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We point out a formal comespondence between
thermodynamies and entanglement. By applying it
to previous work, we show that enfropy o
entangiement 15 the unique measure of cntanglement
for pure states. 3.65.8Bz, 89,70 +¢
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(luantum entanglement i& & most remarksble effect, and we have et to develop all
the tools we peed for studying it. Ooe tool we require is & measure of entanglernent [1].
Among the fools in wse for studying entanglement are information theory [2] and various
definitions of endropy [3]- The nse of information theory and entropy to analyze entanglement
indicates 5 close corpesponclence belween entanglement and thermodynamics, In part, the
sorrespondence consisls of comanon delinitions, such 25 von Neumann: entropy, In part,
the covrespondence is formal: a formal prineiple of theemodynamics roay apply, mubolis
madendis, to the study of entanglement. The parpose of this note s to point out & slmple,
Lk nsefnl, formal eorsespondence: a formaal principle of thermodynamics, apphied to previouns
work on entanglement [3), singles ont a waigne measors of cntangloment for e slales.

When Einstein searched for a wniversal formal privngiple from which to devive 3 new
mechanies (namely, special velativity) he tonle for ingpiration 2 goneral principle of thermo-
dynamics: The laws of natnee arc such that it is inpessible to construct & perpelimen mobile
[4]. Thiz general principle (the second law) enabled Caruot to show that all roversilide heat
cngines operating between given ternperatures T; and T3 are equally efficient. Consider two
reversible heat cugincs; suppose that both abserb heat €4 at T and expel hest, Qe ot 75,
but one does work W, and the other does work W' = W, per cycle. The fivst engine, if run
in reverse, is a refrigerator—absorbs heat §dp at To and expels heat & at Ty—and roguives
only work W per eyele. Thus the fwo engines togefher could provide WY — W in work per
cyels without changing their environment, Such a conclugion contradicts the szcond law, 3o
both engines must do the same work: W= W,

The formal eorrespondence with entanglement is sz ollows: The laws of nature are such
thaf 1t 15 Impossible 0 create entanglemnent by locsl operations. It is clear that quanfinn
mechanics does not zllow local sperations to create entanglement, although they may pre-
serve or destroy entanglement. This general principle is the analogue of the second law of
therrmodynamics. The analopue of a reversible heat engine is any reversible transfocmation,
conzisting only of local operations, that trensforms one entangled state into another, Let

tywer experimenters, Alice and Roby, share pairs of quantumn systems In 2o entangled state,
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Ome quanfum systern in each paic goes 1o Alice, and the other goes to Bob, In sddition, each
experimenter wmay have access Lo othey quanturo systems that are not initially ertangled.
Local operation include any messorements of unikary tcansformations that Alice performs
ofl her systems, and that Dob perferms on his. Alice and Bob can even exchange messages
irt the nsual way, bt Alee may not send Bob any systemn entangled with one that she keeps,
oot may Bol send such o system o Alice; thus, they cannst create entanglement betwesn
Lheie systerns. o peinciple, hewever, this restriction still allews them to wranstoem entangie-
ment in one patr of systems into entanglement involving othev systerns. For example, they
may, nsing local operations, transfer cotangloment betweon two spins in o singled stale 10
two identical spins that initially were uncorrelated, 2. 0 a product state, and the oetzginal
gping will now be in a product state. This transformation is reversible: locab operalions
can transfer the singlet cntangloment bacle to the original spins, leaving the subslitule spins
nncarrelatd.

