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LOCO-I (LOw COmplexity LOssless COmpression for
Images) is the algorithm at the core of the new ISO/ITU
standard for lossless and near-lossless compression of
continuous-tone images, JPEG-LS. It is conceived as a
“low complexity projection” of the universal context
modeling paradigm, matching its modeling unit to a
simple coding unit. By combining simplicity with the
compression potential of context models, the algorithm
“enjoys the best of both worlds”. It is based on a simple
fixed context model, which approaches the capability of
the more complex universal techniques for capturing
high-order dependencies. The model is tuned for
efficient performance in conjunction with an extended
family of Golomb-type codes, which are adaptively
chosen, and an embedded alphabet extension for coding
of low-entropy image regions. LOCO-I attains
compression ratios similar or superior to those obtained
with state-of-the-art schemes based on arithmetic
coding. Moreover, it is within a few percentage points of
the best available compression ratios, at a complexity
level estimated at an order of magnitude lower. We
discuss the principles underlying the design of LOCO-I,
and its standardization into JPEG-LS.
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� ,QWURGXFWLRQ

/2&2�, �/2Z &2PSOH[LW\ /2VVOHVV &2PSUHVVLRQ IRU ,PDJHV� LV WKH DOJRULWKP DW WKH FRUH RI

WKH QHZ ,62�,78 VWDQGDUG IRU ORVVOHVV DQG QHDU�ORVVOHVV FRPSUHVVLRQ RI FRQWLQXRXV�WRQH LPDJHV�

-3(*�/6� 7KH DOJRULWKP ZDV LQWURGXFHG LQ DQ DEULGJHG IRUPDW LQ >�@� 7KH VWDQGDUG HYROYHG DIWHU

VXFFHVVLYH UH�QHPHQWV >�� �� �� �� �@� DQG D FRPSOHWH VSHFL�FDWLRQ FDQ EH IRXQG LQ >�@� +RZHYHU� WKH

ODWWHU UHIHUHQFH LV TXLWH REVFXUH� DQG LW RPLWV WKH WKHRUHWLFDO EDFNJURXQG WKDW H[SODLQV WKH VXFFHVV

RI WKH DOJRULWKP� ,Q WKLV SDSHU� ZH GLVFXVV WKH WKHRUHWLFDO IRXQGDWLRQV RI /2&2�, DQG SUHVHQW D

IXOO GHVFULSWLRQ RI WKH PDLQ DOJRULWKPLF FRPSRQHQWV RI -3(*�/6�

/RVVOHVV GDWD FRPSUHVVLRQ VFKHPHV RIWHQ FRQVLVW RI WZR GLVWLQFW DQG LQGHSHQGHQW FRPSRQHQWV�

PRGHOLQJ DQG FRGLQJ� 7KH PRGHOLQJ SDUW FDQ EH IRUPXODWHG DV DQ LQGXFWLYH LQIHUHQFH SUREOHP�

LQ ZKLFK WKH GDWD �H�J�� DQ LPDJH� LV REVHUYHG VDPSOH E\ VDPSOH LQ VRPH SUH�GH�QHG RUGHU �H�J��

UDVWHU�VFDQ� ZKLFK ZLOO EH WKH DVVXPHG RUGHU IRU LPDJHV LQ WKH VHTXHO�� $W HDFK WLPH LQVWDQW W�

DQG DIWHU KDYLQJ VFDQQHG SDVW GDWD [W  [�[� � � �[W� RQH ZLVKHV WR PDNH LQIHUHQFHV RQ WKH QH[W
VDPSOH YDOXH [W�� E\ DVVLJQLQJ D FRQGLWLRQDO SUREDELOLW\ GLVWULEXWLRQ 3 ��M[W� WR LW� ,GHDOO\� WKH
FRGH OHQJWK FRQWULEXWHG E\ [W�� LV � ORJ3 �[W��M[W� ELWV �KHUHDIWHU� ORJDULWKPV DUH WDNHQ WR WKH
EDVH ��� ZKLFK DYHUDJHV WR WKH HQWURS\ RI WKH SUREDELOLVWLF PRGHO� ,Q D VHTXHQWLDO IRUPXODWLRQ� WKH

GLVWULEXWLRQ 3 ��M[W� LV OHDUQHG IURP WKH SDVW DQG LV DYDLODEOH WR WKH GHFRGHU DV LW GHFRGHV WKH SDVW
VWULQJ VHTXHQWLDOO\� $OWHUQDWLYHO\� LQ D WZR�SDVV VFKHPH WKH FRQGLWLRQDO GLVWULEXWLRQ FDQ EH OHDUQHG

IURP WKH ZKROH LPDJH LQ D �UVW SDVV DQG PXVW EH VHQW WR WKH GHFRGHU DV KHDGHU LQIRUPDWLRQ�

7KH FRQFHSWXDO VHSDUDWLRQ EHWZHHQ WKH PRGHOLQJ DQG FRGLQJ RSHUDWLRQV >�@ ZDV PDGH SRVVLEOH

E\ WKH LQYHQWLRQ RI WKH DULWKPHWLF FRGHV >�@� ZKLFK FDQ UHDOL]H DQ\ SUREDELOLW\ DVVLJQPHQW 3 ��M���
GLFWDWHG E\ WKH PRGHO� WR D SUHVHW SUHFLVLRQ� 7KHVH WZR PLOHVWRQHV LQ WKH GHYHORSPHQW RI ORVVOHVV

GDWD FRPSUHVVLRQ DOORZHG UHVHDUFKHUV WR YLHZ WKH SUREOHP PHUHO\ DV RQH RI SUREDELOLW\ DVVLJQPHQW�

FRQFHQWUDWLQJ RQ WKH GHVLJQ RI LPDJLQDWLYH PRGHOV IRU VSHFL�F DSSOLFDWLRQV �H�J�� LPDJH FRPSUHVVLRQ�

ZLWK WKH JRDO RI LPSURYLQJ RQ FRPSUHVVLRQ UDWLRV� 2SWLPL]DWLRQ RI WKH VHTXHQWLDO SUREDELOLW\

DVVLJQPHQW SURFHVV IRU LPDJHV� LQVSLUHG RQ WKH LGHDV RI XQLYHUVDO PRGHOLQJ� LV DQDO\]HG LQ >��@� ZKHUH

D UHODWLYHO\ KLJK FRPSOH[LW\ VFKHPH LV SUHVHQWHG DV D ZD\ WR GHPRQVWUDWH WKHVH LGHDV� 5DWKHU WKDQ

SXUVXLQJ WKLV RSWLPL]DWLRQ� WKH PDLQ REMHFWLYH GULYLQJ WKH GHVLJQ RI /2&2�, LV WR V\VWHPDWLFDOO\

?SURMHFW� WKH LPDJH PRGHOLQJ SULQFLSOHV RXWOLQHG LQ >��@ DQG IXUWKHU GHYHORSHG LQ >��@� LQWR D

ORZ FRPSOH[LW\ SODQH� ERWK IURP D PRGHOLQJ DQG FRGLQJ SHUVSHFWLYH� $ NH\ FKDOOHQJH LQ WKLV

SURFHVV LV WKDW WKH DERYH VHSDUDWLRQ EHWZHHQ PRGHOLQJ DQG FRGLQJ EHFRPHV OHVV FOHDQ XQGHU WKH
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ORZ FRPSOH[LW\ FRGLQJ FRQVWUDLQW� 7KLV LV EHFDXVH WKH XVH RI D JHQHULF DULWKPHWLF FRGHU� ZKLFK

HQDEOHV WKH PRVW JHQHUDO PRGHOV� LV UXOHG RXW LQ PDQ\ ORZ FRPSOH[LW\ DSSOLFDWLRQV� HVSHFLDOO\ IRU

VRIWZDUH LPSOHPHQWDWLRQV�

,PDJH FRPSUHVVLRQ PRGHOV FXVWRPDULO\ FRQVLVWHG RI D �[HG VWUXFWXUH� IRU ZKLFK SDUDPHWHU

YDOXHV ZHUH DGDSWLYHO\ OHDUQHG� 7KH PRGHO LQ >��@� LQVWHDG� LV DGDSWLYH QRW RQO\ LQ WHUPV RI WKH

SDUDPHWHU YDOXHV� EXW DOVR LQ VWUXFWXUH� :KLOH >��@ UHSUHVHQWHG WKH EHVW SXEOLVKHG FRPSUHVVLRQ

UHVXOWV DW WKH WLPH �DW WKH FRVW RI KLJK FRPSOH[LW\�� LW FRXOG EH DUJXHG WKDW WKH LPSURYHPHQW

RYHU WKH �[HG PRGHO VWUXFWXUH SDUDGLJP� EHVW UHSUHVHQWHG E\ WKH 6XQVHW IDPLO\ RI DOJRULWKPV

>��� ��� ��� ��@� ZDV VFDQW� 7KH UHVHDUFK OHDGLQJ WR WKH &$/,& DOJRULWKP >��@� FRQGXFWHG LQ

SDUDOOHO WR WKH GHYHORSPHQW RI /2&2�,� VHHPV WR FRQ�UP D SDWWHUQ RI GLPLQLVKLQJ UHWXUQV� &$/,&

DYRLGV VRPH RI WKH RSWLPL]DWLRQV SHUIRUPHG LQ >��@� EXW E\ WXQLQJ WKH PRGHO PRUH FDUHIXOO\ WR

WKH LPDJH FRPSUHVVLRQ DSSOLFDWLRQ� VRPH FRPSUHVVLRQ JDLQV DUH REWDLQHG� <HW� WKH LPSURYHPHQW

LV QRW GUDPDWLF� HYHQ IRU WKH PRVW FRPSOH[ YHUVLRQ RI WKH DOJRULWKP >��@� 0RUH UHFHQWO\� WKH VDPH

REVHUYDWLRQ DSSOLHV WR WKH 70: DOJRULWKP >��@� ZKLFK DGRSWV D PXOWLSOH�SDVV PRGHOLQJ DSSURDFK�

$FWXDOO\� LQ PDQ\ DSSOLFDWLRQV� D GUDVWLF FRPSOH[LW\ UHGXFWLRQ FDQ KDYH PRUH SUDFWLFDO LPSDFW

WKDQ D PRGHVW LQFUHDVH LQ FRPSUHVVLRQ� 7KLV REVHUYDWLRQ VXJJHVWHG WKDW MXGLFLRXV PRGHOLQJ� ZKLFK

VHHPHG WR EH UHDFKLQJ D SRLQW RI GLPLQLVKLQJ UHWXUQV LQ WHUPV RI FRPSUHVVLRQ UDWLRV� VKRXOG UDWKHU

EH DSSOLHG WR REWDLQ FRPSHWLWLYH FRPSUHVVLRQ DW VLJQL�FDQWO\ ORZHU FRPSOH[LW\ OHYHOV�

2Q WKH RWKHU KDQG� VLPSOLFLW\�GULYHQ VFKHPHV �H�J�� WKH PRVW SRSXODU YHUVLRQ RI WKH ORVVOHVV

-3(* VWDQGDUG >��@� SURSRVH PLQRU YDULDWLRQV RI WUDGLWLRQDO '3&0 WHFKQLTXHV >��@� ZKLFK LQFOXGH

+X�PDQ FRGLQJ >��@ RI SUHGLFWLRQ UHVLGXDOV REWDLQHG ZLWK VRPH �[HG SUHGLFWRU� 7KHVH VLPSOHU

WHFKQLTXHV DUH IXQGDPHQWDOO\ OLPLWHG LQ WKHLU FRPSUHVVLRQ SHUIRUPDQFH E\ WKH �UVW RUGHU HQWURS\

RI WKH SUHGLFWLRQ UHVLGXDOV� ZKLFK LQ JHQHUDO FDQQRW DFKLHYH WRWDO GHFRUUHODWLRQ RI WKH GDWD >��@� 7KH

FRPSUHVVLRQ JDS EHWZHHQ WKHVH VLPSOH VFKHPHV DQG WKH PRUH FRPSOH[ RQHV LV VLJQL�FDQW� DOWKRXJK

WKH )(/,&6 DOJRULWKP >��@ FDQ EH FRQVLGHUHG D �UVW VWHS LQ EULGJLQJ WKLV JDS� DV LW LQFRUSRUDWHV

DGDSWLYLW\ LQ D ORZ FRPSOH[LW\ IUDPHZRUN�

:KLOH PDLQWDLQLQJ WKH FRPSOH[LW\ OHYHO RI )(/,&6� /2&2�, DWWDLQV VLJQL�FDQWO\ EHWWHU FRP�

SUHVVLRQ UDWLRV� VLPLODU RU VXSHULRU WR WKRVH REWDLQHG ZLWK VWDWH�RI�WKH DUW VFKHPHV EDVHG RQ DULWK�

PHWLF FRGLQJ� EXW DW D IUDFWLRQ RI WKH FRPSOH[LW\� ,Q IDFW� DV VKRZQ LQ WKH UHVXOWV 6HFWLRQ �� ZKHQ

WHVWHG RYHU D EHQFKPDUN VHW RI LPDJHV RI D ZLGH YDULHW\ RI W\SHV� /2&2�, SHUIRUPHG ZLWKLQ D IHZ

SHUFHQWDJH SRLQWV RI WKH EHVW DYDLODEOH FRPSUHVVLRQ UDWLRV �JLYHQ E\ &$/,&�� DW D FRPSOH[LW\ OHYHO
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FORVH WR DQ RUGHU RI PDJQLWXGH ORZHU� +HUH� FRPSOH[LW\ ZDV HVWLPDWHG E\ PHDVXULQJ UXQQLQJ WLPHV

RI IDLUO\ H�FLHQW VRIWZDUH LPSOHPHQWDWLRQV SURYLGHG E\ WKH DXWKRUV RI WKH UHVSHFWLYH DOJRULWKPV�

,Q WKH VHTXHO� RXU GLVFXVVLRQV ZLOO EH JHQHUDOO\ FRQ�QHG WR JUD\�VFDOH LPDJHV� )RU PXOWL�

FRPSRQHQW LPDJHV �H�J�� FRORU LPDJHV UHSUHVHQWHG LQ VRPH YHFWRU VSDFH�� VLPLODU FRPSUHVVLRQ WRROV

DUH W\SLFDOO\ HPSOR\HG� )RU WKRVH LPDJHV WKH -3(*�/6 V\QWD[ VXSSRUWV ERWK LQWHUOHDYHG DQG

QRQ�LQWHUOHDYHG �L�H�� FRPSRQHQW E\ FRPSRQHQW� PRGHV� ,Q LQWHUOHDYHG PRGHV� SRVVLEOH FRUUHODWLRQ

EHWZHHQ FRORU SODQHV �H�J�� LQ DQ 5*% UHSUHVHQWDWLRQ� LV XVHG LQ D OLPLWHG ZD\� DV GHVFULEHG LQ WKH

$SSHQGL[� $ PRUH FRPSUHKHQVLYH H[SORLWDWLRQ RI WKLV FRUUHODWLRQ LV EH\RQG WKH VSHFL�HG VFRSH RI

-3(*�/6� DQG LV WKH VXEMHFW RI FXUUHQW UHVHDUFK �VHH� H�J�� >��@��

-3(*�/6 R�HUV D ORVV\ PRGH RI RSHUDWLRQ� WHUPHG ?QHDU�ORVVOHVV�� LQ ZKLFK HYHU\ VDPSOH YDOXH

LQ D UHFRQVWUXFWHG LPDJH FRPSRQHQW LV JXDUDQWHHG WR GL�HU IURP WKH FRUUHVSRQGLQJ YDOXH LQ WKH

RULJLQDO LPDJH E\ XS WR D SUHVHW �VPDOO� DPRXQW� �� ,Q IDFW� LQ WKH VSHFL�FDWLRQ >�@� WKH ORVVOHVV

PRGH LV MXVW D VSHFLDO FDVH RI QHDU�ORVVOHVV FRPSUHVVLRQ� ZLWK �  �� 7KLV SDSHU ZLOO IRFXV PDLQO\

RQ WKH ORVVOHVV PRGH� ZLWK WKH QHDU�ORVVOHVV FDVH SUHVHQWHG DV DQ H[WHQVLRQ LQ 6HFWLRQ ��

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � UHYLHZV WKH SULQFLSOHV WKDW

JXLGH WKH FKRLFH RI PRGHO LQ ORVVOHVV LPDJH FRPSUHVVLRQ� DQG LQWURGXFHV WKH EDVLF FRPSRQHQWV RI

/2&2�, DV ORZ FRPSOH[LW\ SURMHFWLRQV RI WKHVH JXLGLQJ SULQFLSOHV� 6HFWLRQ � SUHVHQWV D GHWDLOHG

GHVFULSWLRQ RI WKH EDVLF DOJRULWKP EHKLQG -3(*�/6 FXOPLQDWLQJ ZLWK D VXPPDU\ RI DOO WKH VWHSV

RI WKH DOJRULWKP� 6HFWLRQ � GLVFXVVHV WKH QHDU�ORVVOHVV PRGH� ZKLOH 6HFWLRQ � GLVFXVVHV YDULDWLRQV

WR WKH EDVLF FRQ�JXUDWLRQ� LQFOXGLQJ RQH EDVHG RQ DULWKPHWLF FRGLQJ� ZKLFK KDV EHHQ DGRSWHG IRU

D SURVSHFWLYH H[WHQVLRQ RI WKH EDVHOLQH -3(*�/6 VWDQGDUG� ,Q 6HFWLRQ �� FRPSUHVVLRQ UHVXOWV DUH

UHSRUWHG IRU VWDQGDUG LPDJH VHWV� )LQDOO\� DQ DSSHQGL[ OLVWV YDULRXV DGGLWLRQDO IHDWXUHV LQ WKH

VWDQGDUG� LQFOXGLQJ WKH WUHDWPHQW RI FRORU LPDJHV�

:KLOH PRGHOLQJ SULQFLSOHV ZLOO JHQHUDOO\ EH GLVFXVVHG LQ UHIHUHQFH WR /2&2�, DV WKH DOJRULWKP

EHKLQG -3(*�/6� VSHFL�F GHVFULSWLRQV ZLOO JHQHUDOO\ UHIHU WR /2&2�,�-3(*�/6� XQOHVV DSSOLFDEOH

WR RQO\ RQH RI WKH VFKHPHV�

� 0RGHOLQJ SULQFLSOHV DQG /2&2�,

��� 0RGHO FRVW DQG SULRU NQRZOHGJH

,Q WKLV VHFWLRQ� ZH UHYLHZ WKH SULQFLSOHV WKDW JXLGH WKH FKRLFH RI PRGHO DQG� FRQVHTXHQWO\� WKH

UHVXOWLQJ SUREDELOLW\ DVVLJQPHQW VFKHPH� ,Q VWDWH�RI�WKH�DUW ORVVOHVV LPDJH FRPSUHVVLRQ VFKHPHV�

WKLV SUREDELOLW\ DVVLJQPHQW LV JHQHUDOO\ EURNHQ LQWR WKH IROORZLQJ FRPSRQHQWV�
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)LJXUH �� %ORFN GLDJUDP RI D W\SLFDO ORVVOHVV LPDJH FRPSUHVVLRQ VFKHPH

