Topological Phase Effects

J M. Kobbins S
Basic Rescarch Insttute in the
Mathematical Sciences

HP Laboratones Bnistal
HFL-BEIMS-97-3

January, 1997

goometne phascs;
Burry phase;
holonomy

Internal Accession Date Only

[ﬁp HEWLETT

PACK&RD

Cuartum cigenstates undergoing cyvchic changes acquire a phase
Gacrar of peometeic oHp. This phasc, known as the Bermy phase,
or the geometric phase, has found apphcations in a wide woge of
disciplimes thromghout phyzics, bcluding atomic amd moccudar
phivaics, condensed matter physies, optcs and classical dynamics.
In this article, the basic theory of the gpometric plase (s presented
along with a number of representative spplications.

The arick: begins with an accoont of e geometne phasc for
cvelie admbatie cvolutions. An clementary derivation 15 given
along with a worked ecxample of bwo-stare  svstems. The
rplicatietis of tete-reversal arc cuplamed, as is the fundamenial
connection  between  the  geometnic  phase  and  ebergy  level
degeneracies.  We  also  discuss  mcthods  of  experimental
ehaereation. A bnef aecount is gihven of geometnic magmerism; this
i 2 Lorenz-lie forse of geomettic origan which appears in the
dyiaunics of slow avstems coupled to fast ooes.

A number af theorsucal developments of the goomctric pliasc ane
presented. These include ap informal discussion of fibre bundles,
and gencmabizations of the peomemnc phase to degencrate
gigensiates (the oonabelian casc and o nonadiabatic cvelutian.
There tfollws an aceount of applications. Manifestaticns  m
classical physics inciude the Hannay anple and  kincmatic
meamettic phases. Applications in apoics concern polatication
dvnamizs, meluding the theory and obsecvation of Pancharatnam’s
phase  Appleiations i moleeular physics include the molecular
Aharonov-Bohm effect and nuclear magnehc cesotance studics. In
condensed matier phvusics. wi discuss the role of the geomelnc
phass i the theony of the quantum Hall efect.
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Abstract. {Juanfum cigrostabes andergoing rvelic changes acqgure
4 pnage facter of growetric origine This phase. koown as the Berry
phise, ur the geometric phase. his found applications o a wite rasige of
Jdiseiplines chroughout physics. ivcluding atomic and molecular paysics.
cnndensed matter phasics, optics, and classical dynanuaes, In this artscle.
the hasic theory of the geometric phase 15 presented along wich & number
of mepresentative applications.

The articie beging wich an account of the geometcle phase lar cyeclic
adiabatic vvoiulions.  An elemencary dervation is given along with
a wourked example for tweo-state systems, The implications of lione
reversal are cwplaimed. as s the fundamental conooction belween the
prometnic phase and energy level degeneraces. We also discuss methnds
of experimental observation. A brief aceount 3 given ol geometnc
wagnetism; this is 2 Loteuts-like force of geomernie orgin which appears
in the dynanues of siow gystems roupled Lo {ast vues.

A wwreer of theorerical developroenes of the geometric phase are
presented.  These include ao mformal disenssion of Aire bnindles. aod
peneralizations of the geometric phase to degenerate vigeostates ithe
ponulelian case] and tn nouadizbatic evolaton There follows an
acennnt of applicatons, Manifestations o classical physics: ioclode the
Hannay anzle and kinematic geometric phases. Appbeations inooptics
ennerm palarization dynamcs, including the theory and observation
of Manecharainan’s phase,  Applications in moelecolar phvsies oclode
te moleculsr Aharomov-Bohem effect aud ouelear mognetic resnnanes
sludmes,  Im comdensed matier slesics, we diseuse the ole of the

cenmette phise i tle theory of the quanturm Hadl effect.
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Tapatoqren! phare effecia 3
Introdoction

In a paper publisieed 1o 1984 Sic Alichael Berry {Herry 1954 ) found that a ynautam
syvtem undereoing adishacie svoiution aoquices a phase factor of purely gecmetrical
origdn. Tlas digcovery, now called rhe Herry phase. or the geomesric phase, niziated
# tremendons sarge of reseacey an a range of disciplines across phystes Beroe
and sabserqrent workers guickly established conorctions to o oumber of apparcacly
disparate pleovniens, ncluding ameongst orhers the Ataroney Bohm effect [ Aharonoy
and Bohim 195%], 75 moleenlar physics anaiopae Mead and Trihlar 19730, prlanzation
uptics [ Pasebaratnam 19565, e quantura Hall effect [Thouless of al 1923), and the
Fouczul: preanlan (Eeo 198%) Bevond providing a unified deseoption of these
Plenomnena, the geotoerric phase wed o prodictions of new effects, subsecguently
nbsetved experimentaliv. amd o wuicber of subscantial extensions and generalizatioos.
Among toese. the discovery vy Havmay (1923] of an analogous effect o classical
mechanics. tlhe Hauuay aneie, stimulated mnch oew mescarch e pureiy classical plivsics,