We may consider more gencral fransformations. Suppose that Alice and Bob shars »
pairs of systems in an entangled state, and that, by losal operations only, they transform 15e
entanglement to & pairs of systems in a differcnt entangled state. Jince Bob and Alice have
access to other systems that are not initially entangled, n and & may be differont. Even il
& == n, there need be no contradiction with the general principle that it is impossible to create
entanglement by local operations, because the state of the & pairs may be less cndangied than
the séate of the original » paire. If Alice snd Bob can tranaform n pairs in one entangled
state into & patrs in another enfangled state without destroying any endanglement, then any
mezsure of entanglernent must assign the same entsnglement to the n initial pairs and the
k final pairs. But did they not destrov any entanglement? That is, a question ariscs with
regard to the efficiency of the transformation: could Alice and Bob apply a different set of
loral operations to transform nf of the inifial pairs into the same final state of & paivs, but
with #° < @7

The snsver 1& that they cannot, if bebth trersformations are reversible. For if it were

possible to transfonm »°of the initial pais mbe & of the finsl prie by » different transforma-
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tion, Alice and Bob could then reverse the first transformation and transform the & paics in
the final state to » pairs in the initial entangled state. In doing so, they wonld have added
n' — i1 entangled pairs to their initial supply, contradicting the gencral principle that it is
impossible to create entanglement by local operations. Thus ' = .

Revarsible local transformations lead naturally to a measure of cntanpglemend thal is
intensive, in the thermodynamic sense. For suppose there exists a rovossible transfortnadion
between #2 pairs in one state and & pairs in another state, both entangled. By repeating
this tranzformation o times we could transform befween e pairs in the one state wud ek
pairs in the other state, and the repeated transformation, too, would be reversible. Sinee i
wonild be reversible, mo other transformation could be more efficient, We can now define the
measure of entynglement with respect €0 a reference state, such as a singlet pair of spin-1,%
particles, If & entaugled pairs prépared in a given entangled state transform by reversilidc
local trausformations into re copies of the reference state, then the measure of entanglement
al e given state 3 vk Limes Lbe moeassuce of entanglement of the reference state, This
rocagare has 2 well defined Himit a5 » and £ beoome large.

The reversible local transforrmations we have assumed are, in fact, consistent with quan-
L mechanics. Benoett, Bernslein, Fopestu and Sehumacher [3] have shown that is pos-
sible, with local operations anly, to wanslorm 7 systems in one entangled state |¥,5) into
k systems in o different entaogled state |9, ). The transformation is reversible when the
nomber al systems becomes avbilvavily lasge. That 1s, the ratio &/r tends to a constant
i the limid = oz This constanl is equal to £57(| T 4ed /BT, where E[|P5)), the
entrapy of entanglement of the state [T 45, is Lhe voo Neumann entropy of the partial den-
sity mratrix secen by cither Aliec or Bob {and cqnals the Shanmon enteopy of 1he squares of
the coeficient= of the entangled atate in the Schmidt decomposition] [3]. The entropy of
entanglement is zeve for a pabr of systems o a product state, and 1 for a padr of spin-1/2
particles in a singlet state; it 35 never negative. Note that the result of Bennett, Bernstein,
Fopescu and Schumacher 3] implics that if the measure of entanglemen, of oie pair in »

state | D ap} is B[|Dap}], then the measure of entanglement of # pairs in 1he same state
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Bennett, Bernsbein, Popescu and Scimunacher [3] aypue that the entropy of entangfement
iz a good measure of antangleroent for pore states, becatss local operations caa interconvert
slates of egual entropy of entanglormert with asyimptotically perfect eMiciency, but can never
inerease the entrapy of entangloment. Hevs we prosent o stronger arguinent. The general
principle that it is imp;ﬁssibla to create anlanglement by local cperations leads to 4 unigue
messire of entanglement for e states. According 1o the 2eperal poinciple, any reversible
teansformation between ehitangled states st preservve the messure of entanglemnent, The
reversible transformations defined by Beonett, Bornstein, Popesen and Schumacher [3] then
deterntine the measvre to be the entropy of entanglement. For if we can transfoom » sysiems
in an initial standard state, e.g. n pairs of 2pin-1,/2 particles in a singlet state, inlo paics of
gystems in any final state [3], then the ratio kfn of pairs in the Anal stake o standard pairs
defines the measure of entanglernent of the final state. Thus, instead of avguing that the
entropy of entanglement is a good measure of entanglerent, we have demonstrated thal i,

iz the unigue measure of entanglement for pure =tates (up (o & constant factor).
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