D� $ SUHGLFWLRQ VWHS� LQ ZKLFK D YDOXH A[W�� LV JXHVVHG IRU WKH QH[W VDPSOH [W�� EDVHG RQ D �QLWH

VXEVHW �D FDXVDO WHPSODWH� RI WKH DYDLODEOH SDVW GDWD [W�

E� 7KH GHWHUPLQDWLRQ RI D FRQWH[W LQ ZKLFK [W�� RFFXUV� 7KH FRQWH[W LV� DJDLQ� D IXQFWLRQ RI D

�SRVVLEO\ GL�HUHQW� FDXVDO WHPSODWH�

F� $ SUREDELOLVWLF PRGHO IRU WKH SUHGLFWLRQ UHVLGXDO �RU HUURU VLJQDO� �W��
�
 [W�� � A[W��� FRQGL�

WLRQHG RQ WKH FRQWH[W RI [W���

7KLV VWUXFWXUH ZDV SLRQHHUHG E\ WKH 6XQVHW DOJRULWKP >��@ DQG LV UH�HFWHG LQ WKH EORFN GLDJUDP RI

)LJXUH �� 7KH VKDGHG DUHDV LQ WKH LPDJH LFRQV UHSUHVHQW WKH VFDQQHG SDVW GDWD [W� RQ ZKLFK WKH

SUREDELOLW\ DVVLJQPHQW LV EDVHG� ZKLOH WKH EODFN GRWV UHSUHVHQW WKH VDPSOH [W�� FXUUHQWO\ FRGHG�

0RGHO FRVW� $ SUREDELOLW\ DVVLJQPHQW VFKHPH IRU GDWD FRPSUHVVLRQ DLPV DW SURGXFLQJ D FRGH

OHQJWK ZKLFK DSSURDFKHV WKH HPSLULFDO HQWURS\ RI WKH GDWD� /RZHU HQWURSLHV FDQ EH DFKLHYHG

WKURXJK KLJKHU RUGHU FRQGLWLRQLQJ �ODUJHU FRQWH[WV�� +RZHYHU� WKLV LPSOLHV D ODUJHU QXPEHU . RI

SDUDPHWHUV LQ WKH VWDWLVWLFDO PRGHO� ZLWK DQ DVVRFLDWHGPRGHO FRVW >��@ ZKLFK FRXOG R�VHW WKH HQWURS\

VDYLQJV� 7KLV FRVW FDQ EH LQWHUSUHWHG DV FDSWXULQJ WKH SHQDOWLHV RI ?FRQWH[W GLOXWLRQ� RFFXUULQJ

ZKHQ FRXQW VWDWLVWLFV PXVW EH VSUHDG RYHU WRR PDQ\ FRQWH[WV� WKXV D�HFWLQJ WKH DFFXUDF\ RI WKH

FRUUHVSRQGLQJ HVWLPDWHV� 7KH SHU�VDPSOH DV\PSWRWLF PRGHO FRVW LV JLYHQ E\ �. ORJQ� ��Q�� ZKHUH

Q LV WKH QXPEHU RI GDWD VDPSOHV >��@� 7KXV� WKH QXPEHU RI SDUDPHWHUV SOD\V D IXQGDPHQWDO UROH LQ

PRGHOLQJ SUREOHPV� JRYHUQLQJ WKH DERYH ?WHQVLRQ� EHWZHHQ HQWURS\ VDYLQJV DQG PRGHO FRVW >��@�

7KLV REVHUYDWLRQ VXJJHVWV WKDW WKH FKRLFH RI PRGHO VKRXOG EH JXLGHG E\ WKH XVH� ZKHQHYHU SRVVLEOH�

RI DYDLODEOH SULRU NQRZOHGJH RQ WKH GDWD WR EH PRGHOHG� WKXV DYRLGLQJ XQQHFHVVDU\ ?OHDUQLQJ� FRVWV

�L�H�� RYHU�WWLQJ�� ,Q D FRQWH[W PRGHO� . LV GHWHUPLQHG E\ WKH QXPEHU RI IUHH SDUDPHWHUV GH�QLQJ

WKH FRGLQJ GLVWULEXWLRQ DW HDFK FRQWH[W DQG E\ WKH QXPEHU RI FRQWH[WV�
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3UHGLFWLRQ� ,Q JHQHUDO� WKH SUHGLFWRU FRQVLVWV RI D �[HG DQG DQ DGDSWLYH FRPSRQHQW� 7KH XVH RI D

SUHGLFWLRQ VWHS LV FORVHO\ UHODWHG WR PRGHO FRVW� ,Q SULQFLSOH� WKH ?GHFRUUHODWLRQ� H�HFW RI SUHGLFWLRQ�

ZKLFK LV REYLRXV ZKHQ IROORZHG E\ D ]HUR�RUGHU FRGHU� EHFRPHV OHVV FOHDU ZKHQ D FRQWH[W PRGHO LV

XVHG� $IWHU DOO� WKH VDPH FRQWH[WXDO LQIRUPDWLRQ WKDW LV XVHG WR SUHGLFW LV DOVR DYDLODEOH IRU EXLOGLQJ

WKH FRPSUHVVLRQ PRGHO� ZKLFK ZLOO HYHQWXDOO\ OHDUQ WKH ?SUHGLFWLYH� SDWWHUQV RI WKH GDWD� 7KH XVH

RI WZR GL�HUHQW PRGHOLQJ WRROV EDVHG RQ WKH VDPH FRQWH[WXDO LQIRUPDWLRQ LV DQDO\]HG LQ >��@� DQG

WKH LQWHUDFWLRQ LV H[SODLQHG LQ WHUPV RI PRGHO FRVW� SUHGLFWLRQ UHGXFHV WKH QXPEHU RI FRQWH[WV

QHHGHG IRU PRGHOLQJ KLJK RUGHU GHSHQGHQFLHV� 7KH DGDSWLYH FRPSRQHQW RI WKH SUHGLFWRU� KRZHYHU�

DOVR UHTXLUHV D PRGHO ZLWK DQ DVVRFLDWHG FRVW� ZKLFK VKRXOG EH ZHLJKWHG DJDLQVW WKH SRWHQWLDO

VDYLQJV LQ FRPSUHVVLRQ PRGHO FRVW� $Q LQGLFDWLRQ WKDW WKLV WUDGH�R� PLJKW EH IDYRUDEOH LV JLYHQ E\

D FRPSDULVRQ EHWZHHQ WKH FRPSUHVVLELOLW\ ERXQG LQ >��@ DQG WKH SUHGLFWDELOLW\ ERXQG LQ >��@� ZKLFK

VKRZV WKDW WKH PRGHO FRVW IRU SUHGLFWLRQ _ 2�� Q� _ LV QHJOLJLEOH ZLWK UHVSHFW WR WKDW DVVRFLDWHG

ZLWK FRPSUHVVLRQ _ 2�ORJQ Q�� 0RUHRYHU� WKH �[HG FRPSRQHQW RI WKH SUHGLFWRU UH�HFWV RXU SULRU

NQRZOHGJH RI W\SLFDO VWUXFWXUHV LQ WKH GDWD� OHDGLQJ� DJDLQ� WR PRGHO FRVW VDYLQJV� $V D UHVXOW� >��@

SURSRVHV WKH EDVLF SDUDGLJP RI XVLQJ D ODUJH PRGHO IRU DGDSWLYH SUHGLFWLRQ ZKLFK LQ WXUQ DOORZV IRU

D VPDOOHU PRGHO IRU FRPSUHVVLRQ� 7KLV SDUDGLJP LV DOVR DSSOLHG� IRU LQVWDQFH� LQ >��@�

3DUDPHWULF GLVWULEXWLRQV� 3ULRU NQRZOHGJH RQ WKH VWUXFWXUH RI LPDJHV WR EH FRPSUHVVHG FDQ EH

IXUWKHU XWLOL]HG E\ �WWLQJ SDUDPHWULF GLVWULEXWLRQV ZLWK IHZ SDUDPHWHUV SHU FRQWH[W WR WKH GDWD�

7KLV DSSURDFK DOORZV IRU D ODUJHU QXPEHU RI FRQWH[WV WR FDSWXUH KLJKHU RUGHU GHSHQGHQFLHV ZLWKRXW

SHQDOW\ LQ RYHUDOO PRGHO FRVW� $OWKRXJK WKHUH LV URRP IRU FUHDWLYH FRPELQDWLRQV� WKH ZLGHO\ DFFHSWHG

REVHUYDWLRQ >��@ WKDW SUHGLFWLRQ UHVLGXDOV LQ FRQWLQXRXV�WRQH LPDJHV DUH ZHOO PRGHOHG E\ D WZR�VLGHG

JHRPHWULF GLVWULEXWLRQ �76*'� PDNHV WKLV PRGHO YHU\ DSSHDOLQJ LQ LPDJH FRGLQJ� ,W LV XVHG LQ >��@

DQG UHTXLUHV RQO\ WZR SDUDPHWHUV �UHSUHVHQWLQJ WKH UDWH RI GHFD\ DQG WKH VKLIW IURP ]HUR� SHU

FRQWH[W� DV GLVFXVVHG LQ 6HFWLRQ ������

7KH RSWLPL]DWLRQ RI WKH DERYH PRGHOLQJ VWHSV� LQVSLUHG RQ WKH LGHDV RI XQLYHUVDO PRGHOLQJ�

LV GHPRQVWUDWHG LQ >��@� ,Q WKLV VFKHPH� WKH FRQWH[W IRU [W�� LV GHWHUPLQHG RXW RI GL�HUHQFHV

[WL�[WM � ZKHUH WKH SDLUV �WL� WM� FRUUHVSRQG WR DGMDFHQW ORFDWLRQV ZLWKLQ D �[HG FDXVDO WHPSODWH� ZLWK

WL� WM � W� (DFK GL�HUHQFH LV DGDSWLYHO\ TXDQWL]HG EDVHG RQ WKH FRQFHSW RI VWRFKDVWLF FRPSOH[LW\ >��@�

WR DFKLHYH DQ RSWLPDO QXPEHU RI FRQWH[WV� 7KH SUHGLFWLRQ VWHS LV DFFRPSOLVKHG ZLWK DQ DGDSWLYHO\

RSWLPL]HG� FRQWH[W�GHSHQGHQW OLQHDU SUHGLFWRU� WR ZKLFK LQ DOO LPSOHPHQWDWLRQV RI >��@ DQ D�QH

WHUP LV DGGHG� 7KH SUHGLFWLRQ UHVLGXDOV� PRGHOHG E\ D 76*'� DUH DULWKPHWLF�HQFRGHG DQG WKH

�



UHVXOWLQJ FRGH OHQJWK LV DV\PSWRWLFDOO\ RSWLPDO LQ D FHUWDLQ EURDG FODVV RI SURFHVVHV XVHG WR PRGHO

WKH GDWD >��@�

��� $SSOLFDWLRQ WR /2&2�,

,Q WKLV VHFWLRQ� ZH LQWURGXFH WKH EDVLF FRPSRQHQWV RI /2&2�, DV ORZ FRPSOH[LW\ SURMHFWLRQV RI WKH

JXLGLQJ SULQFLSOHV SUHVHQWHG LQ 6HFWLRQ ���� 7KH FRPSRQHQWV DUH GHVFULEHG LQ GHWDLO LQ 6HFWLRQ ��

3UHGLFWRU� 7KH �[HG FRPSRQHQW RI WKH SUHGLFWRU LQ /2&2�, LV QRQ�OLQHDU DQG LW LQFRUSRUDWHV SULRU

NQRZOHGJH WKURXJK D UXGLPHQWDU\ HGJH GHWHFWLQJ FDSDELOLW\� $V IRU DGDSWLYH SUHGLFWLRQ� RQO\ DQ

DGGLWLYH WHUP� ZKLFK UH�HFWV WKH D�QH WHUP LQ WKH DGDSWLYH SUHGLFWRU RI >��@ �UHIHUUHG WR DV ?ELDV

FDQFHOODWLRQ� GXH WR DQ DOWHUQDWLYH LQWHUSUHWDWLRQ� VHH 6HFWLRQ ����� LV NHSW�

&RQWH[W PRGHO� $ YHU\ VLPSOH FRQWH[W PRGHO� GHWHUPLQHG E\ TXDQWL]HG JUDGLHQWV DV LQ >��@� LV

DLPHG DW DSSURDFKLQJ WKH FDSDELOLW\ RI WKH PRUH FRPSOH[ XQLYHUVDO FRQWH[W PRGHOLQJ WHFKQLTXHV

IRU FDSWXULQJ KLJK�RUGHU GHSHQGHQFLHV� 7KH GHVLUHG VPDOO QXPEHU RI IUHH VWDWLVWLFDO SDUDPHWHUV LV

DFKLHYHG E\ DGRSWLQJ� KHUH DV ZHOO� D 76*' PRGHO� ZKLFK \LHOGV WZR IUHH SDUDPHWHUV SHU FRQWH[W�

&RGHU� ,Q D ORZ FRPSOH[LW\ IUDPHZRUN� WKH FKRLFH RI D 76*' PRGHO LV RI SDUDPRXQW LPSRUWDQFH

VLQFH LW FDQ EH H�FLHQWO\ HQFRGHG ZLWK DQ H[WHQGHG IDPLO\ RI *RORPE�W\SH FRGHV >��@� ZKLFK DUH

DGDSWLYHO\ VHOHFWHG >��@ �VHH DOVR >��@�� 7KH RQ�OLQH VHOHFWLRQ VWUDWHJ\ WXUQV RXW WR EH VXUSULVLQJO\

VLPSOH� DQG LW LV GHULYHG E\ UHGXFWLRQ RI WKH IDPLO\ RI RSWLPDO SUH�[ FRGHV IRU 76*'V >��@ XVLQJ

WHFKQLTXHV SUHVHQWHG LQ >��@� $V D UHVXOW� DGDSWLYH V\PERO�E\�V\PERO FRGLQJ LV SRVVLEOH DW YHU\

ORZ FRPSOH[LW\� WKXV DYRLGLQJ WKH XVH RI WKH PRUH FRPSOH[ DULWKPHWLF FRGHUV�� ,Q RUGHU WR DGGUHVV

WKH UHGXQGDQF\ RI V\PERO�E\�V\PERO FRGLQJ LQ WKH ORZ HQWURS\ UDQJH �?�DW� UHJLRQV�� DQ DOSKDEHW

H[WHQVLRQ LV HPEHGGHG LQ WKH PRGHO �?UXQ� PRGH�� ,Q -3(*�/6� UXQ OHQJWKV DUH DGDSWLYHO\ FRGHG

XVLQJ EORFN�0(/&2'(� DQ DGDSWDWLRQ WHFKQLTXH IRU *RORPE�W\SH FRGHV >��� �@�

6XPPDU\� 7KH RYHUDOO VLPSOLFLW\ RI /2&2�,�-3(*�/6 FDQ EH PDLQO\ DWWULEXWHG WR LWV VXFFHVV

LQ PDWFKLQJ WKH FRPSOH[LW\ RI WKH PRGHOLQJ DQG FRGLQJ XQLWV� FRPELQLQJ VLPSOLFLW\ ZLWK WKH FRP�

SUHVVLRQ SRWHQWLDO RI FRQWH[W PRGHOV� WKXV ?HQMR\LQJ WKH EHVW RI ERWK ZRUOGV�� 7KH PDLQ EORFNV RI

WKH DOJRULWKP DUH GHSLFWHG LQ )LJXUH �� LQFOXGLQJ WKH FDXVDO WHPSODWH DFWXDOO\ HPSOR\HG�

�7KH XVH RI *RORPE FRGHV LQ FRQMXQFWLRQ ZLWK FRQWH[W PRGHOLQJ ZDV SLRQHHUHG LQ WKH )(/,&6 DOJRULWKP >��@�
/2&2�, GL�HUV VLJQL�FDQWO\ IURP )(/,&6 LQ WKDW LW IROORZV D PRUH WUDGLWLRQDO SUHGLFWRU�PRGHOHU�FRGHU VWUXFWXUH
DORQJ WKH SDUDGLJP RI >��@ DQG >��@� LQ WKH XVH RI D QRYHO DQG H[WUHPHO\ VLPSOH H[SOLFLW IRUPXOD IRU *RORPE SDUDPHWHU
HVWLPDWLRQ� DV RSSRVHG WR WKH VHDUFK SURFHGXUH GHVFULEHG LQ >��@� DQG LQ WKH XVH RI DQ HPEHGGHG DOSKDEHW H[WHQVLRQ
WR UHGXFH FRGH UHGXQGDQF\�

�



)LJXUH �� -3(*�/6� %ORFN 'LDJUDP

� 'HWDLOHG GHVFULSWLRQ RI -3(*�/6

7KH SUHGLFWLRQ DQG PRGHOLQJ XQLWV LQ -3(*�/6 DUH EDVHG RQ WKH FDXVDO WHPSODWH GHSLFWHG LQ

)LJXUH �� ZKHUH [ GHQRWHV WKH FXUUHQW VDPSOH� DQG D� E� F� DQG G� DUH QHLJKERULQJ VDPSOHV LQ WKH

UHODWLYH SRVLWLRQV VKRZQ LQ WKH �JXUH�� 7KH GHSHQGHQFH RI D� E� F� G� DQG [� RQ WKH WLPH LQGH[

W KDV EHHQ GHOHWHG IURP WKH QRWDWLRQ IRU VLPSOLFLW\� 0RUHRYHU� E\ DEXVH RI QRWDWLRQ� ZH ZLOO XVH

D� E� F� G� DQG [ WR GHQRWH ERWK WKH YDOXHV RI WKH VDPSOHV DQG WKHLU ORFDWLRQV� %\ XVLQJ WKH WHPSODWH

RI )LJXUH �� -3(*�/6 OLPLWV LWV LPDJH EX�HULQJ UHTXLUHPHQW WR RQH VFDQ OLQH�

��� 3UHGLFWLRQ

,GHDOO\� WKH YDOXH JXHVVHG IRU WKH FXUUHQW VDPSOH [ VKRXOG GHSHQG RQ D� E� F� DQG G WKURXJK DQ

DGDSWLYH PRGHO RI WKH ORFDO HGJH GLUHFWLRQ� :KLOH RXU FRPSOH[LW\ FRQVWUDLQWV UXOH RXW WKLV SRVVLELOLW\�

VRPH IRUP RI HGJH GHWHFWLRQ LV VWLOO GHVLUDEOH� ,Q /2&2�,�-3(*�/6� D �[HG SUHGLFWRU SHUIRUPV D

SULPLWLYH WHVW WR GHWHFW YHUWLFDO RU KRUL]RQWDO HGJHV� ZKLOH WKH DGDSWLYH SDUW LV OLPLWHG WR DQ LQWHJHU

DGGLWLYH WHUP� ZKLFK UH�HFWV WKH D�QH WHUP LQ WKH DGDSWLYH SUHGLFWRU RI >��@� 6SHFL�FDOO\� WKH �[HG

SUHGLFWRU LQ /2&2�,�-3(*�/6 JXHVVHV�

A[0('
�
 

�!�
!�
PLQ�D� E� LI F � PD[�D� E�
PD[�D� E� LI F � PLQ�D� E�
D� E� F RWKHUZLVH�

���

7KH SUHGLFWRU ��� WHQGV WR SLFN E LQ FDVHV ZKHUH D YHUWLFDO HGJH H[LVWV OHIW RI WKH FXUUHQW ORFDWLRQ�

D LQ FDVHV RI DQ KRUL]RQWDO HGJH DERYH WKH FXUUHQW ORFDWLRQ� RU D � E � F LI QR HGJH LV GHWHFWHG�

7KH ODWWHU FKRLFH ZRXOG EH WKH YDOXH RI [ LI WKH FXUUHQW VDPSOH EHORQJHG WR WKH ?SODQH� GH�QHG E\

WKH WKUHH QHLJKERULQJ VDPSOHV ZLWK ?KHLJKWV� D� E� DQG F� 7KLV H[SUHVVHV WKH H[SHFWHG VPRRWKQHVV

�7KH FDXVDO WHPSODWH LQ >�@ LQFOXGHV DQ DGGLWLRQDO VDPSOH� H� :HVW RI D� 7KLV ORFDWLRQ ZDV GLVFDUGHG LQ WKH FRXUVH
RI WKH VWDQGDUGL]DWLRQ SURFHVV DV LWV FRQWULEXWLRQ GLG QRW MXVWLI\ WKH DGGLWLRQDO FRQWH[W VWRUDJH UHTXLUHG >�@�

�



RI WKH LPDJH LQ WKH DEVHQFH RI HGJHV� 7KH SUHGLFWRU ��� KDV EHHQ XVHG LQ LPDJH FRPSUHVVLRQ

DSSOLFDWLRQV >��@� XQGHU D GL�HUHQW LQWHUSUHWDWLRQ� 7KH JXHVVHG YDOXH LV VHHQ DV WKH PHGLDQ RI WKUHH

�[HG SUHGLFWRUV� D� E� DQG D � E � F� &RPELQLQJ ERWK LQWHUSUHWDWLRQV� WKLV SUHGLFWRU ZDV UHQDPHG

GXULQJ WKH VWDQGDUGL]DWLRQ SURFHVV ?PHGLDQ HGJH GHWHFWRU� �0('��

$V IRU WKH LQWHJHU DGDSWLYH WHUP� LW H�HFWV D FRQWH[W�GHSHQGHQW WUDQVODWLRQ� 7KHUHIRUH� LW FDQ

EH LQWHUSUHWHG DV SDUW RI WKH HVWLPDWLRQ SURFHGXUH IRU WKH 76*'� 7KLV SURFHGXUH LV GLVFXVVHG LQ

6HFWLRQ ���� 1RWLFH WKDW G LV HPSOR\HG LQ WKH DGDSWLYH SDUW RI WKH SUHGLFWRU� EXW QRW LQ ����

��� &RQWH[W 0RGHOLQJ

$V QRWHG LQ 6HFWLRQ ���� UHGXFLQJ WKH QXPEHU RI SDUDPHWHUV LV D NH\ REMHFWLYH LQ D FRQWH[W PRG�

HOLQJ VFKHPH� 7KLV QXPEHU LV GHWHUPLQHG E\ WKH QXPEHU RI IUHH SDUDPHWHUV GH�QLQJ WKH FRGLQJ

GLVWULEXWLRQ DW HDFK FRQWH[W DQG E\ WKH QXPEHU RI FRQWH[WV�

����� 3DUDPHWHUL]DWLRQ

,W LV D ZLGHO\ DFFHSWHG REVHUYDWLRQ >��@ WKDW SUHGLFWLRQ UHVLGXDOV LQ FRQWLQXRXV�WRQH LPDJHV DUH

ZHOO�PRGHOHG E\ D 76*' FHQWHUHG DW ]HUR� $FFRUGLQJ WR WKLV GLVWULEXWLRQ� WKH SUREDELOLW\ RI DQ

LQWHJHU YDOXH � RI WKH SUHGLFWLRQ HUURU LV SURSRUWLRQDO WR �M�M� ZKHUH � � ��� �� FRQWUROV WKH WZR�VLGHG
H[SRQHQWLDO GHFD\ UDWH� +RZHYHU� LQ FRQWH[W�FRQGLWLRQHG PRGHOV� D '& R�VHW LV W\SLFDOO\ SUHVHQW LQ

WKH SUHGLFWLRQ HUURU VLJQDO >��@� 7KLV R�VHW LV GXH WR LQWHJHU�YDOXH FRQVWUDLQWV DQG SRVVLEOH ELDV LQ

WKH SUHGLFWLRQ VWHS� 7KXV� D PRUH JHQHUDO PRGHO� ZKLFK LQFOXGHV DQ DGGLWLRQDO R�VHW SDUDPHWHU �� LV

DSSURSULDWH� /HWWLQJ � WDNH QRQ�LQWHJHU YDOXHV� WKH WZR DGMDFHQW PRGHV RIWHQ REVHUYHG LQ HPSLULFDO

FRQWH[W�GHSHQGHQW KLVWRJUDPV RI SUHGLFWLRQ HUURUV DUH DOVR EHWWHU FDSWXUHG E\ WKLV PRGHO� :H EUHDN

WKH �[HG SUHGLFWLRQ R�VHW LQWR DQ LQWHJHU SDUW 5 �RU ?ELDV��� DQG D IUDFWLRQDO SDUW � �RU ?VKLIW���

VXFK WKDW �  5 � �� ZKHUH � � � � �� 7KXV� WKH 76*' SDUDPHWULF FODVV 3������ DVVXPHG E\

/2&2�,�-3(*�/6 IRU WKH �[HG SUHGLFWLRQ HUURU DW HDFK FRQWH[W� LV JLYHQ E\

3��������  &��� ���M��5��M� �  �������� ���� ���

ZKHUH &��� ��  �� � �� ����� � ��� LV D QRUPDOL]DWLRQ IDFWRU� ,Q WKH VHTXHO� ZH DVVXPH WKDW WKH

LQWHJHU DGDSWLYH WHUP RI WKH SUHGLFWRU LV WXQHG WR FDQFHO WKH ELDV 5� SURGXFLQJ DYHUDJH UHVLGXDOV

EHWZHHQ GLVWULEXWLRQ PRGHV ORFDWHG DW � DQG �� �VHH 6HFWLRQ ������� &RQVHTXHQWO\� DIWHU DGDSWLYH
SUHGLFWLRQ� WKH PRGHO RI ��� UHGXFHV LQ /2&2�,�-3(*�/6 WR

3��������  &��� ���M���M� �  �������� ���� ���

ZKHUH � � � � � DQG � � � � �� DV DERYH� 7KLV UHGXFHG UDQJH IRU WKH R�VHW LV PDWFKHG WR WKH

FRGHV SUHVHQWHG LQ 6HFWLRQ ���� EXW DQ\ XQLW LQWHUYDO FRXOG EH XVHG LQ SULQFLSOH �WKH SUHIHUHQFH RI

�



�� RYHU �� LV DUELWUDU\�� 7KH 76*' FHQWHUHG DW ]HUR FRUUHVSRQGV WR �  �� DQG� ZKHQ �  �
� �

3����� LV D EL�PRGDO GLVWULEXWLRQ ZLWK HTXDO SHDNV DW �� DQG �� 1RWLFH WKDW WKH SDUDPHWHUV RI WKH
GLVWULEXWLRQ DUH FRQWH[W�GHSHQGHQW� HYHQ WKRXJK WKLV IDFW LV RPLWWHG E\ RXU QRWDWLRQ�

7KH LPDJH DOSKDEHW� DVVXPHG LQ�QLWH LQ ���� KDV D �QLWH VL]H � LQ SUDFWLFH� )RU D JLYHQ SUHGLFWLRQ

A[� � WDNHV RQ YDOXHV LQ WKH UDQJH �A[ � � � ��A[� 6LQFH A[ LV NQRZQ WR WKH GHFRGHU� WKH DFWXDO YDOXH
RI WKH SUHGLFWLRQ UHVLGXDO FDQ EH UHGXFHG� PRGXOR �� WR D YDOXH EHWZHHQ �E� �F DQG G� �H��� 7KLV
LV GRQH LQ /2&2�,�-3(*�/6� WKXV UHPDSSLQJ ODUJH SUHGLFWLRQ UHVLGXDOV WR VPDOO RQHV� 0HUJLQJ

WKH ?WDLOV� RI SHDNHG GLVWULEXWLRQV ZLWK WKHLU FHQWUDO SDUW GRHV QRW VLJQL�FDQWO\ D�HFW WKH WZR�VLGHG

JHRPHWULF EHKDYLRU� :KLOH WKLV REVHUYDWLRQ KROGV IRU VPRRWK LPDJHV� WKLV UHPDSSLQJ LV HVSHFLDOO\

VXLWHG DOVR IRU� H�J�� FRPSRXQG GRFXPHQWV� DV LW DVVLJQV D ODUJH SUREDELOLW\ WR VKDUS WUDQVLWLRQV�

,Q WKH FRPPRQ FDVH �  ��� LW FRQVLVWV RI MXVW LQWHUSUHWLQJ WKH � OHDVW VLJQL�FDQW ELWV RI � LQ �
V

FRPSOHPHQW UHSUHVHQWDWLRQ�� 6LQFH � LV W\SLFDOO\ TXLWH ODUJH� ZH ZLOO FRQWLQXH WR XVH WKH LQ�QLWH

DOSKDEHW PRGHO ���� DOWKRXJK WKH UHGXFHG SUHGLFWLRQ UHVLGXDOV� VWLOO GHQRWHG E\ �� EHORQJ WR WKH

�QLWH UDQJH >�E� �F� G� �H��@� 7ZR�VLGHG JHRPHWULF GLVWULEXWLRQV DUH H[WHQVLYHO\ VWXGLHG LQ >��@
DQG >��@� 7KHLU ORZ FRPSOH[LW\ DGDSWLYH FRGLQJ LV IXUWKHU LQYHVWLJDWHG LQ >��@� 7KH DSSOLFDWLRQ RI

WKHVH ORZ FRPSOH[LW\ WHFKQLTXHV WR /2&2�,�-3(*�/6 LV VWXGLHG LQ 6HFWLRQ ����

����� &RQWH[W GHWHUPLQDWLRQ

7KH FRQWH[W WKDW FRQGLWLRQV WKH HQFRGLQJ RI WKH FXUUHQW SUHGLFWLRQ UHVLGXDO LQ -3(*�/6 LV EXLOW

RXW RI WKH GL�HUHQFHV J�  G � E� J�  E � F� DQG J�  F � D� 7KHVH GL�HUHQFHV UHSUHVHQW WKH

ORFDO JUDGLHQW� WKXV FDSWXULQJ WKH OHYHO RI DFWLYLW\ �VPRRWKQHVV� HGJLQHVV� VXUURXQGLQJ D VDPSOH�

ZKLFK JRYHUQV WKH VWDWLVWLFDO EHKDYLRU RI SUHGLFWLRQ HUURUV� 1RWLFH WKDW WKLV DSSURDFK GL�HUV IURP

WKH RQH DGRSWHG LQ WKH 6XQVHW IDPLO\ >��@ DQG RWKHU VFKHPHV� ZKHUH WKH FRQWH[W LV EXLOW RXW RI

WKH SUHGLFWLRQ HUURUV LQFXUUHG LQ SUHYLRXV HQFRGLQJV� %\ V\PPHWU\�� J�� J�� DQG J� LQ�XHQFH WKH

PRGHO LQ WKH VDPH ZD\� 6LQFH IXUWKHU PRGHO VL]H UHGXFWLRQ LV REYLRXVO\ QHHGHG� HDFK GL�HUHQFH

JM � M  �� �� �� LV TXDQWL]HG LQWR D VPDOO QXPEHU RI DSSUR[LPDWHO\ HTXLSUREDEOH� FRQQHFWHG UHJLRQV

E\ D TXDQWL]HU ���� LQGHSHQGHQW RI M� ,Q D ZHOO�GH�QHG WKHRUHWLFDO VHWWLQJ� WKLV PD[LPL]HV WKH
PXWXDO LQIRUPDWLRQ EHWZHHQ WKH FXUUHQW VDPSOH YDOXH DQG LWV FRQWH[W� DQ LQIRUPDWLRQ�WKHRUHWLF

PHDVXUH RI WKH DPRXQW RI LQIRUPDWLRQ SURYLGHG E\ WKH FRQGLWLRQLQJ FRQWH[W RQ WKH VDPSOH YDOXH WR

EH PRGHOHG� :H UHIHU WR >��@ DQG >��@ IRU DQ LQ GHSWK WKHRUHWLFDO GLVFXVVLRQ RI WKHVH LVVXHV�

�$ KLJKHU FRPSOH[LW\ UHPDSSLQJ LV GLVFXVVHG LQ >��@�
�+HUH� ZH DVVXPH WKDW WKH FODVV RI LPDJHV WR EH HQFRGHG LV HVVHQWLDOO\ V\PPHWULF ZLWK UHVSHFW WR KRUL]RQWDO�YHUWLFDO�

OHIW�ULJKW� DQG WRS�ERWWRP WUDQVSRVLWLRQV� DV ZHOO DV WKH VDPSOH YDOXH ?QHJDWLRQ� WUDQVIRUPDWLRQ [ � �����[��

�



,Q SULQFLSOH� WKH QXPEHU RI UHJLRQV LQWR ZKLFK HDFK FRQWH[W GL�HUHQFH LV TXDQWL]HG VKRXOG

EH DGDSWLYHO\ RSWLPL]HG� +RZHYHU� WKH ORZ FRPSOH[LW\ UHTXLUHPHQW GLFWDWHV D �[HG QXPEHU RI

?HTXLSUREDEOH� UHJLRQV� 7R SUHVHUYH V\PPHWU\� WKH UHJLRQV DUH LQGH[HG �7� � � � ���� �� �� � � � � 7 �
ZLWK ��J�  ����J�� IRU D WRWDO RI ��7 ���� GL�HUHQW FRQWH[WV� $ IXUWKHU UHGXFWLRQ LQ WKH QXPEHU

RI FRQWH[WV LV REWDLQHG DIWHU REVHUYLQJ WKDW� E\ V\PPHWU\� LW LV UHDVRQDEOH WR DVVXPH WKDW

3UREI�W��  � M&W  >T�� T�� T�@J  3UREI�W��  �� M&W  >�T�� �T�� �T�@J

ZKHUH &W UHSUHVHQWV WKH TXDQWL]HG FRQWH[W WULSOHW DQG TM  ��JM�� M �� �� �� +HQFH� LI WKH �UVW QRQ�

]HUR HOHPHQW RI &W LV QHJDWLYH� WKH HQFRGHG YDOXH LV ��W��� XVLQJ FRQWH[W �&W� 7KLV LV DQWLFLSDWHG

E\ WKH GHFRGHU� ZKLFK �LSV WKH HUURU VLJQ LI QHFHVVDU\ WR REWDLQ WKH RULJLQDO HUURU YDOXH� %\ PHUJLQJ

FRQWH[WV RI ?RSSRVLWH VLJQV�� WKH WRWDO QXPEHU RI FRQWH[WV EHFRPHV ���7 � ��� � �� �� )RU -3(*�

/6� 7  � ZDV VHOHFWHG� UHVXOWLQJ LQ ��� FRQWH[WV� 7KLV QXPEHU EDODQFHV VWRUDJH UHTXLUHPHQWV

�ZKLFK DUH URXJKO\ SURSRUWLRQDO WR WKH QXPEHU RI FRQWH[WV� ZLWK KLJK�RUGHU FRQGLWLRQLQJ� ,Q IDFW�

GXH WR WKH SDUDPHWULF PRGHO RI HTXDWLRQ ���� PRUH FRQWH[WV FRXOG EH D�RUGHG IRU PHGLXP�VL]HG WR

ODUJH LPDJHV� ZLWKRXW LQFXUULQJ DQ H[FHVVLYH PRGHO FRVW� +RZHYHU� WKH FRPSUHVVLRQ LPSURYHPHQW

LV PDUJLQDO DQG GRHV QRW MXVWLI\ WKH LQFUHDVH LQ UHVRXUFHV >�@� )RU VPDOO LPDJHV� LW LV SRVVLEOH WR

UHGXFH WKH QXPEHU RI FRQWH[WV ZLWKLQ WKH IUDPHZRUN RI WKH VWDQGDUG� DV GLVFXVVHG EHORZ�

7R FRPSOHWH WKH GH�QLWLRQ RI WKH FRQWH[WV LQ -3(*�/6� LW UHPDLQV WR VSHFLI\ WKH ERXQGDULHV

EHWZHHQ TXDQWL]DWLRQ UHJLRQV� )RU DQ ��ELW SHU SL[HO DOSKDEHW� WKH GHIDXOW TXDQWL]DWLRQ UHJLRQV DUH

I�J� �I�� �J� �I�� �� �� �J� �I�� �� � � � � ��J� �I H M H � �� J� +RZHYHU� WKH ERXQGDULHV DUH DGMXVWDEOH
SDUDPHWHUV� H[FHSW WKDW WKH FHQWUDO UHJLRQ PXVW EH I�J� ,Q SDUWLFXODU� D VXLWDEOH FKRLFH FROODSVHV
TXDQWL]DWLRQ UHJLRQV� UHVXOWLQJ LQ D VPDOOHU H�HFWLYH QXPEHU RI FRQWH[WV� ZLWK DSSOLFDWLRQV WR WKH

FRPSUHVVLRQ RI VPDOO LPDJHV� )RU H[DPSOH� D PRGHO ZLWK �� FRQWH[WV �7  ��� ZDV IRXQG WR ZRUN

EHVW IRU WKH ��� ���WLOH VL]H XVHG LQ WKH )ODVK3L[70 �OH IRUPDW >��@� 7KURXJK DSSURSULDWH VFDOLQJ�
GHIDXOW ERXQGDU\ YDOXHV DUH DOVR SURYLGHG IRU JHQHUDO DOSKDEHW VL]HV � >�� �@�

����� %LDV FDQFHOODWLRQ

$V PHQWLRQHG LQ VHFWLRQV ��� DQG ������ WKH DGDSWLYH SDUW RI WKH SUHGLFWRU LV FRQWH[W�EDVHG DQG LW

LV XVHG WR ?FDQFHO� WKH LQWHJHU SDUW 5 RI WKH �[HG SUHGLFWLRQ R�VHW� $V D UHVXOW� WKH GLVWULEXWLRQV

LQ ��� SUHVHQW D FRQWH[W�GHSHQGHQW VKLIW �� ZLWK UDQJH � � � � �� 7KLV VHFWLRQ GLVFXVVHV KRZ WKLV

ELDV FDQFHOODWLRQ LV SHUIRUPHG DW ORZ FRPSOH[LW\�

,Q SULQFLSOH� PD[LPXP�OLNHOLKRRG �0/� HVWLPDWLRQ RI 5 LQ ��� ZRXOG GLFWDWH D ELDV FDQFHOODWLRQ

SURFHGXUH EDVHG RQ WKH PHGLDQ RI WKH SUHGLFWLRQ HUURUV LQFXUUHG VR IDU LQ WKH FRQWH[W E\ WKH �[HG

��



SUHGLFWRU ���� +RZHYHU� VWRUDJH FRQVWUDLQWV UXOH RXW WKLV SRVVLELOLW\� ,QVWHDG� DQ HVWLPDWH EDVHG RQ

WKH DYHUDJH FRXOG EH REWDLQHG E\ MXVW NHHSLQJ D FRXQW 1 RI FRQWH[W RFFXUUHQFHV� DQG D FXPXODWLYH

VXP ' RI �[HG SUHGLFWLRQ HUURUV LQFXUUHG VR IDU LQ WKH FRQWH[W� 7KHQ� D FRUUHFWLRQ YDOXH & � FRXOG

EH FRPSXWHG DV WKH URXQGHG DYHUDJH

& �  G' 1H ���

DQG DGGHG WR WKH �[HG SUHGLFWLRQ A[0('� WR R�VHW WKH SUHGLFWLRQ ELDV� 7KLV DSSURDFK� KRZHYHU� KDV

WZR PDLQ SUREOHPV� )LUVW� LW UHTXLUHV D JHQHUDO GLYLVLRQ� LQ RSSRVLWLRQ WR WKH ORZ FRPSOH[LW\ UH�

TXLUHPHQWV RI /2&2�,�-3(*�/6� 6HFRQG� LW LV YHU\ VHQVLWLYH WR WKH LQ�XHQFH RI ?RXWOLHUV�� DW\SLFDO

ODUJH HUURUV FDQ D�HFW IXWXUH YDOXHV RI & � XQWLO LW UHWXUQV WR LWV W\SLFDO YDOXH� ZKLFK LV TXLWH VWDEOH�

7R VROYH WKHVH SUREOHPV� �UVW QRWLFH WKDW ��� LV HTXLYDOHQW WR

'  1 � & � �%� �

ZKHUH WKH LQWHJHU %� VDWLV�HV �1 � %� � �� ,W LV UHDGLO\ YHUL�HG� E\ VHWWLQJ XS D VLPSOH UHFXU�

VLRQ� WKDW WKH FRUUHFWLRQ YDOXH FDQ EH LPSOHPHQWHG E\ VWRULQJ %� DQG & �� DQG DGMXVWLQJ ERWK IRU

HDFK RFFXUUHQFH RI WKH FRQWH[W� 7KH FRUUHFWHG SUHGLFWLRQ HUURU � LV �UVW DGGHG WR %�� DQG WKHQ

1 LV VXEWUDFWHG RU DGGHG XQWLO WKH UHVXOW LV LQ WKH GHVLUHG UDQJH ��1� �@� 7KH QXPEHU RI VXE�

WUDFWLRQV�DGGLWLRQV RI 1 SUHVFULEHV WKH DGMXVWPHQW IRU & �� 7KLV SURFHGXUH LV IXUWKHU PRGL�HG LQ

/2&2�,�-3(*�/6 E\ OLPLWLQJ WKH QXPEHU RI VXEWUDFWLRQV�DGGLWLRQV WR RQH SHU XSGDWH� DQG WKHQ

?IRUFLQJ� WKH YDOXH RI %� LQWR WKH GHVLUHG UDQJH� LI QHHGHG� 6SHFL�FDOO\� & � DQG %� DUH UHSODFHG

E\ DSSUR[LPDWH YDOXHV & DQG %� UHVSHFWLYHO\� ZKLFK DUH LQLWLDOL]HG WR ]HUR DQG XSGDWHG DFFRUGLQJ

WR WKH GLYLVLRQ�IUHH SURFHGXUH VKRZQ LQ )LJXUH � �LQ &�ODQJXDJH VW\OH�� 7KH SURFHGXUH LQFUHPHQWV

%  % � �� �
 DFFXPXODWH SUHGLFWLRQ UHVLGXDO 
�

1  1 � �� �
 XSGDWH RFFXUUHQFH FRXQWHU 
�

�
 XSGDWH FRUUHFWLRQ YDOXH DQG VKLIW VWDWLVWLFV 
�

LI � % � �1 � I
&  & � �� %  % �1 �

LI � % � �1 � %  �1 � ��

J
HOVH LI � % ! � � I

&  & � �� %  % �1 �

LI � % ! � � %  ��

J
)LJXUH �� %LDV FRPSXWDWLRQ SURFHGXUH

�UHVS� GHFUHPHQWV� WKH FRUUHFWLRQ YDOXH & HDFK WLPH % ! � �UHVS� % � �1�� $W WKLV WLPH� % LV DOVR

DGMXVWHG WR UH�HFW WKH FKDQJH LQ &� ,I WKH LQFUHPHQW �UHVS� GHFUHPHQW� LV QRW HQRXJK WR EULQJ % WR

��



WKH GHVLUHG UDQJH �L�H�� WKH DGMXVWPHQW LQ & ZDV OLPLWHG�� % LV FODPSHG WR � �UHVS� �1 � ��� 7KLV

SURFHGXUH ZLOO WHQG WR SURGXFH DYHUDJH SUHGLFWLRQ UHVLGXDOV LQ WKH LQWHUYDO ���� �@� 0HFKDQLVPV IRU
?FHQWHULQJ� LPDJH SUHGLFWLRQ HUURU GLVWULEXWLRQV� EDVHG RQ LQWHJHU R�VHW PRGHOV� DUH GHVFULEHG LQ