The mathemsatical phenemenon which underlies the geometnic phase is nmonomy.
Holonomy gescribes transfonoations in o guantity induced by cyclic changes i the
varables which control it. An exampie from geometry is the rolation of vectors parailel
trarzporied along cicsed paths on & eurved sueface. The wathematicz of holanomy anid
currature has iomg plaved a role io physics through peneral relativity and quantum ticld
theory. With Berry's work came rhe appreciation of & broader seope of application.
Whenever a physival svstem b3 divided inro parts and one acteinpls to describe a
sulisysteny in isolation, the infuence of the excluded pare of the avstem 15 manitestad
tarongh grometsie phase effects. The pervasiveness througout physics of ths reductio
procedure uccounts for the nbiquity of the grameeric phase. Introdocing a collection
ul majoer papers in the feld, Shapere and Wilceek [138%a} wrote, “We beleve tnat
the concept of o geometric phase. repeating the history of the gronp concept, will
cvencually find sn mav tealizations aod applications o plsies thae oo wil repav study
for s awn sake, and becomne parct of tle bngue fratea”

Au lwtrodaetory aeeonne of the geametrie phase is given in Seetion 1. This s
followeel in Seecion 2 by a discus@ion of several theoretical developements. Appheations
b classical systems, optics. aod melecular and condensed matter povsics are given in
Quetions 3 -5 The topics chesen fnt disensainn are mernt to be reprosentiive takher
than cemprebensive. Among soveral omissions. we mention e theony of fraclional
statisties. which ix covesed exteonsively o the volume by Shapere and Witezek (19854,
and applcaliions te etementary parcicle physics, which are reviewed by Aitedi=on

J1987%. The hiscarncal rlr:‘..'nlnpmr.n'. ot 1w .*euhjcr-r.l 15 imcuseed b:.' Beroy § 1060,
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1. Basic Account of Lhe Greameteic Phase

The grometric phase was disconvered by Sir Michae] Berry s 1983 in the eourse of a
rritical recxamination of the adiabatic theorem in quantwn mechanics. This theorem
BELYH, 11 essence, thoat if A guanten syskein s changed auffimiently slowwly, a6 does not
anderge transitions. Thus o systen: indrially in an eigensdate of a :slowly roanmog
Hamiltnnian remains in the evolved eigenstate. Tierry cousmered the overall plase
acenrmlated by the changing eigenstate and found au chnexpected romtribution. Tis
rwtra phase 1s of a geomerrical narure, in that it does oot depend on the rate ar which
the adisbutie process 13 rarmac oat.

One way that a slowly varnng Hamiltooian can anse physically s wher 1 svetem
under consideration interacts with another, ok slower syatenn Thiz leads to the
ronsideration of the quite genera] problem of twe coupled systems evolving oo diffesent
time scoles. In this context. the geometric phase describes an eifert on the fas svstem
praduced by the slow one, As action in plvsics is accompanicd by reaction. there 1 a
reciprocal effect on the slow systom gencrated by the fast. This takes che form of an
effective vectnr potential iu the slow Hamiitoniang the assoeiated Loeemez-like {oree 15
called geomelnie mmagnetism. The same peometry underlies both grometne magnetism
audl the gemmetric phase.

This geomecrical structure is iutimately connected ko degenerscies (0o che cnergy
saectrum. 4 tvpical Humiltonian has a nondegencrate spectruwm [eXcepting sy steinatie
degrnerasies due 1o stmmetry. which are discussed in Fection 2.2 Yarviog a single
saramcter (e, Lime itself in the case of u tine dependent Hamiltowan is unlikely e
sroduce any degeneracies; typically tweo or three paramcterz (the aumber depeonds on
whother time-reversal symmetry is present or oot ) st be adjusted wdepengent|y in
order Lo find one. Nevertheloss, the presence of degeneracies in Hamiltonians which
are. in some setse. near the Hamiltonians of the adialatic process, are lacgely and
sometimes wholly responsible for the geometric phase.  This comwecizon undetlies
several applications, including 1o Lhe guantum {Iall effect (Secton 3.30.

