDW FRQWULEXWH WR ��� LPSO\LQJ

�� � (�����>0�[�@
Q;

W �

3UI6W � W6�U� � ��J � ����

6XEVWLWXWLQJ IRU (�����>0�[�@ LQ ���� DV LQ (TXDWLRQ ����� DQG XVLQJ WKH &KHUQR� ERXQGLQJ
WHFKQLTXH DV ZH KDYH � ! ��U� � ��� ZH REWDLQ
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)LQDOO\� LQ WKH FDVH U�  �� WKH PDJQLWXGH RI WKH DYHUDJH FRGH OHQJWK GLVFUHSDQF\ EHWZHHQ
�� DQG �

�
� LV �

� � �PD[I�� �� �J � �� ,Q DGGLWLRQ� WKH GHFLVLRQ EHWZHHQ WKH WZR FRGHV LV
JRYHUQHG E\1W� ZKLFK DUH VWDWLVWLFV IRU D %HUQRXOOL SURFHVV ZLWK SDUDPHWHU �� &RQVHTXHQWO\�
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7KHRUHP � IROORZV IURP HTXDWLRQV ����� ����� ����� DQG ����� (
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� 5HIHUHQFHV
>�@ -� 5LVVDQHQ� ?$ XQLYHUVDO GDWD FRPSUHVVLRQ V\VWHP�� ,((( 7UDQV� ,QIRUP� 7KHRU\�
YRO� ,7���� SS� ���^���� 6HSW� �����

>�@ 0� -� :HLQEHUJHU� -� 5LVVDQHQ� DQG 0� )HGHU� ?$ XQLYHUVDO �QLWH PHPRU\ VRXUFH��
,((( 7UDQV� ,QIRUP� 7KHRU\� YRO� ,7���� SS� ���^���� 0D\ �����

>�@ 6� 7RGG� *� *� /DQJGRQ� -U�� DQG -� 5LVVDQHQ� ?3DUDPHWHU UHGXFWLRQ DQG FRQWH[W
VHOHFWLRQ IRU FRPSUHVVLRQ RI WKH JUD\�VFDOH LPDJHV�� ,%0 -O� 5HV� 'HYHORS�� YRO� ��
���� SS� ���^���� 0DU� �����

>�@ 0� -� :HLQEHUJHU� -� 5LVVDQHQ� DQG 5� $USV� ?$SSOLFDWLRQV RI XQLYHUVDO FRQWH[W PRG�
HOLQJ WR ORVVOHVV FRPSUHVVLRQ RI JUD\�VFDOH LPDJHV�� ,((( 7UDQV� ,PDJH 3URFHVVLQJ�
YRO� �� SS� ���^���� $SU� �����

>�@ 0� -� :HLQEHUJHU� *� 6HURXVVL� DQG *� 6DSLUR� ?/2&2�,� $ ORZ FRPSOH[LW\� FRQWH[W�
EDVHG� ORVVOHVV LPDJH FRPSUHVVLRQ DOJRULWKP�� LQ 3URF� RI WKH ���� 'DWD &RPSUHVVLRQ
&RQIHUHQFH� �6QRZELUG� 8WDK� 86$�� SS� ���^���� 0DU� �����

>�@ ;� :X� ?$Q DOJRULWKPLF VWXG\ RQ ORVVOHVV LPDJH FRPSUHVVLRQ�� LQ 3URF� RI WKH ����
'DWD &RPSUHVVLRQ &RQIHUHQFH� �6QRZELUG� 8WDK� 86$�� SS� ���^���� 0DU� �����

>�@ -� 5LVVDQHQ� ?8QLYHUVDO FRGLQJ� LQIRUPDWLRQ� SUHGLFWLRQ� DQG HVWLPDWLRQ�� ,((( 7UDQV�
,QIRUP� 7KHRU\� YRO� ,7���� SS� ���^���� -XO\ �����

>�@ $� 1HWUDYDOL DQG -� 2� /LPE� ?3LFWXUH FRGLQJ� $ UHYLHZ�� 3URF� ,(((� YRO� ��� SS� ���^
���� �����

>�@ -� 2
1HDO� ?3UHGLFWLYH TXDQWL]LQJ GL�HUHQWLDO SXOVH FRGH PRGXODWLRQ IRU WKH WUDQVPLV�
VLRQ RI WHOHYLVLRQ VLJQDOV�� %HOO 6\VW� 7HFK� -�� YRO� ��� SS� ���^���� 0D\ �����

>��@ ,62�,(& -7&��6&�� :*� �-3(*�-%,*�� ?,QIRUPDWLRQ WHFKQRORJ\ � /RVVOHVV DQG
QHDU�ORVVOHVV FRPSUHVVLRQ RI FRQWLQXRXV�WRQH VWLOO LPDJHV� 'UDIW ,QWHUQDWLRQDO 6WDQGDUG
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