>��@ DQG >��@� 1RWLFH WKDW �% 1 LV DQ HVWLPDWH �DOEHLW QRW WKH 0/ RQH� RI WKH UHVLGXDO IUDFWLRQDO

VKLIW SDUDPHWHU �� 7R UHGXFH VWRUDJH UHTXLUHPHQWV� & LV QRW LQFUHPHQWHG �UHVS� GHFUHPHQWHG� RYHU

��� �UHVS� XQGHU ������

��� &RGLQJ

7R HQFRGH FRUUHFWHG SUHGLFWLRQ UHVLGXDOV GLVWULEXWHG DFFRUGLQJ WR WKH 76*' RI ���� /2&2�,�-3(*�

/6 XVHV D PLQLPDO FRPSOH[LW\ VXE�IDPLO\ RI WKH IDPLO\ RI RSWLPDO SUH�[ FRGHV IRU 76*'V� UHFHQWO\

FKDUDFWHUL]HG LQ >��@� 7KH FRGLQJ XQLW DOVR LPSOHPHQWV D ORZ FRPSOH[LW\ DGDSWLYH VWUDWHJ\ WR

VHTXHQWLDOO\ VHOHFW D FRGH DPRQJ WKH DERYH VXE�IDPLO\� 7KH FRGHV RI >��@ DUH EDVHG RQ *RORPE

FRGHV >��@� ZKRVH VWUXFWXUH HQDEOHV VLPSOH FDOFXODWLRQ RI WKH FRGH ZRUG RI DQ\ JLYHQ VDPSOH� ZLWKRXW

UHFRXUVH WR WKH VWRUDJH RI FRGH WDEOHV� DV ZRXOG EH WKH FDVH ZLWK XQVWUXFWXUHG� JHQHULF +X�PDQ

FRGHV� ,Q DQ DGDSWLYH PRGH� D VWUXFWXUHG IDPLO\ RI FRGHV IXUWKHU UHOD[HV WKH QHHG RI G\QDPLFDOO\

XSGDWLQJ FRGH WDEOHV GXH WR SRVVLEOH YDULDWLRQV LQ WKH HVWLPDWHG SDUDPHWHUV �VHH� H�J�� >��@��

����� *RORPE FRGHV DQG RSWLPDO SUH�[ FRGHV IRU WKH 76*'

*RORPE FRGHV ZHUH �UVW GHVFULEHG LQ >��@� DV D PHDQV IRU HQFRGLQJ UXQ OHQJWKV� *LYHQ D SRVLWLYH

LQWHJHU SDUDPHWHU P� WKH PWK RUGHU *RORPE FRGH *P HQFRGHV DQ LQWHJHU \ � � LQ WZR SDUWV� D

XQDU\ UHSUHVHQWDWLRQ RI E\ PF� DQG D PRGL�HG ELQDU\ UHSUHVHQWDWLRQ RI \PRGP �XVLQJ EORJPF
ELWV LI \ � �GORJPH�P DQG GORJPH ELWV RWKHUZLVH�� *RORPE FRGHV DUH RSWLPDO >��@ IRU RQH�VLGHG
JHRPHWULF GLVWULEXWLRQV �26*'V� RI WKH QRQQHJDWLYH LQWHJHUV� L�H� GLVWULEXWLRQV RI WKH IRUP ������\�

ZKHUH � � � � �� 7KXV� IRU HYHU\ � WKHUH H[LVWV D YDOXH RI P VXFK WKDW *P \LHOGV WKH VKRUWHVW

DYHUDJH FRGH OHQJWK RYHU DOO XQLTXHO\ GHFLSKHUDEOH FRGHV IRU WKH QRQQHJDWLYH LQWHJHUV�

7KH VSHFLDO FDVH RI *RORPE FRGHV ZLWK P  �N OHDGV WR YHU\ VLPSOH HQFRGLQJ�GHFRGLQJ SUR�

FHGXUHV� WKH FRGH IRU \ LV FRQVWUXFWHG E\ DSSHQGLQJ WKH N OHDVW VLJQL�FDQW ELWV RI \ WR WKH XQDU\

UHSUHVHQWDWLRQ RI WKH QXPEHU IRUPHG E\ WKH UHPDLQLQJ KLJKHU RUGHU ELWV RI \ �WKH VLPSOLFLW\ RI WKH

FDVH P  �N ZDV DOUHDG\ QRWHG LQ >��@�� 7KH OHQJWK RI WKH HQFRGLQJ LV N � � � E\ �NF� :H UHIHU WR
FRGHV *�N DV *RORPE�SRZHU�RI�� �*32�� FRGHV�

,Q >��@� WKH 76*' SDUDPHWHU VSDFH ��� �� LV SDUWLWLRQHG� DQG D GL�HUHQW RSWLPDO SUH�[ FRGH

FRUUHVSRQGV WR HDFK FODVV LQ WKH SDUWLWLRQ �� � �
� LV DVVXPHG� VLQFH WKH FDVH � ! �

� FDQ EH UHGXFHG

WR WKH IRUPHU E\ PHDQV RI WKH UH�HFWLRQ�VKLIW WUDQVIRUPDWLRQ � � �������� &ODVVHV DUH DVVRFLDWHG

��



ZLWK RQH RI WKH IROORZLQJ WKUHH RQH�WR�RQH PDSSLQJV RQWR WKH QRQQHJDWLYH LQWHJHUV� 2QH PDSSLQJ

LV DSSOLHG WR WKH LQWHJHU � WR EH HQFRGHG� DQG LV IROORZHG E\ D *RORPE FRGH� WKH RWKHU WZR DUH

DSSOLHG WR M�M� IROORZHG E\ D *RORPE FRGH DQG D VLJQ ELW ZKHQHYHU � � �� )RU HDFK W\SH RI FRGH�
WKH FODVVHV DUH DOVR LQGH[HG ZLWK D SRVLWLYH LQWHJHU C� JLYHQ E\ D PDQ\�WR�RQH IXQFWLRQ RI � DQG ��

7KH SDUDPHWHU RI WKH *RORPE FRGH XVHG IROORZV IURP WKH FRUUHVSRQGLQJ YDOXH RI C�

7KH �UVW PDSSLQJ UHODWHG WR FRGHV LQ >��@ LV JLYHQ E\

0���  �M�M � X��� � ���

ZKHUH WKH LQGLFDWRU IXQFWLRQ X���  � LI � � �� RU � RWKHUZLVH� 7KLV PDSSLQJ JLYHV WKH LQGH[

RI DQ LQWHJHU LQ WKH LQWHUOHDYHG VHTXHQFH ����� ����� �� � � � ,W ZDV �UVW XVHG E\ 5LFH LQ >��@ WR
HQFRGH 76*'V FHQWHUHG DW ]HUR� E\ DSSO\LQJ D *32� FRGH WR 0���� ,Q FDVH � � � �� 0��� RUGHUV
SUHGLFWLRQ UHVLGXDOV E\ SUREDELOLW\� 7KH FRUUHVSRQGLQJ PDSSLQJ IRU � ! �

� LV 0
����  0�������

)RU �E� �F � � � G� �H��� WKH YDOXHV 0��� DUH LQ WKH UDQJH � � 0��� � ���� 7KLV LV DOVR WKH
UDQJH IRU 0 ���� ZLWK HYHQ �� )RU RGG �� 0 ���� FDQ DOVR WDNH RQ WKH YDOXH � �EXW QRW �����

����� 6HTXHQWLDO SDUDPHWHU HVWLPDWLRQ

6WDWHPHQW RI WKH SUREOHP� (YHQ WKRXJK� LQ JHQHUDO� DGDSWLYH VWUDWHJLHV DUH HDVLHU WR LPSOHPHQW

ZLWK DULWKPHWLF FRGHV� WKH IDPLO\ RI FRGHV IURP >��@ SURYLGHV D UHDVRQDEOH DOWHUQDWLYH IRU ORZ

FRPSOH[LW\ DGDSWLYH FRGLQJ RI 76*'V� %DVHG RQ WKH SDVW VHTXHQFH RI SUHGLFWLRQ UHVLGXDOV �W  

���� � � � �W HQFRGHG DW D JLYHQ FRQWH[W� VHOHFW D FRGH �L�H�� D PDSSLQJ DQG D YDOXH RI WKH FRGH LQGH[
C� VHTXHQWLDOO\� DQG XVH WKLV FRGH WR HQFRGH �W��� �1RWLFH WKDW W KHUH LQGH[HV RFFXUUHQFHV RI D JLYHQ

FRQWH[W� WKXV FRUUHVSRQGLQJ WR WKH YDULDEOH 1 LQWURGXFHG LQ 6HFWLRQ ������� 7KH GHFRGHU PDNHV WKH

VDPH GHWHUPLQDWLRQ� DIWHU GHFRGLQJ WKH VDPH SDVW VHTXHQFH� 7KXV� WKH FRGLQJ LV GRQH ?RQ WKH �\��

DV ZLWK DGDSWLYH DULWKPHWLF FRGHUV� 6XFK VWUDWHJ\ DLPV DW DQ H[SHFWHG FRGH OHQJWK WKDW DSSURDFKHV

WKH RQH WKDW ZRXOG EH REWDLQHG ZLWK WKH EHVW �[HG FRGH LQ WKH IDPLO\� L�H� WKH +X�PDQ FRGH IRU

WKH �XQNQRZQ� SDUDPHWHU YDOXHV�

<HW� WKH FRPSOH[LW\ RI ERWK WKH FRGH GHWHUPLQDWLRQ DQG WKH HQFRGLQJ SURFHGXUH ZRXOG EH

EH\RQG WKH FRQVWUDLQWV VHW IRU -3(*�/6� )RU WKDW UHDVRQ� DV LQ >��@� /2&2�,�-3(*�/6 RQO\ XVHV

WKH VXE�IDPLO\ RI *32� FRGHV� )XUWKHUPRUH� RQO\ FRGHV EDVHG RQ WKH PDSSLQJV 0��� DQG 0 ����
DUH XVHG� :H GHQRWH �N���  *�N�0����� 7KH PDSSLQJ 0 ���� LV UHOHYDQW RQO\ IRU N  �� VLQFH

�N���  �N������ IRU HYHU\ N ! �� 7KXV� WKH VHTXHQWLDO FRGH VHOHFWLRQ SURFHVV LQ /2&2�,�-3(*�

/6 FRQVLVWV RI WKH VHOHFWLRQ RI D *RORPE SDUDPHWHU N�� DQG LQ FDVH N  �� D PDSSLQJ0��� RU0 �����
�:H ZLOO UHIHU WR N DOVR DV D *RORPE SDUDPHWHU� WKH GLVWLQFWLRQ IURP �N EHLQJ FOHDU IURP WKH FRQWH[W�

��



:H IXUWKHU GHQRWH ������  *��0
������

7KH DERYH VXE�IDPLO\ RI FRGHV� ZKLFK ZH GHQRWH &� UHSUHVHQWV D VSHFL�F FRPSUHVVLRQ�FRPSOH[LW\
WUDGH�R�� ,W LV VKRZQ LQ >��@ WKDW WKH DYHUDJH FRGH OHQJWK ZLWK WKH EHVW FRGH LQ & LV ZLWKLQ DERXW
���� RI WKH RSWLPDO SUH�[ FRGHV IRU 76*'V� ZLWK ODUJHVW GHWHULRUDWLRQ LQ WKH YHU\ ORZ HQWURS\

UHJLRQ� ZKHUH D GL�HUHQW FRGLQJ PHWKRG LV QHHGHG DQ\ZD\ �VHH 6HFWLRQ ����� ,W LV DOVR VKRZQ

WKDW WKH JDS LV UHGXFHG WR DERXW ���� E\ LQFOXGLQJ FRGHV EDVHG RQ RQH RI WKH RWKHU PDSSLQJV

PHQWLRQHG DERYH� ZLWK D VOLJKWO\ PRUH FRPSOH[ DGDSWDWLRQ VWUDWHJ\� 7KHVH UHVXOWV DUH FRQVLVWHQW

ZLWK HVWLPDWHV LQ >��@ IRU WKH UHGXQGDQF\ RI *32� FRGHV RQ 26*'V�

*HQHUDO DSSURDFKHV� 7KH FRGH VHOHFWLRQ IRU �W�� FDQ IROORZ IURP HLWKHU DQ H[KDXVWLYH VHDUFK RI

WKH FRGH WKDW ZRXOG KDYH SHUIRUPHG EHVW RQ �W� RU DQ H[SOLFLW PLQLPL]DWLRQ RI WKH H[SHFWHG FRGH

OHQJWK IRU DQ HVWLPDWH RI WKH 76*' SDUDPHWHUV � DQG � JLYHQ �W� 7KHVH WZR DSSURDFKHV DOVR DSSO\

LQ WKH EORFN FRGLQJ IUDPHZRUN RI >��@�� ZLWK WKH VDPSOHV LQ WKH EORFN WR EH HQFRGHG XVHG LQ OLHX RI �W�

7KH H[KDXVWLYH VHDUFK DSSURDFK LV UHFRPPHQGHG LQ ERWK >��@ DQG >��@ �ZKHUH 26*'V DUH HQFRGHG��

HYHQ WKRXJK ERWK PHQWLRQ ZD\V RI HVWLPDWLQJ WKH SDUDPHWHU N IURP REVHUYHG YDOXHV� ,Q >��@� DQ

HVWLPDWLRQ IRUPXOD EDVHG RQ D VXP )� RYHU YDOXHV � LQ WKH EORFN LV SUHVHQWHG� 7KH SDUDPHWHU N LV

GHWHUPLQHG DFFRUGLQJ WR UDQJHV RI YDOXHV RI )�� 5HIHUHQFH >��@ EULH�\ PHQWLRQV WKH SRVVLELOLW\ RI

GHULYLQJ N E\ �UVW HVWLPDWLQJ WKH YDULDQFH RI WKH GLVWULEXWLRQ IURP �W�

7KH H[SOLFLW PHWKRG LV XVHG LQ /2&2�,�-3(*�/6 IRU GHWHUPLQLQJ WKH RSWLPDO FRGH LQ WKH

VXE�IDPLO\ &� EDVHG RQ WKH VX�FLHQW VWDWLVWLFV 6W DQG 1W IRU WKH SDUDPHWHUV � DQG �� JLYHQ E\

6W  
W;

L �

�M�LM � X��L�� � 1W  
W;

L �

X��L� �

ZLWK X��� DV LQ ���� &OHDUO\� 1W LV WKH WRWDO QXPEHU RI QHJDWLYH VDPSOHV LQ �W� DQG 6W � 1W LV WKH

DFFXPXODWHG VXP RI DEVROXWH YDOXHV� $Q DGYDQWDJH RI WKH H[SOLFLW PHWKRG LV WKDW LW GHSHQGV RQO\

RQ 6W DQG 1W� DV RSSRVHG WR WKH H[KDXVWLYH VHDUFK� ZKLFK ZRXOG UHTXLUH RQH FRXQWHU IRU HDFK FRGH

LQ & �SHU FRQWH[W�� 0RUHRYHU� XVLQJ WKHVH VX�FLHQW VWDWLVWLFV� UDWKHU WKDQ WKH YDULDQFH RU WKH VXP
)�� UHVXOWV LQ D VXUSULVLQJO\ VLPSOH FDOFXODWLRQ IRU N DQG� LQ FDVH N  �� DOVR IRU WKH PDSSLQJ� 7KH

DGDSWLYH VHOHFWLRQ RI WKH FRGH LV EDVHG RQ WKH IROORZLQJ UHVXOW� ZKLFK LV SURYHG LQ >��@�

7KHRUHP � /HW £
�
 �

S
� � �� � �?JROGHQ UDWLR��� (QFRGH �W��� � � W � Q� DFFRUGLQJ WR WKH

IROORZLQJ GHFLVLRQ UXOHV�

�,Q >��@� WKH LPDJH LV GLYLGHG LQWR UHFWDQJXODU EORFNV RI VDPSOHV� 7KH EORFNV DUH VFDQQHG WZLFH LQ RUGHU WR VHOHFW
D *32� FRGH� ZKLFK LV LGHQWL�HG ZLWK D IHZ RYHUKHDG ELWV� 6HTXHQWLDOLW\ LV PDQGDWRU\ LQ D FRQWH[W�EDVHG VFKHPH� DV
VDPSOHV HQFRGHG LQ D JLYHQ FRQWH[W DUH QRW QHFHVVDULO\ FRQWLJXRXV LQ WKH LPDJH DQG� WKXV� FDQQRW EH HDVLO\ EORFNHG�

��



D� ,I 6W � £W� FRPSDUH 6W� W�1W� DQG 1W� ,I 6W LV ODUJHVW� FKRRVH FRGH ��� 2WKHUZLVH� LI W�1W

LV ODUJHVW� FKRRVH ��� 2WKHUZLVH� FKRRVH ����

E� ,I 6W ! £W� FKRRVH FRGH �N��� N � � SURYLGHG WKDW

�

£���N��� � � �
6W
W

� �

£���N� � � � ���

/HW ���Q� GHQRWH WKH FRGH OHQJWK UHVXOWLQJ IURP DSSO\LQJ WKLV DGDSWDWLRQ VWUDWHJ\ WR WKH VHTXHQFH

�Q� /HW ����� �� GHQRWH WKH PLQLPXP H[SHFWHG FRGHZRUG OHQJWK RYHU FRGHV LQ WKH VXE�IDPLO\ & IRU D

76*' ZLWK �XQNQRZQ� SDUDPHWHUV � DQG �� 7KHQ�

�

Q
(�����>���

Q�@ � ����� �� �2

�
�

Q

�
�

ZKHUH (�����>�@ GHQRWHV H[SHFWDWLRQ XQGHU � DQG ��

7KHRUHP � H[WHQGV UHVXOWV LQ >��@ DQG >��@� ,W VWDWHV WKDW WKH H[SOLFLW FRGH OHQJWK PLQLPL]DWLRQ

PHWKRG EDVHG RQ PD[LPXP�OLNHOLKRRG HVWLPDWLRQ SHUIRUPV HVVHQWLDOO\ DV ZHOO DV WKH EHVW FRGH LQ

&� $ UHVXOW DQDORJRXV WR 7KHRUHP � LV SURYHG LQ >��@ IRU WKH H[KDXVWLYH VHDUFK DSSURDFK� XQGHU

D 26*' DVVXPSWLRQ� 7KHUH� WKH GHYLDWLRQ IURP RSWLPDOLW\ LV ERXQGHG DV 2�� 
S
Q�� 7KH JROGHQ

UDWLR LV PHQWLRQHG LQ FRQQHFWLRQ ZLWK *RORPE FRGHV LQ >��@� DQG DOVR LQ >��@�

$SSUR[LPDWLRQV� 7KH GHFLVLRQ UHJLRQ ERXQGDULHV ��� DGPLW D ORZ FRPSOH[LW\ DSSUR[LPDWLRQ�

SURSRVHG LQ >��@� IRU ZKLFK LW LV XVHIXO WR GH�QH WKH IXQFWLRQV 6�N� DQG ��N�� N ! �� E\

6�N�
�
 

�

£���N��� � �
�
 
�N��

OQ£
� �

�
� ��N� � ���

,W FDQ EH VKRZQ WKDW ��N� LV D GHFUHDVLQJ IXQFWLRQ RI N� WKDW UDQJHV EHWZHHQ £� �
�� �� OQ£� � ����

�N  ��� DQG � �N � ��� 6LQFH £ � ����� DQG � OQ£ � ������ ��� LPSOLHV WKDW 6�N� LV ZLWKLQ ��
RI �N � �

� �
�
� IRU HYHU\ N ! �� 7KXV� XVLQJ DSSUR[LPDWH YDOXHV RI 6�N� DQG 6�N � �� LQ OLHX RI WKH

ERXQGV LQ ���� D JRRG DSSUR[LPDWLRQ WR WKH GHFLVLRQ UXOH RI 7KHRUHP � IRU HQFRGLQJ �W�� LV�

/HW 6�
W  6W � �W ��� �W ���

D� ,I 6�
W � �W� FRPSDUH 6W� 1W� DQG W�1W� ,I 6W LV ODUJHVW� FKRRVH FRGH ��� 2WKHUZLVH� LI W�1W

LV ODUJHVW� FKRRVH ��� 2WKHUZLVH� FKRRVH �
�
��

E� ,I 6�
W ! �W� FKRRVH FRGH �N��� N � � SURYLGHG WKDW W�N � 6�

W � W�N���

7KH UXOH XVHG LQ -3(*�/6 IXUWKHU VLPSOL�HV WKLV DSSUR[LPDWLRQ� )RU HDFK FRQWH[W� WKH DFFXPX�

ODWHG VXP RI PDJQLWXGHV RI SUHGLFWLRQ UHVLGXDOV� 6W�1W� LV PDLQWDLQHG LQ D UHJLVWHU $� LQ DGGLWLRQ

WR WKH YDULDEOHV % DQG 1 GH�QHG LQ 6HFWLRQ ������ 7KH IROORZLQJ SURFHGXUH LV LPSOHPHQWHG�

��



L� &RPSXWH N DV
N  PLQIN� M �N�1 � $J� ���

LL� ,I N ! �� FKRRVH FRGH �N� 2WKHUZLVH� LI N  � DQG �% ! �1 � FKRRVH FRGH ��� 2WKHUZLVH�

FKRRVH FRGH ����

,Q WKH DERYH SURFHGXUH� 6�
W LV DSSUR[LPDWHG E\ $ �LPSO\LQJ WKH DVVXPSWLRQ WKDW 1W LV UHDVRQDEO\

FORVH WR �W �� � �W ���� 9DOXHV RI N � � LQ ��� FRUUHVSRQG WR 6WHS E� DERYH� ZKLOH D YDOXH N  �

FRUUHVSRQGV WR WKH FDVH ZKHUH 6W LV ODUJHVW LQ 6WHS D�� WKURXJK WKH DSSUR[LPDWLRQ 1W � W �� 7KH

RWKHU FDVHV RI 6WHS D� FRUUHVSRQG WR N  �� ZKHUH D �QHU HVWLPDWH RI 1W LV XVHG� 5HFDOO WKDW �% 1

LV DQ HVWLPDWH RI �� &OHDUO\� � � � � LI DQG RQO\ LI 3UI� � �J � � �� 7KHUHIRUH� WKH UHVXOW RI WKH

FRPSDULVRQ �% ! �1 DSSUR[LPDWHV WKH UHVXOW RI WKH FRPSDULVRQ �1W � W UHDVRQDEO\ ZHOO� DQG WKH

VLPSOL�HG SURFHGXUH IROORZV�

,Q VRIWZDUH� N FDQ EH FRPSXWHG E\ WKH & SURJUDPPLQJ ODQJXDJH ?RQH�OLQHU�

IRU � N �� �1��N��$� N�� ��

+DUGZDUH LPSOHPHQWDWLRQV DUH HTXDOO\ WULYLDO�

����� /LPLWHG�OHQJWK *RORPE FRGHV

7KH HQFRGLQJ SURFHGXUH RI 6HFWLRQ ��� FDQ SURGXFH VLJQL�FDQW H[SDQVLRQ IRU VLQJOH VDPSOHV� IRU

H[DPSOH� ZLWK �  ��� DQG N  �� D SUHGLFWLRQ UHVLGXDO �  ���� ZRXOG SURGXFH ��� RXWSXW ELWV� D
���� H[SDQVLRQ� 0RUHRYHU� RQH FDQ FUHDWH DUWL�FLDO LPDJHV ZLWK ORQJ VHTXHQFHV RI GL�HUHQW FRQWH[WV�

VXFK WKDW WKLV VLWXDWLRQ RFFXUV VDPSOH DIWHU VDPSOH� WKXV FDXVLQJ VLJQL�FDQW ORFDO H[SDQVLRQ �WKLV

FRQWH[W SDWWHUQ LV QHFHVVDU\ IRU WKLV VLWXDWLRQ WR DULVH� DV ODUJH UHVLGXDOV ZRXOG RWKHUZLVH WULJJHU

DGDSWDWLRQ RI N WR D ODUJHU YDOXH IRU D SDUWLFXODU FRQWH[W�� :KLOH VXFK ZRUVW FDVH VHTXHQFH LV QRW

OLNHO\ LQ SUDFWLFDO VLWXDWLRQV� VLJQL�FDQW ORFDO H[SDQVLRQ ZDV REVHUYHG IRU VRPH LPDJHV�� ,Q JHQHUDO�

ORFDO H[SDQVLRQ GRHV QRW D�HFW WKH RYHUDOO FRPSUHVVLRQ UDWLR� DV WKH DYHUDJH RU DV\PSWRWLF H[SDQVLRQ

EHKDYLRU LV JRYHUQHG E\ WKH DGDSWDWLRQ RI WKH FRGH SDUDPHWHU N� +RZHYHU� ORFDO H[SDQVLRQ FDQ EH

SUREOHPDWLF LQ LPSOHPHQWDWLRQV ZLWK OLPLWHG EX�HU VSDFH IRU FRPSUHVVHG GDWD� 7KHUHIRUH� DGRSWLQJ

D SUDFWLFDO WUDGH�R�� *32� FRGHV DUH PRGL�HG LQ -3(*�/6 WR OLPLW WKH FRGH OHQJWK SHU VDPSOH

WR �W\SLFDOO\� ��� ZKHUH �
�
 GORJ�H� H�J� �� ELWV IRU � ELWV�SL[HO LPDJHV� 2Q RQH KDQG� WKLV

WUDGH�R� JXDUDQWHHV D PDQDJHDEOH ZRUVW�FDVH H[SDQVLRQ� ZKLOH RQ WKH RWKHU KDQG LW GRHV QRW D�HFW

FRPSUHVVLRQ IRU FRQWLQXRXV�WRQH LPDJHV� ,W KDV WKH DGGLWLRQDO DGYDQWDJH RI LPSURYLQJ FRPSUHVVLRQ

UDWLRV IRU VRPH �FRPSRXQG RU FRPSXWHU JHQHUDWHG� LPDJHV E\ �����

�)RU H[DPSOH� WKH LPDJH ?FRPSRXQG�� RI WKH EHQFKPDUN VHW XVHG GXULQJ WKH VWDQGDUGL]DWLRQ SURFHVV� KDV D JUDGHG
JUD\ VN\ LQ WKH EDFNJURXQG DQG EODFN OHWWHUV RYHU LW� SURGXFLQJ DQ XQGHVLUHG SDWWHUQ RI WKH DERYH W\SH�

��



7KH OLPLWDWLRQ LV DFKLHYHG XVLQJ D VLPSOH WHFKQLTXH >�@ WKDW DYRLGV D QHJDWLYH LPSDFW RQ FRP�

SOH[LW\� ZKLOH RQ WKH RWKHU KDQG VDYLQJ� LQ VRPH VLWXDWLRQV� WKH VLJQL�FDQW FRVW RI RXWSXWWLQJ ORQJ

XQDU\ UHSUHVHQWDWLRQV� )RU D PD[LPXP FRGH ZRUG OHQJWK RI /PD[ ELWV� WKH HQFRGLQJ RI DQ LQWHJHU

\� � � \ � ��� SURFHHGV DV LQ 6HFWLRQ ����� ZKHQHYHU T�\�  E��N\F VDWLV�HV
T�\� � /PD[ � � � � � TPD[ � ���

ZKHUH ZH DVVXPH /PD[ ! ���� 7KLV LV E\ IDU WKH PRVW IUHTXHQW FDVH� DGGLQJ RQO\ RQH FRPSDULVRQ

SHU HQFRGLQJ� %\ ����
N � GORJE� �FH � � � � � ����

VR WKDW WKH WRWDO FRGH OHQJWK DIWHU DSSHQGLQJ N ELWV LV ZLWKLQ WKH UHTXLUHG OLPLW /PD[� 1RZ� LI

T�\� � TPD[� TPD[ LV HQFRGHG LQ XQDU\� ZKLFK DFWV DV DQ ?HVFDSH� FRGH� IROORZHG E\ DQ H[SOLFLW

ELQDU\ UHSUHVHQWDWLRQ RI \� �� XVLQJ � ELWV �VLQFH \  � DOZD\V VDWLV�HV ���� VR WKDW � � \� � � ���

IRU D WRWDO RI /PD[ ELWV� $OWKRXJK WKH WHUPLQDWLQJ ELW RI WKH XQDU\ UHSUHVHQWDWLRQ LV VXSHU�XRXV�

DV TPD[ ]HURHV ZRXOG DOUHDG\ LGHQWLI\ DQ HVFDSH FRGH� LW IDFLOLWDWHV WKH GHFRGLQJ RSHUDWLRQ�

��� 5HVHWV

7R HQKDQFH DGDSWDWLRQ WR QRQ�VWDWLRQDULW\ RI LPDJH VWDWLVWLFV� /2&2�,�-3(*�/6 SHULRGLFDOO\ UHVHWV

WKH YDULDEOHV 1 � $� DQG %� 6SHFL�FDOO\� ZH KDOI �URXQGLQJ GRZQ WR QHDUHVW LQWHJHU� WKH FRQWHQWV RI

1 � $� DQG % IRU D JLYHQ FRQWH[W HDFK WLPH 1 DWWDLQV D SUHGHWHUPLQHG WKUHVKROG 1�� ,Q WKLV ZD\�

WKH LPPHGLDWH SDVW LV JLYHQ D ODUJHU ZHLJKW WKDQ WKH UHPRWH SDVW� ,W KDV EHHQ IRXQG WKDW YDOXHV

RI 1� EHWZHHQ �� DQG ��� ZRUN ZHOO IRU W\SLFDO LPDJHV� WKH GHIDXOW YDOXH LQ -3(*�/6 LV ��� 0RUH

LPSRUWDQWO\ LQ SUDFWLFH� UHVHWWLQJ WKH YDULDEOHV OLPLWV WKH DPRXQW RI VWRUDJH UHTXLUHG SHU FRQWH[W�

��� (PEHGGHG DOSKDEHW H[WHQVLRQ

6\PERO�E\�V\PERO �+X�PDQ� FRGLQJ �DV RSSRVHG WR DULWKPHWLF FRGLQJ� LV LQH�FLHQW IRU YHU\ ORZ

HQWURS\ GLVWULEXWLRQV� GXH WR LWV IXQGDPHQWDO OLPLWDWLRQ RI SURGXFLQJ DW OHDVW RQH FRGH ELW SHU

HQFRGLQJ� 7KLV OLPLWDWLRQ DSSOLHV WR WKH V\PERO�E\�V\PERO FRGLQJ RI 76*'V SHUIRUPHG LQ /2&2�

,�-3(*�/6� DQG PD\ SURGXFH D VLJQL�FDQW UHGXQGDQF\ �L�H�� H[FHVV FRGH OHQJWK RYHU WKH HQWURS\� IRU

FRQWH[WV UHSUHVHQWLQJ VPRRWK UHJLRQV� IRU ZKLFK WKH GLVWULEXWLRQV DUH YHU\ SHDNHG DV D SUHGLFWLRQ

UHVLGXDO RI � LV H[WUHPHO\ OLNHO\� ,Q QRQ�FRQGLWLRQHG FRGHV� WKLV SUREOHP LV DGGUHVVHG WKURXJK

DOSKDEHW H[WHQVLRQ� %\ HQFRGLQJ EORFNV RI GDWD DV ?VXSHU�V\PEROV�� GLVWULEXWLRQV WHQG WR EH �DWWHU

�L�H�� WKH UHGXQGDQF\ LV VSUHDG RYHU PDQ\ V\PEROV��

$ VWUDWHJ\ VLPLODU WR WKH DERYH KDV EHHQ HPEHGGHG LQWR WKH FRQWH[W PRGHO LQ /2&2�,�-3(*�

/6� 1RWLFH WKDW EORFN FRGLQJ LV DOVR VRPHWLPHV XVHG WR H[SORLW WKH FRUUHODWLRQ EHWZHHQ V\PEROV

�1RWLFH WKDW WKH UDQJH IRU \ PD\ LQFOXGH � LQ FDVH � LV RGG DQG WKH PDSSLQJ 0 ���� LV XVHG�

��



ZLWKLQ D EORFN� DV WKH SHU�V\PERO HQWURS\ RI EORFNV RI OHQJWK C LV D GHFUHDVLQJ IXQFWLRQ RI C �VHH�

H�J�� >��@�� +RZHYHU� WKH PDLQ WKHRUHP LQ >�@ VKRZV WKDW WKLV VWUDWHJ\ IRU DFKLHYLQJ FRPSUHVVLRQ

UDWLRV FRUUHVSRQGLQJ WR KLJKHU RUGHU HQWURSLHV LV LQIHULRU WR RQH EDVHG RQ FRQWH[W FRQGLWLRQLQJ�

7KXV� DQ DOSKDEHW H[WHQVLRQ KDV QR LQKHUHQW PHULW DV D PRGHOLQJ WRRO� DQG LWV XVH KHUH LV OLPLWHG

WR RYHUFRPH D VLWXDWLRQ ZKHUH WKH FRGLQJ XQLW� EDVHG RQ V\PERO�E\�V\PERO FRGLQJ� FDQQRW DFKLHYH

WKH LGHDO FRGH OHQJWK� 7KH DOJRULWKP VWLOO XVHV FRQWH[W FRQGLWLRQLQJ DV LWV PDLQ PRGHOLQJ WRRO�

7KH HPEHGGHG DOSKDEHW H[WHQVLRQ LQ /2&2�,�-3(*�/6 ZRUNV DV IROORZV� 7KH HQFRGHU HQWHUV

D ?UXQ� PRGH ZKHQ D ?�DW UHJLRQ� FRQWH[W ZLWK D  E  F  G LV GHWHFWHG� 6LQFH WKH FHQWUDO UHJLRQ

RI TXDQWL]DWLRQ IRU WKH JUDGLHQWV J�� J�� J� LV WKH VLQJOHWRQ I � J� WKH UXQ FRQGLWLRQ LV HDVLO\ GHWHFWHG
LQ WKH SURFHVV RI FRQWH[W TXDQWL]DWLRQ E\ FKHFNLQJ IRU >T�� T�� T�@  >�� �� �@� 2QFH LQ UXQ PRGH� D