L1 Emanoem adigbatic theorem

Adiapatic invarants are quantities which are nearly couserved when the cuviconment
of an solated zystem (s slowiy chaoged slowly means in comparison witk the system's
luternal dynamics). Adialate theorsms provide estimates as to how accarately this
comservation is respeeted. In quantum mechanies. the adiabatic mvanants are the
probalalities B, = |ir|e@i[f to be in energy edgenstates.  These are constant for
stationary Hamiltowvians, bat vary if Jf is time-dependens The quantww adishatic
theorem stales that as &5 fdt goes to rero, o do the probabilitice: of transitions belween
vipenstates |the rate depeacls oo how smooth dH 7t sy, o that the B owse nearly
coustant, LTherefore, withon the adiabacie approximation. dynamies uoder a slowly
varving Hamiluonisn Fi) s raventially wo pore complicated than uoder astalooary

oue. o particalac, if |&) begns ie an clgenstate, 1 pemaing inoone |uonadizhatic
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bl ons are discussed in Section 2.5, and its evolution is determined up o i phase
ERCLOT.

We chall now examioe Lkax phase, Suppese that at ¢ — 0 ¢ o i the arh
smertute i (assuoed to be nondegencrate] of I For its subsequent avolation we
10y e

nt .
1:ff 3 P2 exp (—-'.-"-’? Ill E,.fr‘.-c.:'r] Rtk i1

ig :
In zo doing we Lave expliettly idenzified part of the overall phase. the wine incegral
of the fregqueacy Fo /A which is calied the dynemical phose. It 12 just the phase one
wonld expect for a solution of the Schrodinger equaticn.  Any IPMBINTE phase 15
conrained implicitly in the eigrusiate init};. This phase iz determumed by requinng
that in|i(ehd — H1wh vansh (it would antematically §f [#2])} woere an exaet solution

of the Schradinger equation’. This requirensent leads to the condition

{n|n) =10 (2]
whicl determines the phase of wit]h given an mtal choice at ¢ = ().

i & The georweetric phase

What Hermy discovered is that condition (21 yields a path dependent phase [actor,
This phase faetor is particularly interesting when the Hamiltonian is cyclid. ie made
te return o itself after some rime. Then it depends only on the cecle itself, and not,
in vontrest ta the dvnamical pnase, on the rate ac which the Hamiloonian is syeled.
For this reason 1t s ealled, as well us the Herry phase. the geometric phase.

Trr discoss this further, i1 lelps o formulate e problem slightly differently.
Suppuse the time dependence of the Harniltonian i expressed throngl its dependence
v some external parwmeters Ro— [ X, Y. 21 which are made o wary slowly 10 me
along o path Rif) Thew the elgenstates n| R} depend vu R as well, rad {assurming,
wo degeneracies) are determined for cach R up to an owverall phase. Let us dx this
phase 5 thal it varies smonthiy but otherwise arhitrarily with B, By fixang the phase
inclependentiv of the dynwnics, we may ne longer satisty the rondition P ooy
veery path L1 We therefore allow for an additional phase factor cxplave(t]1 in the

adinbatic anzatz (1), which becooes
[wit)h == exp (—z_.-"hf E R dr) expiir, 2 iR i3
il

The conditwn (vl ik — Hi|ot = O aow yields ag evolution vyunation for v This
mav b wrtten in the fono 5000 — — A Rit11 Rt where A (R 3 & vretor Held

in parameter space gieen by

ARy =l ia R ¥R 14
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o equivalumly. @ tenns of elgerfunctions e B = el R, by AGTRY =
I:n ..r eaie, R1% v B s (here W oucts oo the parameters B
1 thr Hamiltonian is cyelod round a closed curve (1 in parameler space. then [e{1])

ncaTes o groinetiie plase

S |y g —f A, Rdt = jlg A, R iy
i 7

Ity rupressiom s a Lizzee :I]'[&,I'.{If“ﬁ... reveals is gﬂﬂm&‘tﬁfﬂ; character: the gmmetrir T huaasi:
depencls only ou the cyele O and not on the mannee 1 which the cyele is traversed

in tinwe. Using Stokes” theorem, -, can be expressed as
| O = —f\-"_.:[ﬂ.'l o, L
y

the Huw of the veotor Geld Vo — W o« AL throngh u swiface 5 in parameter space

bouweded 2y © V) is given by
V. — I {Wn| = Wl Cih

Froem (65 i i evidem chat only merles which enclose oowzers area ern have nomrvaal
, - -
geometric phasrs. For exacneee, -, | O vanishes for cyeles consisiing of & park aod Lk

Teirans.
It s casy to see that the geometric phase dows nor depend on the choice of phase

fur [n[RY). Indeed, under the coange of phase
nl R} — ewpdyi Rin(RD, (8

A, transforms accarding to AL (B v AL(R) + ¥y R); chis shifl ia A by a perfeet
gradient ieaves ibs integral round a cloged loop, 7. (00 aud its curl, Vo, unchanged.
Tlus. the geometric phase 5 an intrinsic property of the family of sigeasiuies [niR).
It is useful to deaw an analogy with clectromagoetism. in which A, corresponds to
the weetor potential and Vo the magnecic feld. The geometne phase v, rorrespond:s
1w a magoetic dux. The change of phase [B) vorresponds to 3 gange iransformacion.
which shifts the vector poteatial Ly a gradient and leaves the magnecic field unchanged.