UXQ RI WKH V\PERO D LV H[SHFWHG� DQG WKH UXQ OHQJWK �ZKLFK PD\ EH ]HUR� LV HQFRGHG� :KLOH LQ UXQ

PRGH� WKH FRQWH[W LV QRW FKHFNHG DQG VRPH RI WKH VDPSOHV IRUPLQJ WKH UXQ PD\ RFFXU LQ FRQWH[WV

RWKHU WKDQ >�� �� �@� :KHQ WKH UXQ LV EURNHQ E\ D QRQ�PDWFKLQJ VDPSOH [� WKH HQFRGHU JRHV LQWR

D ?UXQ LQWHUUXSWLRQ� VWDWH� ZKHUH WKH GL�HUHQFH �  [ � E �ZLWK WKH VDPSOH DERYH [� LV HQFRGHG�

5XQV FDQ DOVR EH EURNHQ E\ HQGV RI OLQHV� LQ ZKLFK FDVH WKH HQFRGHU UHWXUQV WR QRUPDO FRQWH[W�EDVHG

FRGLQJ� 6LQFH DOO WKH GHFLVLRQV IRU VZLWFKLQJ LQ DQG RXW RI WKH UXQ PRGH DUH EDVHG RQ SDVW VDPSOHV�

WKH GHFRGHU FDQ UHSURGXFH WKH VDPH GHFLVLRQV ZLWKRXW DQ\ VLGH LQIRUPDWLRQ�

7KH HQFRGLQJ RI UXQ OHQJWKV LQ -3(*�/6 LV DOVR EDVHG RQ *RORPE FRGHV� RULJLQDOO\ SURSRVHG LQ

>��@ IRU VXFK DSSOLFDWLRQV� +RZHYHU� DQ LPSURYHG DGDSWDWLRQ VWUDWHJ\ FDQ EH GHULYHG IURP YLHZLQJ

WKH HQFRGHG VHTXHQFH DV ELQDU\ �C�
 IRU D ?KLW�� C�
 IRU D ?PLVV��� )RU D SRVLWLYH LQWHJHU SDUDPHWHU

P� OHW (*P GHQRWH D YDULDEOH�WR�YDULDEOH OHQJWK FRGH GH�QHG RYHU WKH H[WHQGHG ELQDU\ DOSKDEHW

I�� ��� ���� � � � � �P���� �PJ� ZKHUH �C GHQRWHV D VHTXHQFH RI C ]HURV� 8QGHU (*P� WKH H[WHQGHG

V\PERO �P �D VXFFHVVIXO UXQ RI P ?KLWV�� LV HQFRGHG ZLWK D �� ZKLOH �C�� � � C � P� LV HQFRGHG

ZLWK D � IROORZHG E\ WKH PRGL�HG ELQDU\ UHSUHVHQWDWLRQ RI C� %\ FRQVLGHULQJ D FRQFDWHQDWLRQ RI

H[WHQGHG LQSXW V\PEROV� LW LV HDV\ WR VHH WKDW (*P LV HTXLYDOHQW WR *P DSSOLHG WR WKH UXQ OHQJWK�

+RZHYHU� (*P LV GH�QHG RYHU D �QLWH DOSKDEHW� ZLWK ?KLWV� DQG ?PLVVHV� PRGHOHG DV LQGHSHQGHQW

DQG LGHQWLFDOO\ GLVWULEXWHG �L�L�G��� :H ZLOO UHIHU WR (*P DV DQ HOHPHQWDU\ *RORPE FRGH RI RUGHU P�

9DULDWLRQV RI WKHVH FRGHV ZHUH LQWURGXFHG LQ >��@� >��@� DQG >��@ LQ WKH FRQWH[W RI DGDSWLYH UXQ�OHQJWK

FRGLQJ� 7KH\ DUH DOVR VWXGLHG LQ >��@ LQ WKH FRQWH[W RI HPEHGGHG FRGLQJ RI ZDYHOHW FRH�FLHQWV�

ZKHUH LQVLJKW LV SURYLGHG LQWR WKHLU ZHOO�NQRZQ H�FLHQF\ IRU HQFRGLQJ L�L�G� ELQDU\ VHTXHQFHV RYHU

D VXUSULVLQJO\ ZLGH UDQJH RI YDOXHV RI WKH SUREDELOLW\ T RI D C��


��



:KHQ T LV XQNQRZQ D SULRUL� HOHPHQWDU\ *RORPE FRGHV DUH VXSHULRU WR *RORPE FRGHV LQ WKDW

WKH YDOXH RI P FDQ EH DGDSWHG ZLWKLQ D UXQ� EDVHG RQ WKH FXUUHQW HVWLPDWH RI T� 7KH RSWLPDO

DGDSWDWLRQ WXUQV RXW WR EH H[WUHPHO\ VLPSOH LI WKH IDPLO\ RI FRGHV LV UHGXFHG� DJDLQ� WR WKH FDVH

P  �J� ZKLOH WKH UHGXQGDQF\ UHPDLQV YHU\ VPDOO IRU WKH UDQJHV RI LQWHUHVW� ,Q DGGLWLRQ� WKH FRGH

ZRUGV IRU LQWHUUXSWHG UXQV DUH DOO J�� ELWV ORQJ DQG SURYLGH H[SOLFLWO\ WKH OHQJWK RI WKH LQWHUUXSWHG

UXQ� 7KLV DSSURDFK� SURSRVHG LQ >�@� ZDV DGRSWHG LQ -3(*�/6 DQG UHSODFHV WKH DSSURDFK XVHG LQ >�@�

,W LV LQVSLUHG LQ >��@� DQG LV WHUPHG EORFN�0(/&2'(�

&RXQW�EDVHG DGDSWDWLRQ VWUDWHJLHV IRU WKH SDUDPHWHU J DUH SURSRVHG LQ >��@ DQG >��@� -3(*�/6

XVHV D SUH�GH�QHG WDEOH WR DSSUR[LPDWH WKHVH VWUDWHJLHV� $ UXQ VHJPHQW RI OHQJWK P �L�H�� �P�

WULJJHUV DQ LQGH[ LQFUHPHQW� ZKLOH D ?PLVV� �L�H�� �C�� � � C � P� WULJJHUV DQ LQGH[ GHFUHPHQW�

7KH LQGH[ LV XVHG WR HQWHU WKH WDEOH� ZKLFK GHWHUPLQHV KRZ PDQ\ FRQVHFXWLYH UXQ VHJPHQWV �UHVS�

?PLVVHV�� WULJJHU DQ LQFUHPHQW �UHVS� GHFUHPHQW� RI J �VHH >�@��

7KH FRGLQJ SURFHGXUH IRU D UXQ LQWHUUXSWLRQ VDPSOH [ LV DSSOLHG WR �  [�EPRG�� 7KXV� ERWK

WKH �[HG SUHGLFWRU ��� DQG WKH ELDV FDQFHOODWLRQ SURFHGXUH DUH VNLSSHG� &RGLQJ LV RWKHUZLVH VLPLODU

WR WKH UHJXODU VDPSOH FDVH� +RZHYHU� FRQGLWLRQLQJ LV EDVHG RQ WZR VSHFLDO FRQWH[WV� GHWHUPLQHG

DFFRUGLQJ WR ZKHWKHU D  E RU D � E� ,Q WKH IRUPHU FDVH� ZH DOZD\V KDYH � � � �VLQFH� E\ GH�QLWLRQ RI
UXQ LQWHUUXSWLRQ� [ � D�� 7KHUHIRUH� WKH PDSSLQJV 0��� DQG 0 ���� DUH PRGL�HG WR WDNH DGYDQWDJH
RI WKLV H[FOXVLRQ� 0RUHRYHU� VLQFH WKH % FRXQWHU LV QRW XVHG LQ WKHVH FRQWH[WV �QR ELDV FDQFHOODWLRQ

LV SHUIRUPHG�� WKH GHFLVLRQ EHWZHHQ 0��� DQG 0 ���� LV EDVHG RQ WKH QXPEHU 1W RI QHJDWLYH YDOXHV

RFFXUULQJ LQ HDFK FRQWH[W� 7KH VDPH UHVHW SURFHGXUH DV LQ 6HFWLRQ ��� LV XVHG IRU WKH FRUUHVSRQGLQJ

FRXQWHUV� $OVR� WKH OHQJWK OLPLWDWLRQ IRU WKH *RORPE FRGH WDNHV LQWR DFFRXQW WKH J � � ELWV RI WKH

ODVW FRGHG UXQ VHJPHQW� WKXV OLPLWLQJ HYHU\ FRGH ZRUG OHQJWK WR /PD[�J�� ELWV�

��� 6XPPDU\ RI HQFRGLQJ SURFHGXUHV

)LJXUHV � DQG � VXPPDUL]H WKH ORVVOHVV HQFRGLQJ SURFHGXUHV GHVFULEHG LQ 6HFWLRQ � IRU D VLQJOH

FRPSRQHQW RI DQ LPDJH� 7KH GHFRGLQJ SURFHVV XVHV WKH VDPH EDVLF SURFHGXUHV DQG IROORZV DOPRVW

WKH VDPH VWHSV LQ UHYHUVH RUGHU �VHH >�@ IRU GHWDLOV�� 1RQ�GH�QHG VDPSOHV LQ WKH FDXVDO WHPSODWH DW

WKH ERXQGDULHV RI WKH LPDJH DUH WUHDWHG DV IROORZV� )RU WKH �UVW OLQH� E  F  G  � LV DVVXPHG� )RU

WKH �UVW DQG ODVW FROXPQ� ZKHQHYHU XQGH�QHG� WKH VDPSOHV DW SRVLWLRQV D DQG G DUH DVVXPHG WR EH

HTXDO WR WKH RQH DW SRVLWLRQ E� ZKLOH WKH YDOXH RI WKH VDPSOHV DW SRVLWLRQ F LV FRSLHG IURP WKH YDOXH

WKDW ZDV DVVLJQHG WR SRVLWLRQ D ZKHQ HQFRGLQJ WKH �UVW VDPSOH LQ WKH SUHYLRXV OLQH�

��



6WHS �� ,QLWLDOL]DWLRQ�

D� &RPSXWH /PD[  ���PD[�PD[I�� �PD[J�� ZKHUH �PD[  PD[I�� GORJ�HJ�
E� ,QLWLDOL]H WKH ��� VHWV RI FRQWH[W FRXQWHUV $� %� &� DQG 1 DV IROORZV� %  &  �� 1  ��

$  PD[I�� E�� � ��� ��FJ� 6LPLODU LQLWLDOL]DWLRQV DUH QHHGHG IRU WKH FRUUHVSRQGLQJ YDULDEOHV
LQ WKH WZR UXQ LQWHUUXSWLRQ FRQWH[WV�

F� ,QLWLDOL]H WR � WKH LQGH[ ,581 WR WKH UXQ PRGH DGDSWDWLRQ WDEOH�

G� 6HW FXUUHQW VDPSOH [ WR WKH �UVW VDPSOH LQ WKH LPDJH�

6WHS �� &RPSXWH WKH ?ORFDO JUDGLHQWV� J�  G� E� J�  E� F� DQG J�  F� E�

6WHS �� ,I J� J� J� �� JR WR UXQ PRGH SURFHVVLQJ �)LJ� ��� 2WKHUZLVH� FRQWLQXH LQ ?UHJXODU� PRGH�

6WHS �� 4XDQWL]H WKH ORFDO JUDGLHQWV JL� L  �� �� � DV GHVFULEHG LQ 6HFWLRQ ������

6WHS �� 'HQRWH WKH TXDQWL]HG JUDGLHQWV E\ TL� L  �� �� �� ,I WKH �UVW QRQ�]HUR FRPSRQHQW RI >T�� T�� T�@

LV QHJDWLYH� UHYHUVH DOO WKH VLJQV LQ WKH WULSOHW DQG DVVRFLDWH D QHJDWLYH VLJQ WR LW� 2WKHUZLVH�

DVVRFLDWH D SRVLWLYH VLJQ� 0DS WKH WULSOHW� RQ D RQH�WR�RQH EDVLV� LQWR DQ LQGH[ LQ WKH UDQJH >�� ���@

�FRQWH[W QXPEHU � LV UHVHUYHG WR WKH UXQ PRGH�� 8VH WKH LQGH[ WR DGGUHVV WKH FRQWH[W FRXQWHUV�

6WHS �� &RPSXWH WKH �[HG SUHGLFWLRQ A[0(' DFFRUGLQJ WR ����

6WHS �� &RUUHFW A[0(' E\ DGGLQJ �UHVS� VXEWUDFWLQJ� WKH YDOXH RI & IRU WKH FRQWH[W LQ FDVH WKH VLJQ DVVRFL�

DWHG WR WKH FRQWH[W LV SRVLWLYH �UHVS� QHJDWLYH�� &ODPS WKH FRUUHFWHG YDOXH WR WKH UDQJH >�� �� �@
WR REWDLQ WKH FRUUHFWHG SUHGLFWLRQ A[�

6WHS �� &RPSXWH WKH SUHGLFWLRQ UHVLGXDO ��  [� A[ DQG� LI D QHJDWLYH VLJQ LV DVVRFLDWHG WR WKH FRQWH[W� VHW
�� ¥ ���� 5HGXFH �� PRGXOR � WR D YDOXH � LQ WKH UDQJH >�E� �F� G� �H��@�

6WHS �� &RPSXWH WKH *RORPE SDUDPHWHU N DFFRUGLQJ WR ����

6WHS �� 0DS � WR 0��� RU� LI N  � DQG �% � �1 � WR 0 �����

6WHS ��� *RORPE�HQFRGH WKH PDSSHG SUHGLFWLRQ UHVLGXDO XVLQJ WKH SDUDPHWHU N DQG� LI QHFHVVDU\� SHUIRUP

WKH FRGH ZRUG OHQJWK OLPLWDWLRQ SURFHGXUH ZLWK PD[LPXP OHQJWK /PD[�

6WHS ��� 8SGDWH WKH FRQWH[W FRXQWHUV E\ DGGLQJ � WR % DQG M�M WR $� KDOYLQJ $� %� DQG 1 LQ FDVH 1  1�

�UHVHW WKUHVKROG�� DQG LQFUHPHQWLQJ 1 �

6WHS ��� 8SGDWH WKH YDOXHV RI % DQG & IROORZLQJ WKH ?LI�HOVH� VWDWHPHQW LQ )LJXUH ��

6WHS ��� *R WR 6WHS � WR SURFHVV WKH QH[W VDPSOH�

)LJXUH �� -3(*�/6� HQFRGLQJ RI D VLQJOH FRPSRQHQW�

6WHS �� 5HDG QHZ VDPSOHV XQWLO HLWKHU [ � D RU WKH HQG RI WKH OLQH LV HQFRXQWHUHG�

6WHS �� /HW P  �J GHQRWH WKH FXUUHQW SDUDPHWHU RI WKH HOHPHQWDU\ *RORPE FRGH� )RU HDFK UXQ VHJPHQW

RI OHQJWK P� DSSHQG D C�
 WR WKH RXWSXW ELW VWUHDP DQG LQFUHPHQW WKH LQGH[ ,581� ,I VR LQGLFDWHG

E\ WKH WDEOH� GRXEOH P�

6WHS �� ,I WKH UXQ ZDV LQWHUUXSWHG E\ WKH HQG RI D OLQH� DSSHQG C�
 WR WKH RXWSXW ELW VWUHDP DQG JR WR

6WHS � RI WKH PDLQ DOJRULWKP �)LJ� ��� 2WKHUZLVH� DSSHQG C�
 WR WKH RXWSXW ELW VWUHDP IROORZHG

E\ WKH ELQDU\ UHSUHVHQWDWLRQ RI WKH UHVLGXDO UXQ OHQJWK XVLQJ J ELWV� GHFUHPHQW ,581� DQG LI VR

LQGLFDWHG E\ WKH WDEOH� KDOI P�

6WHS �� (QFRGH WKH UXQ LQWHUUXSWLRQ VDPSOH DQG JR WR 6WHS � RI WKH PDLQ DOJRULWKP �)LJ� ���

)LJXUH �� 5XQ PRGH SURFHVVLQJ�

��



� 1HDU�ORVVOHVV FRPSUHVVLRQ

-3(*�/6 R�HUV D ORVV\ PRGH RI RSHUDWLRQ� WHUPHG ?QHDU�ORVVOHVV�� LQ ZKLFK HYHU\ VDPSOH YDOXH

LQ D UHFRQVWUXFWHG LPDJH FRPSRQHQW LV JXDUDQWHHG WR GL�HU IURP WKH FRUUHVSRQGLQJ YDOXH LQ WKH

RULJLQDO LPDJH E\ XS WR D SUHVHW �VPDOO� DPRXQW� �� 7KH EDVLF WHFKQLTXH HPSOR\HG IRU DFKLHYLQJ WKLV

JRDO LV WKH WUDGLWLRQDO '3&0 ORRS >��@� ZKHUH WKH SUHGLFWLRQ UHVLGXDO �DIWHU FRUUHFWLRQ DQG SRVVLEOH

VLJQ UHYHUVLRQ� EXW EHIRUH PRGXOR UHGXFWLRQ� LV TXDQWL]HG LQWR TXDQWL]DWLRQ ELQV RI VL]H ����� ZLWK

UHSURGXFWLRQ DW WKH FHQWHU RI WKH LQWHUYDO� 4XDQWL]DWLRQ RI D SUHGLFWLRQ UHVLGXDO � LV SHUIRUPHG E\

LQWHJHU GLYLVLRQ� DFFRUGLQJ WR

4���  VLJQ���

� M�M� �

�� � �

�
� ����

6LQFH � XVXDOO\ WDNHV RQH RI D IHZ VPDOO LQWHJHU YDOXHV� WKH LQWHJHU GLYLVLRQ LQ ���� FDQ EH SHUIRUPHG

H�FLHQWO\ ERWK LQ KDUGZDUH >��@ DQG VRIWZDUH�

7KH IROORZLQJ DVSHFWV RI WKH FRGLQJ SURFHGXUH DUH D�HFWHG E\ WKH TXDQWL]DWLRQ VWHS� &RQWH[W

PRGHOLQJ DQG SUHGLFWLRQ DUH EDVHG RQ UHFRQVWUXFWHG YDOXHV� VR WKDW WKH GHFRGHU FDQ PLPLF WKH

RSHUDWLRQ RI WKH HQFRGHU� ,Q WKH VHTXHO� WKH QRWDWLRQ D� E� F� DQG G� ZLOO EH XVHG WR UHIHU DOVR WR WKH

UHFRQVWUXFWHG YDOXHV RI WKH VDPSOHV DW WKHVH SRVLWLRQV� 7KH FRQGLWLRQ IRU HQWHULQJ WKH UXQ PRGH LV

UHOD[HG WR UHTXLUH WKDW WKH JUDGLHQWV JL� L  �� �� �� VDWLVI\ MJLM � �� 7KLV UHOD[HG FRQGLWLRQ UH�HFWV

WKH IDFW WKDW UHFRQVWUXFWHG VDPSOH GL�HUHQFHV XS WR � FDQ EH WKH UHVXOW RI TXDQWL]DWLRQ HUURUV�

0RUHRYHU� RQFH LQ UXQ PRGH� WKH HQFRGHU FKHFNV IRU UXQV ZLWKLQ D WROHUDQFH RI �� ZKLOH UHSURGXFLQJ

WKH YDOXH RI WKH UHFRQVWUXFWHG VDPSOH DW D� &RQVHTXHQWO\� WKH WZR UXQ LQWHUUXSWLRQ FRQWH[WV DUH

GHWHUPLQHG DFFRUGLQJ WR ZKHWKHU MD� EM � � RU QRW�

7KH UHOD[HG FRQGLWLRQ IRU WKH UXQ PRGH DOVR GHWHUPLQHV WKH FHQWUDO UHJLRQ IRU TXDQWL]HG JUDGL�

HQWV� ZKLFK LV MJLM � �� L  �� �� �� 7KXV� WKH VL]H RI WKH FHQWUDO UHJLRQ LV LQFUHDVHG E\ ��� DQG WKH

GHIDXOW WKUHVKROGV IRU JUDGLHQW TXDQWL]DWLRQ DUH VFDOHG DFFRUGLQJO\��

7KH UHGXFWLRQ RI WKH TXDQWL]HG SUHGLFWLRQ UHVLGXDO LV GRQH PRGXOR ��� ZKHUH

��  

�
�� ��

�� � �

�
�

LQWR WKH UDQJH >�E�� �F� G�� �H��@� 7KH UHGXFHG YDOXH LV �ORVVOHVVO\� HQFRGHG DQG UHFRYHUHG DW WKH
GHFRGHU� ZKLFK �UVW PXOWLSOLHV LW E\ ����� WKHQ DGGV LW WR WKH �FRUUHFWHG� SUHGLFWLRQ �RU VXEWUDFWV

LW� LI WKH VLJQ DVVRFLDWHG WR WKH FRQWH[W LV QHJDWLYH�� DQG UHGXFHV LW PRGXOR �������� LQWR WKH UDQJH

>��� �� �����������@� �QDOO\ FODPSLQJ LW LQWR WKH UDQJH >�� ���@� ,W FDQ EH VHHQ WKDW� DIWHU PRGXODU
UHGXFWLRQ� WKH UHFRYHUHG YDOXH FDQQRW EH ODUJHU WKDQ �� �� �� 7KXV� EHIRUH FODPSLQJ� WKH GHFRGHU

�7KH GHWHUPLQDWLRQ RI GHIDXOW WKUHVKROGV IRU � � � LQ WKH ORVVOHVV PRGH WKURXJK VFDOLQJ� PHQWLRQHG LQ 6HFWLRQ ������
LV EDVHG RQ YLHZLQJ DQ ��ELW SHU SL[HO LPDJH DV D ?QHDU�ORVVOHVV YHUVLRQ� RI DQ LPDJH ZLWK D ODUJHU DOSKDEHW�

��



DFWXDOO\ SURGXFHV D YDOXH LQ WKH UDQJH >��� �����@� ZKLFK LV SUHFLVHO\ WKH UDQJH RI SRVVLEOH VDPSOH

YDOXHV ZLWK DQ HUURU WROHUDQFH RI ���

$V IRU HQFRGLQJ� �� UHSODFHV � LQ WKH GH�QLWLRQ RI WKH OLPLWHG�OHQJWK *RORPE FRGLQJ SURFHGXUH�

6LQFH $ DFFXPXODWHV TXDQWL]HG HUURU PDJQLWXGHV� N � GORJ��H� 2Q WKH RWKHU KDQG� % DFFXPXODWHV

WKH HQFRGHG YDOXH� PXOWLSOLHG E\ ����� 7KH DOWHUQDWLYH PDSSLQJ0 ���� LV QRW XVHG� DV LWV H�HFW ZRXOG
EH QHJOLJLEOH VLQFH WKH FHQWHU RI WKH TXDQWL]HG HUURU GLVWULEXWLRQ LV LQ WKH LQWHUYDO ��� ������� �@�
7KH VSHFL�FDWLRQ >�@ WUHDWV WKH ORVVOHVV PRGH DV D VSHFLDO FDVH RI QHDU�ORVVOHVV FRPSUHVVLRQ� ZLWK

�  �� $OWKRXJK WKH LQLWLDO JRDO RI WKLV PRGH ZDV WR JXDUDQWHH D ERXQGHG HUURU IRU DSSOLFDWLRQV

ZLWK OHJDO LPSOLFDWLRQV �H�J�� PHGLFDO LPDJHV�� IRU VPDOO YDOXHV RI � LWV YLVXDO DQG 615 SHUIRUPDQFH

LV RIWHQ VXSHULRU WR WKDW RI WUDGLWLRQDO WUDQVIRUP FRGLQJ WHFKQLTXHV�

� 9DULDWLRQV RQ WKH EDVLF FRQ�JXUDWLRQ

��� /RZHU FRPSOH[LW\ YDULDQWV

7KH EDVLF LGHDV EHKLQG /2&2�, DGPLW YDULDQWV WKDW FDQ EH LPSOHPHQWHG DW DQ HYHQ ORZHU FRP�

SOH[LW\� ZLWK UHDVRQDEOH GHWHULRUDWLRQ LQ WKH FRPSUHVVLRQ UDWLRV� 2QH VXFK YDULDQW IROORZV IURP

IXUWKHU DSSO\LQJ WKH SULQFLSOH WKDW SULRU NQRZOHGJH RQ WKH VWUXFWXUH RI LPDJHV VKRXOG EH XVHG�

ZKHQHYHU DYDLODEOH� WKXV VDYLQJ PRGHO OHDUQLQJ FRVWV �VHH 6HFWLRQ ����� 1RWLFH WKDW WKH YDOXH RI

WKH *RORPE SDUDPHWHU N LV �DGDSWLYHO\� HVWLPDWHG DW HDFK FRQWH[W EDVHG RQ WKH YDOXH RI SUHYLRXV

SUHGLFWLRQ UHVLGXDOV� +RZHYHU� WKH YDOXH RI N IRU D JLYHQ FRQWH[W FDQ EH JHQHUDOO\ HVWLPDWHG D

SULRUL� DV ?DFWLYH� FRQWH[WV� FRUUHVSRQGLQJ WR ODUJHU JUDGLHQWV� ZLOO WHQG WR SUHVHQW �DWWHU GLVWULEX�

WLRQV� ,Q IDFW� IRU PRVW FRQWH[WV WKHUH LV D VWURQJ FRUUHODWLRQ EHWZHHQ WKH ?DFWLYLW\ OHYHO� PHDVXUH

MG� EM� ME� FM� MF� DM� DQG WKH YDOXH RI N WKDW HQGV XS EHLQJ XVHG WKH PRVW LQ WKH FRQWH[W� ZLWK
ODUJHU DFWLYLW\ OHYHOV FRUUHVSRQGLQJ WR ODUJHU YDOXHV RI N� +RZHYHU� WKH TXDQWL]DWLRQ WKUHVKROG IRU

WKH DFWLYLW\ OHYHO ZRXOG VWURQJO\ GHSHQG RQ WKH LPDJH�

7KH DERYH REVHUYDWLRQ LV UHODWHG WR DQ DOWHUQDWLYH LQWHUSUHWDWLRQ RI WKH PRGHOLQJ DSSURDFK LQ

/2&2�,��� 8QGHU WKLV LQWHUSUHWDWLRQ� WKH XVH RI RQO\ M&M GL�HUHQW SUH�[ FRGHV WR HQFRGH FRQWH[W�
GHSHQGHQW GLVWULEXWLRQV RI SUHGLFWLRQ UHVLGXDOV� LV YLHZHG DV D �G\QDPLF� ZD\ RI FOXVWHULQJ FRQGL�

WLRQLQJ FRQWH[WV� 7KH FOXVWHUV UHVXOW IURP WKH XVH RI D VPDOO IDPLO\ RI FRGHV� DV RSSRVHG WR D VFKHPH

EDVHG RQ DULWKPHWLF FRGLQJ� ZKLFK ZRXOG XVH GL�HUHQW DULWKPHWLF FRGHV IRU GL�HUHQW GLVWULEXWLRQV�

7KXV� WKLV DVSHFW RI /2&2�, FDQ DOVR EH YLHZHG DV D UHDOL]DWLRQ RI WKH EDVLF SDUDGLJP SURSRVHG

DQG DQDO\]HG LQ >��@ DQG DOVR XVHG LQ &$/,& >��@� LQ ZKLFK D PXOWLSOLFLW\ RI SUHGLFWLQJ FRQWH[WV LV

��;LDROLQ :X� SULYDWH FRPPXQLFDWLRQ�

��



FOXVWHUHG LQWR D IHZ FRQGLWLRQLQJ VWDWHV� ,Q WKH ORZHU FRPSOH[LW\ DOWHUQDWLYH SURSRVHG LQ WKLV VHF�

WLRQ� WKH FOXVWHULQJ SURFHVV LV VWDWLF� UDWKHU WKDQ G\QDPLF� 6XFK D VWDWLF FOXVWHULQJ FDQ EH REWDLQHG�

IRU H[DPSOH� E\ XVLQJ WKH DERYH DFWLYLW\ OHYHO LQ OLHX RI $� DQG 1  �� WR GHWHUPLQH N LQ ����

��� /2&2�$� DQ DULWKPHWLF FRGLQJ H[WHQVLRQ

,Q WKLV VHFWLRQ� ZH SUHVHQW DQ DULWKPHWLF FRGLQJ H[WHQVLRQ RI /2&2�,� WHUPHG /2&2�$ >��@� ZKLFK

KDV EHHQ DGRSWHG IRU D SURVSHFWLYH H[WHQVLRQ RI WKH EDVHOLQH -3(*�/6 VWDQGDUG �-3(*�/6 3DUW ���

7KH JRDO RI WKLV H[WHQVLRQ LV WR DGGUHVV WKH EDVLF OLPLWDWLRQV WKDW WKH EDVHOLQH SUHVHQWV ZKHQ GHDOLQJ

ZLWK YHU\ FRPSUHVVLEOH LPDJHV �H�J�� FRPSXWHU JUDSKLFV� QHDU�ORVVOHVV PRGH ZLWK DQ HUURU RI �� RU
ODUJHU�� GXH WR WKH V\PERO�E\�V\PERO FRGLQJ DSSURDFK� RU ZLWK LPDJHV WKDW DUH YHU\ IDU IURP EHLQJ

FRQWLQXRXV�WRQH RU KDYH VSDUVH KLVWRJUDPV� ,PDJHV RI WKH ODWWHU W\SH FRQWDLQ RQO\ D VXEVHW RI WKH

SRVVLEOH VDPSOH YDOXHV LQ HDFK FRPSRQHQW� DQG WKH �[HG SUHGLFWRU ��� ZRXOG WHQG WR FRQFHQWUDWH WKH

YDOXH RI WKH SUHGLFWLRQ UHVLGXDOV LQWR D UHGXFHG VHW� +RZHYHU� SUHGLFWLRQ FRUUHFWLRQ WHQGV WR VSUHDG

WKHVH YDOXHV RYHU WKH HQWLUH UDQJH� DQG HYHQ LI WKDW ZHUH QRW WKH FDVH� WKH SUREDELOLW\ DVVLJQPHQW

RI D 76*' PRGHO LQ /2&2�,�-3(*�/6 ZRXOG QRW WDNH DGYDQWDJH RI WKH UHGXFHG DOSKDEHW�

,Q DGGLWLRQ WR EHWWHU KDQGOLQJ WKH VSHFLDO W\SHV RI LPDJHV PHQWLRQHG DERYH� /2&2�$ FORVHV�

LQ JHQHUDO� PRVW RI WKH �VPDOO� FRPSUHVVLRQ JDS EHWZHHQ -3(*�/6 DQG WKH EHVW SXEOLVKHG UHVXOWV

�VHH 6HFWLRQ ��� ZKLOH VWLOO EHLQJ FRQVLGHUDEO\ VLPSOHU WKDQ WKHVH KLJKHU FRPSOH[LW\ DOWHUQDWLYHV�

/2&2�$ LV D QDWXUDO H[WHQVLRQ RI WKH -3(*�/6 EDVHOLQH� UHTXLULQJ WKH VDPH EX�HULQJ FDSDELOLW\�

7KH FRQWH[W PRGHO DQG PRVW RI WKH SUHGLFWLRQ DUH LGHQWLFDO WR WKRVH LQ /2&2�,� 7KH EDVLF LGHD

EHKLQG /2&2�$ IROORZV IURP WKH DOWHUQDWLYH LQWHUSUHWDWLRQ RI WKH PRGHOLQJ DSSURDFK LQ /2&2�,

GLVFXVVHG LQ 6HFWLRQ ���� 7KHUH� LW ZDV VXJJHVWHG WKDW FRQGLWLRQLQJ VWDWHV FRXOG EH REWDLQHG E\

FOXVWHULQJ FRQWH[WV EDVHG RQ WKH YDOXH RI WKH *RORPE SDUDPHWHU N �WKXV JURXSLQJ FRQWH[WV ZLWK

VLPLODU FRQGLWLRQDO GLVWULEXWLRQV�� 7KH UHVXOWLQJ VWDWH�FRQGLWLRQHG GLVWULEXWLRQV FDQ EH DULWKPHWLF

HQFRGHG� WKXV UHOD[LQJ WKH 76*' DVVXPSWLRQ� ZKLFK ZRXOG WKXV EH XVHG RQO\ DV D PHDQV WR IRUP

WKH VWDWHV� 7KH UHOD[DWLRQ RI WKH 76*' DVVXPSWLRQ LV SRVVLEOH GXH WR WKH VPDOO QXPEHU RI VWDWHV�

M&M  GORJ�H��� ZKLFK HQDEOHV WKH PRGHOLQJ RI PRUH SDUDPHWHUV SHU VWDWH� ,Q /2&2�$� WKLV LGHD LV
JHQHUDOL]HG WR FUHDWH KLJKHU UHVROXWLRQ FOXVWHUV EDVHG RQ WKH DYHUDJH PDJQLWXGH $ 1 RI SUHGLFWLRQ

UHVLGXDOV �DV N LV LWVHOI D IXQFWLRQ RI $ 1�� 6LQFH� E\ GH�QLWLRQ� HDFK FOXVWHU ZRXOG LQFOXGH FRQWH[WV

ZLWK YHU\ VLPLODU FRQGLWLRQDO GLVWULEXWLRQV� WKLV PHDVXUH RI DFWLYLW\ OHYHO FDQ EH VHHQ DV D UH�QHPHQW

RI WKH ?HUURU HQHUJ\� XVHG LQ &$/,& >��@� DQG D IXUWKHU DSSOLFDWLRQ RI WKH SDUDGLJP RI >��@� $FWLYLW\

OHYHOV DUH DOVR XVHG LQ WKH $/&0 DOJRULWKP >��@�

��



0RGHOLQJ LQ /2&2�$ SURFHHGV DV LQ /2&2�,� FROOHFWLQJ WKH VDPH VWDWLVWLFV DW HDFK FRQWH[W �WKH

?UXQ PRGH� FRQGLWLRQ LV XVHG WR GH�QH D VHSDUDWH HQFRGLQJ VWDWH�� 7KH FOXVWHULQJ LV DFFRPSOLVKHG

E\ PRGLI\LQJ ��� DV IROORZV�

N  PLQIN� M �N� �1 � $J�
)RU � ELWV�SL[HO LPDJHV� �� HQFRGLQJ VWDWHV DUH GH�QHG� N  �� N  �� � � � � N  �� N ! �� DQG WKH

UXQ VWDWH� $ VLPLODU FOXVWHULQJ LV SRVVLEOH ZLWK RWKHU DOSKDEHW VL]HV�

%LDV FDQFHOODWLRQ LV SHUIRUPHG DV LQ /2&2�,� H[FHSW WKDW WKH 76*'V DUH FHQWHUHG LQ WKH LQWHUYDO

��� �� � �@� LQVWHDG RI ���� �@ �DV WKH FRGLQJ PHWKRG WKDW MXVWL�HG WKH QHJDWLYH IUDFWLRQDO VKLIW
LQ /2&2�, LV QR ORQJHU XVHG�� ,Q DGGLWLRQ� WKH DGDSWLYH SUHGLFWLRQ LV PRGL�HG WR DOOHYLDWH WKH

XQZDQWHG H�HFWV RQ LPDJHV ZLWK VSDUVH KLVWRJUDPV� 6SHFL�FDOO\� OHW A[F GHQRWH WKH 0(' SUHGLFWLRQ

RI ��� FRUUHFWHG DIWHU ELDV FDQFHODWLRQ� 7KH SUHGLFWHG YDOXH A[ LV WKH RQH WKDW LV FORVHVW WR A[F LQ

WKH GLUHFWLRQ RI A[0(' DQG KDV DOUHDG\ RFFXUUHG LQ WKH LPDJH� RU A[0(' LI QR VXFK YDOXH H[LVWV� 7KLV

SURFHGXUH FDQ EH LPSOHPHQWHG E\ PDLQWDLQLQJ DQ DUUD\ RI � �DJV� ZLWK WKH L�WK �DJ ?RQ� LQGLFDWLQJ

WKDW L�YDOXHG VDPSOHV KDYH DOUHDG\ RFFXUUHG LQ WKH LPDJH� � � L � �� )RU UHJXODU LPDJHV� PRVW �DJV

LQ WKH DUUD\ ZLOO EH UDSLGO\ WXUQHG ?RQ� DQG A[ ZLOO HTXDO A[F� 0RUHRYHU� VLQFH MA[F� A[0('M LV XVXDOO\
VPDOO� IHZ VDPSOHV DUH FKHFNHG HYHQ IRU LPDJHV ZLWK VSDUVH KLVWRJUDPV� 1R ELDV FDQFHOODWLRQ LV

GRQH LQ WKH UXQ VWDWH� $ ?VLJQ �LS� ERUURZHG IURP WKH &$/,& DOJRULWKP >��@ LV SHUIRUPHG� LI WKH

ELDV FRXQW % LV SRVLWLYH� WKHQ WKH VLJQ RI WKH HUURU LV �LSSHG� ,Q WKLV ZD\� ZKHQ GLVWULEXWLRQV WKDW

DUH VLPLODU LQ VKDSH EXW KDYH RSSRVLWH ELDVHV DUH PHUJHG� WKH VWDWLVWLFV DUH DGGHG ?LQ SKDVH��

)LQDOO\� SUHGLFWLRQ HUURUV DUH DULWKPHWLF�FRGHG FRQGLWLRQHG RQ RQH RI WKH �� HQFRGLQJ VWDWHV�

%LQDU\ DULWKPHWLF FRGLQJ LV SHUIRUPHG� IROORZLQJ WKH *RORPE�EDVHG ELQDUL]DWLRQ VWUDWHJ\ RI >��@�

)RU D VWDWH ZLWK LQGH[ N� ZH FKRRVH WKH FRUUHVSRQGLQJ ELQDUL]DWLRQ WUHH DV WKH *RORPE WUHH IRU WKH

SDUDPHWHU �GN �H �WKH UXQ VWDWH DOVR XVHV N  ���

1RWH WKDW WKH PRGHOLQJ FRPSOH[LW\ LQ /2&2�$ LV VLPLODU WR WKDW RI /2&2�,� 7KH RQO\ DGGHG

FRPSOH[LW\ LV LQ WKH GHWHUPLQDWLRQ RI N �ZKLFK� LQ VRIWZDUH� FDQ EH GRQH ZLWK D VLPSOH PRGL�FDWLRQ

RI WKH & ?RQH�OLQHU� XVHG LQ /2&2�,�� LQ WKH WUHDWPHQW RI VSDUVH KLVWRJUDPV� DQG LQ WKH XVH RI D

�IWK VDPSOH LQ WKH FDXVDO WHPSODWH� :HVW RI D� DV LQ >�@�

� 5HVXOWV

,Q WKLV VHFWLRQ ZH SUHVHQW FRPSUHVVLRQ UHVXOWV REWDLQHG ZLWK WKH EDVLF FRQ�JXUDWLRQ RI -3(*�/6

GLVFXVVHG LQ 6HFWLRQ �� XVLQJ GHIDXOW SDUDPHWHUV LQ FRPSRQHQW E\ FRPSRQHQW PRGH� 7KHVH UHVXOWV

DUH FRPSDUHG ZLWK WKRVH REWDLQHG ZLWK RWKHU UHOHYDQW VFKHPHV UHSRUWHG LQ WKH OLWHUDWXUH� RYHU D

��



,PDJH /2&2�, -3(*�/6 � � � �

%DOORRQ ���� ���� ���� ����
%DUE � ���� ���� ���� ����
%DUE � ���� ���� ���� ����
%RDUG ���� ���� ���� ����
%RDWV ���� ���� ���� ����
*LUO ���� ���� ���� ����
*ROG ���� ���� ���� ����
+RWHO ���� ���� ���� ����
=HOGD ���� ���� ���� ����
$YHUDJH ���� ���� ���� ����

7DEOH �� &RPSUHVVLRQ UHVXOWV RQ ,62�,(& ������� LPDJH WHVW VHW �LQ ELWV�SL[HO�

ZLGH YDULHW\ RI LPDJHV� :H DOVR SUHVHQW UHVXOWV IRU QHDU�ORVVOHVV FRPSUHVVLRQ DQG IRU /2&2�$�

,Q 7DEOH �� ZH VWXG\ WKH FRPSUHVVLRQ SHUIRUPDQFH RI /2&2�, DQG -3(*�/6 LQ ORVVOHVV PRGH�

DV ZHOO DV -3(*�/6 LQ QHDU�ORVVOHVV PRGH ZLWK �  � DQG �  �� RQ D VWDQGDUG VHW RI LPDJHV XVHG

LQ GHYHORSLQJ WKH -3(* VWDQGDUG >��@� 7KHVH DUH JHQHUDOO\ ?VPRRWK� QDWXUDO LPDJHV� &RPSUHVVLRQ

UDWLRV DUH JLYHQ LQ ELWV�SL[HO IRU WKH OXPLQDQFH FRPSRQHQW RI HDFK LPDJH� 7KH /2&2�, FROXPQ

FRUUHVSRQGV WR >�@� DQG WKH �VOLJKW� GLVFUHSDQF\ ZLWK WKH -3(*�/6 FROXPQ LV GXH WR WKH PDLQ

GL�HUHQFHV EHWZHHQ WKH DOJRULWKPV� QDPHO\� XVH RI D �IWK FRQWH[W SL[HO LQ /2&2�,� OLPLWDWLRQ RI

*RORPE FRGH ZRUG OHQJWKV LQ -3(*�/6� GL�HUHQW FRGLQJ PHWKRGV LQ UXQ PRGH� DQG RYHUKHDG LQ

-3(*�/6 GXH WR WKH PRUH HODERUDWH GDWD IRUPDW �H�J�� PDUNHU VHJPHQWV� ELW VWX�QJ� HWF���

7DEOH � VKRZV �ORVVOHVV� FRPSUHVVLRQ UHVXOWV RI /2&2�,� -3(*�/6� DQG /2&2�$� FRPSDUHG

ZLWK RWKHU SRSXODU VFKHPHV� 7KHVH LQFOXGH )(/,&6 >��@� IRU ZKLFK WKH UHVXOWV ZHUH H[WUDFWHG IURP

>��@� DQG WKH WZR YHUVLRQV RI WKH RULJLQDO ORVVOHVV -3(* VWDQGDUG >��@� L�H�� WKH VWURQJHVW RQH EDVHG

RQ DULWKPHWLF FRGLQJ� DQG WKH VLPSOHVW RQH EDVHG RQ D �[HG SUHGLFWRU IROORZHG E\ +X�PDQ FRGLQJ

XVLQJ ?W\SLFDO� WDEOHV >��@� 7KLV RQH�SDVV FRPELQDWLRQ LV SUREDEO\ WKH PRVW ZLGHO\ XVHG YHUVLRQ

RI WKH ROG ORVVOHVV VWDQGDUG� 7KH WDEOH DOVR VKRZV UHVXOWV IRU 31*� D SRSXODU �OH IRUPDW LQ ZKLFK

ORVVOHVV FRPSUHVVLRQ LV DFKLHYHG WKURXJK SUHGLFWLRQ �LQ WZR SDVVHV� DQG D YDULDQW RI /=�� >��@�

)LQDOO\� ZH KDYH DOVR LQFOXGHG WKH DULWKPHWLF FRGLQJ YHUVLRQ RI WKH &$/,& DOJRULWKP� ZKLFK DWWDLQV

WKH EHVW FRPSUHVVLRQ UDWLRV DPRQJ VFKHPHV SURSRVHG LQ UHVSRQVH WR WKH &DOO IRU &RQWULEXWLRQV

OHDGLQJ WR -3(*�/6� 7KHVH UHVXOWV DUH H[WUDFWHG IURP >��@� 7KH LPDJHV LQ 7DEOH � DUH WKH VXEVHW

RI � ELWV�SL[HO LPDJHV IURP WKH EHQFKPDUN VHW SURYLGHG LQ WKH DERYH &DOO IRU &RQWULEXWLRQV� 7KLV

LV D ULFKHU VHW ZLWK D ZLGHU YDULHW\ RI LPDJHV� LQFOXGLQJ FRPSRXQG GRFXPHQWV� DHULDO SKRWRJUDSKV�

VFDQQHG� DQG FRPSXWHU JHQHUDWHG LPDJHV� &RPSUHVVLRQ UDWLRV DUH JLYHQ LQ ELWV�SL[HO DYHUDJHG RYHU

FRORU SODQHV �IRU FRQVLVWHQF\� 31* ZDV UXQ LQ D SODQH�E\�SODQH IDVKLRQ��

7KH UHVXOWV LQ 7DEOH �� DV ZHOO DV RWKHU FRPSDULVRQV SUHVHQWHG LQ >�@� VKRZ WKDW /2&2�,�-3(*�

��



/RVVOHVV /RVVOHVV
-3(* -3(* &$/,&

,PDJH /2&2�, -3(*�/6 )(/,&6 +X�PDQ DULWKP� DULWKP� /2&2�$ 31*

ELNH ���� ���� ���� ���� ���� ���� ���� ����
FDIH ���� ���� ���� ���� ���� ���� ���� ����
ZRPDQ ���� ���� ���� ���� ���� ���� ���� ����
WRROV ���� ���� ���� ���� ���� ���� ���� ����
ELNH� ���� ���� ���� ���� ���� ���� ���� ����
FDWV ���� ���� ���� ���� ���� ���� ���� ����
ZDWHU ���� ���� ���� ���� ���� ���� ���� ����
�QJHU ���� ���� ���� ���� ���� ���� ���� ����
XV ���� ���� ���� ���� ���� ���� ���� ����
FKDUW ���� ���� ���� ���� ���� ���� ���� ����
FKDUW V ���� ���� ���� ���� ���� ���� ���� ����
FRPSRXQG� ���� ���� ���� ���� ���� ���� ���� ����
FRPSRXQG� ���� ���� ���� ���� ���� ���� ���� ����
DHULDO� ���� ���� ���� ���� ���� ���� ���� ����
ID[EDOOV ���� ���� ���� ���� ���� ���� ���� ����
JROG ���� ���� ���� ���� ���� ���� ���� ����
KRWHO ���� ���� ���� ���� ���� ���� ���� ����
$YHUDJH ���� ���� ���� ���� ���� ���� ���� ����

7DEOH �� &RPSUHVVLRQ UHVXOWV RQ QHZ LPDJH WHVW VHW �LQ ELWV�SL[HO DYHUDJHG RYHU FRORU SODQHV�

/6 VLJQL�FDQWO\ RXWSHUIRUPV RWKHU VFKHPHV RI FRPSDUDEOH FRPSOH[LW\ �H�J�� 31*� )(/,&6� -3(*�

+X�PDQ�� DQG LW DWWDLQV FRPSUHVVLRQ UDWLRV VLPLODU RU VXSHULRU WR WKRVH RI KLJKHU FRPSOH[LW\

VFKHPHV EDVHG RQ DULWKPHWLF FRGLQJ �H�J�� 6XQVHW &%� >��@� -3(*�$ULWKPHWLF�� /2&2�,�-3(*�/6

LV� RQ WKH DYHUDJH� ZLWKLQ D IHZ SHUFHQWDJH SRLQWV RI WKH EHVW DYDLODEOH FRPSUHVVLRQ UDWLRV �JLYHQ

E\ &$/,&�� DW D FRPSOH[LW\ OHYHO FORVH WR DQ RUGHU RI PDJQLWXGH ORZHU� +HUH� FRPSOH[LW\ ZDV

HVWLPDWHG E\ PHDVXULQJ UXQQLQJ WLPHV RI IDLUO\ H�FLHQW VRIWZDUH LPSOHPHQWDWLRQV SURYLGHG E\ WKH

DXWKRUV RI WKH UHVSHFWLYH DOJRULWKPV� 2I FRXUVH� VRIWZDUH UXQQLQJ WLPHV FDQ RQO\ EH WDNHQ DV URXJK

HVWLPDWHV� VLQFH PDQ\ LPSOHPHQWDWLRQ RSWLPL]DWLRQV DUH SRVVLEOH� +RZHYHU� WKH\ GR SURYLGH D JRRG

LQGLFDWLRQ RI UHODWLYH SUDFWLFDO FRPSOH[LW\�

7DEOH � DOVR VKRZV UHVXOWV IRU /2&2�$� 7KH FRPSDULVRQ ZLWK &$/,& VKRZV WKDW WKH ODWWHU

VFKHPH PDLQWDLQV D VOLJKW DGYDQWDJH ������ IRU ?VPRRWK� LPDJHV� ZKLOH /2&2�$ VKRZV D VLJQL�FDQW

DGYDQWDJH IRU WKH FODVVHV RI LPDJHV LW WDUJHWV� VSDUVH KLVWRJUDPV �?DHULDO��� DQG FRPSXWHU�JHQHUDWHG

�?ID[EDOOV��� 0RUHRYHU� /2&2�$ SHUIRUPV DV ZHOO DV &$/,& RQ FRPSRXQG GRFXPHQWV ZLWKRXW

XVLQJ D VHSDUDWH ELQDU\ PRGH >��@� 7KH DYHUDJH FRPSUHVVLRQ UDWLRV IRU ERWK VFKHPHV HQG XS HTXDO�

$V IRU DFWXDO FRPSUHVVLRQ VSHHGV LQ VRIWZDUH LPSOHPHQWDWLRQV� /2&2�,�-3(*�/6 EHQFKPDUNV

DW D WKURXJKSXW VLPLODU WR WKDW RI WKH 81,; FRPSUHVV XWLOLW\� ZKLFK LV DOVR WKH DSSUR[LPDWH WKURXJK�

SXW UHSRUWHG IRU )(/,&6 LQ >��@� DQG LV IDVWHU WKDQ 31* E\ DERXW D ��� UDWLR� 0HDVXUHG FRP�

SUHVVLRQ GDWD UDWHV� IRU D &�ODQJXDJH LPSOHPHQWDWLRQ RQ D ���0+] 3HQWLXP�5 ,, PDFKLQH� UDQJH

��



IURP DERXW ��� 0%\WHV�V IRU QDWXUDO LPDJHV WR DERXW � 0%\WHV�V IRU FRPSRXQG GRFXPHQWV DQG

FRPSXWHU JUDSKLFV LPDJHV� 7KH ODWWHU VSHHG�XS LV GXH LQ JUHDW SDUW WR WKH IUHTXHQW XVH RI WKH

UXQ PRGH� /2&2�,�-3(*�/6 GHFRPSUHVVLRQ LV DERXW ��� VORZHU WKDQ FRPSUHVVLRQ� PDNLQJ LW

D IDLUO\ V\PPHWULF V\VWHP� ([HFXWDEOHV IRU -3(*�/6 LQ YDULRXV SODWIRUPV DUH DYDLODEOH DW WKH

ZHE VLWH �KWWS���ZZZ�KSO�KS�FRP�ORFR�!� 7KH RUJDQL]DWLRQV KROGLQJ SDWHQWV FRYHULQJ DVSHFWV RI

-3(*�/6 KDYH DJUHHG WR DOORZ SD\PHQW�IUHH OLFHQVLQJ RI WKHVH SDWHQWV IRU XVH LQ WKH VWDQGDUG�

$SSHQGL[� 2WKHU IHDWXUHV RI WKH VWDQGDUG

%LW VWUHDP� 7KH FRPSUHVVHG GDWD IRUPDW IRU -3(*�/6 FORVHO\ IROORZV WKH RQH VSHFL�HG IRU -3(*

>��@� 7KH VDPH KLJK OHYHO V\QWD[ DSSOLHV� ZLWK WKH ELW VWUHDP RUJDQL]HG LQWR IUDPHV� VFDQV� DQG

UHVWDUW LQWHUYDOV ZLWKLQ D VFDQ� PDUNHUV VSHFLI\LQJ WKH YDULRXV VWUXFWXUDO SDUWV� DQG PDUNHU VHJ�

PHQWV VSHFLI\LQJ WKH YDULRXV SDUDPHWHUV� 1HZ PDUNHU DVVLJQPHQWV DUH FRPSDWLEOH ZLWK >��@� 2QH

GL�HUHQFH� KRZHYHU� LV WKH H[LVWHQFH RI GHIDXOW YDOXHV IRU PDQ\ RI WKH -3(*�/6 FRGLQJ SDUDPHWHUV

�H�J�� JUDGLHQW TXDQWL]DWLRQ WKUHVKROGV� UHVHW WKUHVKROG�� ZLWK PDUNHU VHJPHQWV XVHG WR RYHUULGH

WKHVH YDOXHV� ,Q DGGLWLRQ� WKH PHWKRG IRU HDV\ GHWHFWLRQ RI PDUNHU VHJPHQWV GL�HUV IURP WKH RQH LQ

>��@� 6SHFL�FDOO\� D VLQJOH E\WH RI FRGHG GDWD ZLWK WKH KH[DGHFLPDO YDOXH C))
 LV IROORZHG ZLWK WKH

LQVHUWLRQ RI D VLQJOH ELW C��
 ZKLFK RFFXSLHV WKH PRVW VLJQL�FDQW ELW SRVLWLRQ RI WKH QH[W E\WH� 7KLV

WHFKQLTXH LV EDVHG RQ WKH IDFW WKDW DOO PDUNHUV VWDUW ZLWK DQ C))
 E\WH� IROORZHG E\ D ELW C��


&RORU LPDJHV� )RU HQFRGLQJ LPDJHV ZLWK PRUH WKDQ RQH FRPSRQHQW �H�J�� FRORU LPDJHV�� -3(*�/6

VXSSRUWV FRPELQDWLRQV RI VLQJOH�FRPSRQHQW DQG PXOWL�FRPSRQHQW VFDQV� 6HFWLRQ � GHVFULEHV WKH

HQFRGLQJ SURFHVV IRU D VLQJOH�FRPSRQHQW VFDQ� )RU PXOWL�FRPSRQHQW VFDQV� D VLQJOH VHW RI FRQWH[W

FRXQWHUV �QDPHO\� $� %� &� DQG 1 IRU UHJXODU PRGH FRQWH[WV� LV XVHG DFURVV DOO FRPSRQHQWV LQ WKH

VFDQ� 3UHGLFWLRQ DQG FRQWH[W GHWHUPLQDWLRQ DUH SHUIRUPHG DV LQ WKH VLQJOH FRPSRQHQW FDVH� DQG

DUH FRPSRQHQW LQGHSHQGHQW� 7KXV� WKH XVH RI SRVVLEOH FRUUHODWLRQ EHWZHHQ FRORU SODQHV �H�J�� LQ DQ

5*% UHSUHVHQWDWLRQ� LV OLPLWHG WR VKDULQJ VWDWLVWLFV� FROOHFWHG IURP DOO SODQHV�

,Q -3(*�/6� WKH GDWD LQ D PXOWL�FRPSRQHQW VFDQ FDQ EH LQWHUOHDYHG HLWKHU E\ OLQHV �OLQH�

LQWHUOHDYHG PRGH� RU E\ VDPSOHV �VDPSOH�LQWHUOHDYHG PRGH�� ,Q OLQH�LQWHUOHDYHG PRGH� DVVXPLQJ DQ

LPDJH WKDW LV QRW VXE�VDPSOHG LQ WKH YHUWLFDO GLUHFWLRQ� D IXOO OLQH RI HDFK FRPSRQHQW LV HQFRGHG

EHIRUH VWDUWLQJ WKH HQFRGLQJ RI WKH QH[W OLQH �IRU LPDJHV VXE�VDPSOHG LQ WKH YHUWLFDO GLUHFWLRQ� PRUH

WKDQ RQH OLQH IURP D FRPSRQHQW DUH LQWHUOHDYHG EHIRUH VWDUWLQJ ZLWK WKH QH[W FRPSRQHQW�� 7KH

LQGH[ WR WKH WDEOH XVHG WR DGDSW WKH HOHPHQWDU\ *RORPE FRGH LQ UXQ PRGH LV FRPSRQHQW�GHSHQGHQW�

,Q VDPSOH�LQWHUOHDYHG PRGH� RQH VDPSOH IURP HDFK FRPSRQHQW LV SURFHVVHG LQ WXUQ� VR WKDW
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DOO FRPSRQHQWV ZKLFK EHORQJ WR WKH VDPH VFDQ PXVW KDYH WKH VDPH GLPHQVLRQV� 7KH UXQV DUH

FRPPRQ WR DOO WKH FRPSRQHQWV LQ WKH VFDQ� ZLWK UXQ PRGH VHOHFWHG RQO\ ZKHQ WKH FRUUHVSRQGLQJ

FRQGLWLRQ LV VDWLV�HG IRU DOO WKH FRPSRQHQWV� /LNHZLVH� D UXQ LV LQWHUUXSWHG ZKHQHYHU VR GLFWDWHG

E\ DQ\ RI WKH FRPSRQHQWV� 7KXV� D VLQJOH UXQ OHQJWK� FRPPRQ WR DOO FRPSRQHQWV� LV HQFRGHG� 7KLV

DSSURDFK LV FRQYHQLHQW IRU LPDJHV LQ ZKLFK UXQV WHQG WR EH V\QFKURQL]HG EHWZHHQ FRPSRQHQWV �H�J��

V\QWKHWLF LPDJHV�� EXW VKRXOG EH DYRLGHG LQ FDVHV ZKHUH UXQ VWDWLVWLFV GL�HU VLJQL�FDQWO\ DFURVV

FRPSRQHQWV� VLQFH D FRPSRQHQW PD\ V\VWHPDWLFDOO\ FDXVH UXQ LQWHUUXSWLRQV IRU DQRWKHU FRPSRQHQW

ZLWK RWKHUZLVH ORQJ UXQV� )RU H[DPSOH� LQ D &0<. UHSUHVHQWDWLRQ� WKH UXQV LQ WKH . SODQH WHQG

WR EH ORQJHU WKDQ LQ WKH RWKHU SODQHV� VR LW LV EHVW WR HQFRGH WKH . SODQH LQ D GL�HUHQW VFDQ�

7KH SHUIRUPDQFH RI -3(*�/6� UXQ LQ OLQH�LQWHUOHDYHG PRGH RQ WKH LPDJHV RI 7DEOH �� LV YHU\

VLPLODU WR WKDW RI WKH FRPSRQHQW�E\�FRPSRQHQW PRGH VKRZQ LQ WKH WDEOH� :H REVHUYHG D PD[LPXP

FRPSUHVVLRQ UDWLR GHWHULRUDWLRQ RI �� RQ ?JROG� DQG ?KRWHO�� DQG D PD[LPXP LPSURYHPHQW RI �� RQ

?FRPSRXQG��� ,Q VDPSOH�LQWHUOHDYHG PRGH� KRZHYHU� WKH GHWHULRUDWLRQ LV JHQHUDOO\ PRUH VLJQL�FDQW

�� WR �� LQ PDQ\ FDVHV�� EXW ZLWK D � WR �� LPSURYHPHQW RQ FRPSRXQG GRFXPHQWV�

3DOOHWL]HG LPDJHV� 7KH -3(*�/6 GDWD IRUPDW DOVR SURYLGHV WRROV IRU HQFRGLQJ SDOOHWL]HG LPDJHV

LQ DQ DSSURSULDWH LQGH[ VSDFH �L�H�� DV DQ DUUD\ RI LQGLFHV WR D SDOHWWH WDEOH�� UDWKHU WKDQ LQ WKH

RULJLQDO FRORU VSDFH� 7R WKLV HQG� WKH GHFRGLQJ SURFHVV PD\ EH IROORZHG E\ D VR�FDOOHG VDPSOH�

PDSSLQJ SURFHGXUH� ZKLFK PDSV HDFK GHFRGHG VDPSOH YDOXH �H�J�� DQG ��ELW LQGH[� WR D UHFRQVWUXFWHG

VDPSOH YDOXH �H�J�� DQ 5*% WULSOHW� E\ PHDQV RI PDSSLQJ WDEOHV� $SSURSULDWH V\QWD[ LV GH�QHG WR

DOORZ HPEHGGLQJ RI WKHVH WDEOHV LQ WKH -3(*�/6 ELW VWUHDP�

0DQ\ RI WKH DVVXPSWLRQV IRU WKH -3(*�/6 PRGHO� WDUJHWHG DW FRQWLQXRXV�WRQH LPDJHV� GR QRW

KROG ZKHQ FRPSUHVVLQJ DQ DUUD\ RI LQGLFHV� +RZHYHU� DQ DSSURSULDWH UHRUGHULQJ RI WKH SDOHWWH WDEOH

FDQ VRPHWLPHV DOOHYLDWH WKLV GH�FLHQF\� 7KH SUREOHP RI �QGLQJ WKH RSWLPDO SDOHWWH RUGHULQJ IRU D

JLYHQ LPDJH DQG FRPSUHVVLRQ DOJRULWKP LV NQRZQ WR EH FRPSXWDWLRQDOO\ KDUG �VHH� H�J�� >��� ��@��

6RPH KHXULVWLFV DUH NQRZQ WKDW SURGXFH JRRG UHVXOWV DW ORZ FRPSOH[LW\� ZLWKRXW XVLQJ LPDJH

VWDWLVWLFV� )RU H[DPSOH� >��@ SURSRVHV WR DUUDQJH WKH SDOHWWH FRORUV LQ LQFUHDVLQJ RUGHU RI OXPLQDQFH

YDOXH� VR WKDW VDPSOHV WKDW DUH FORVH LQ VSDFH LQ D VPRRWK LPDJH ZLOO WHQG WR EH FORVH LQ FRORU DQG LQ

OXPLQDQFH� 8VLQJ WKLV UHRUGHULQJ� -3(*�/6 RXWSHUIRUPV 31* E\ DERXW �� RQ SDOOHWL]HG YHUVLRQV

RI WKH LPDJHV ?OHQD� DQG ?JROGKLOO�� 2Q WKH RWKHU KDQG� 31* PD\ EH DGYDQWDJHRXV IRU GLWKHUHG�

KDOIWRQHG� DQG VRPH JUDSKLF LPDJHV IRU ZKLFK /=�W\SH PHWKRGV DUH EHWWHU VXLWHG� -3(*�/6 GRHV

QRW VSHFLI\ D SDUWLFXODU KHXULVWLF IRU SDOHWWH RUGHULQJ�

��



7KH VDPSOH�PDSSLQJ SURFHGXUH FDQ DOVR EH XVHG WR DOOHYLDWH WKH SUREOHP RI ?VSDUVH KLVWRJUDPV�

PHQWLRQHG LQ 6HFWLRQ ���� E\ PDSSLQJ WKH VSDUVH VDPSOHV WR D FRQWLJXRXV VHW� 7KLV� KRZHYHU�

DVVXPHV D SULRU NQRZOHGJH RI WKH KLVWRJUDP VSDUVHQHVV QRW UHTXLUHG E\ WKH /2&2�$ VROXWLRQ�

$FNQRZOHGJPHQWV

0DQ\ WKDQNV WR +� .DMLZDUD� *� /DQJGRQ� '� /HH� 1� 0HPRQ� )� 2QR� (� 2UGHQWOLFK� 0� 5DEEDQL�

'� 6SHFN� ,� 8HQR� ;� :X� DQG 7� <RVKLGD IRU XVHIXO GLVFXVVLRQV�

5HIHUHQFHV
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SUHVVLRQ RI FRQWLQXRXV�WRQH VWLOO LPDJHV�� ����� )LQDO 'UDIW ,QWHUQDWLRQDO 6WDQGDUG )',6������� �-3(*�
/6�� $OVR� ,78 5HFRPPHQGDWLRQ 7����

>�@ -� 5LVVDQHQ DQG *� *� /DQJGRQ� -U�� ?8QLYHUVDO PRGHOLQJ DQG FRGLQJ�� ,((( 7UDQV� ,QIRUP� 7KHRU\�
YRO� ,7���� SS� ��^��� -DQ� �����
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>��@ 6� 7RGG� *� *� /DQJGRQ� -U�� DQG -� 5LVVDQHQ� ?3DUDPHWHU UHGXFWLRQ DQG FRQWH[W VHOHFWLRQ IRU FRPSUHV�
VLRQ RI WKH JUD\�VFDOH LPDJHV�� ,%0 -O� 5HV� 'HYHORS�� YRO� �� ���� SS� ���^���� 0DU� �����

>��@ *� *� /DQJGRQ� -U�� $� *XODWL� DQG (� 6HLOHU� ?2Q WKH -3(* PRGHO IRU ORVVOHVV LPDJH FRPSUHVVLRQ�� LQ
3URF� ���� 'DWD &RPSUHVVLRQ &RQIHUHQFH� �6QRZELUG� 8WDK� 86$�� SS� ���^���� 0DU� �����
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>��@ $� 1HWUDYDOL DQG -� 2� /LPE� ?3LFWXUH FRGLQJ� $ UHYLHZ�� 3URF� ,(((� YRO� ��� SS� ���^���� �����
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7KHRU\� YRO� ,7���� SS� ���^���� -DQ� �����
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