Subrtituting the fest-nrder perturbation expansion
on) = Y %hn} — 7l ¥ni|n) i

uF
ey £ 70 leadds to a useful formuda,

i LN "t I
v, =ha ¥ "vﬁzlg”' x-;é”ﬁlfﬂ—l”'. (10]

mEN
In this forno, e independenee of ¥, o the cigenstate phases s oanifest. Another

trrrwala witlh this property is

V., — It g, Ve = Vo, (11]
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wlere g, = lntin] 1= the density pperatoe. 1t too is naeful In applications.

Ohne of the applications discussed by Berey (1984] is Lo the Aharonov-Bohm effect
i Abharonoge and Bohm 1948)0 The Aharonoy- Bolun effect desenibes che depencence of
(uamam mernanics co elecrromagnelic Belds in regions of space which are rhwsically
inmecessibile. Tlus depenidence 1w ediated through che ventor anel sealar purential,
whose elution o the eleetsic and magoetic fields 15 nonlecal. The inost celebrated
exwinple concorns an e.ectIon moving m the viciniry of amompenetrable perfect solenod
of infinite cxtent. Since onesise the solencid the mapnetie feld s zero, the classical
crechanics of the elentron is jusensitive to any magoetie flux inside the solened. Bur
the yuantum mechanica: beaaviour of the clectron does depend ou the wzenor ix, as
Abaronoy and Behm showed by calonlating s scartering cross-section {2 pramcbion
subsequentiv experimentally ronfinned by Chambers (19605

The Aharonov-Bonpm ¢fect can be understood in terms of interference between de
Broglie waves passing o oppasite sides of the solenaid. The phuse differenca between

the two waves mehides the izregral
TAH T — ." f .‘!.I..I"II:R.] iR '.].2]
e -

of the vertar potential AP of the sulenond round & weop € enclosing e (In L2, e
the spead of light aad —r is the cleciron charge ) The Alavonov-Bohm phase 45 i
just 27 Limes the magoetic flux in che solenmid measared in units of e flux quancum
hefe.

It may le reparded a5 a geonwtric phase in the fellowing manner, We imagine
che electron confined tooa laree Lox, centred at H. which is net penetrated by
she sulencid. The cgenstates of the electron [#{R]} depend parameceicaily o 14
sperifically. changes in W induee gaoge cransformations in the eigeniunctions. (ne
bnds that In (R r(RY = e fhe ARVRI, so that o tlos case the grometnic vector
sutential (43 coinodes with the physical vector potential of the zolenomd, On being
rransported {not necessarily adiabatically i this case] ronnd the wlenoid, the electron
rigenstates aeguiee A geonelone phase which is precisely the Abaronov-Bohm phase.

5.2 Tin-ztate aysfems

Two-state sysrems provide a canouicul example of the geometne phase. The roqmisine
calrulations are easily carried out. and the main features of the general case arce

repregented. The purameterized farmily of Hanultopians can be wniteo wt the form
HR!= FR1 FIR] - e, {130

where [ s the twa-by-two identior matric apd o are the Pauli spin matrices. Tle
lerm EiRAD slifls the energy by & constuu and affecrs neitber the eigenstaces nor
their peometnic pluges. Both o Ahvse are determined by the field FIR.

An ilusirative cxample is @ spin-1/2 particle o a anifurm magnetic ficld B{R) =
. The parameters B oare just the cownpooent: of the magnetic Lield. s rhac
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FiR)= R where 5o the magnene motnert The sigenstares

A III'? =, —-\.:. . I'J:I
|+ (R = ( o 2 ) |—';H-1.|::= ( sn #i2 ) .l

&% e d2 n" ool 2
depend on the polar angles f. o) of R, and the energy ieveis Fo[I) — £ufi onos
magnitace, Stralphlivrward caicalation using (2] and {7 rields

R

1 - cos -
AgRi==1—"0 W Ri-= oz

_— , ']._
¢ Fsind L1321

=

Thus. Ag snd Vo are respeccively the vector poltentiu and magnetic field of a
magnetic monopole of strenglly 427 at the origin, Toder the induence of o slowly
virying magnelic eld Rit) teken chrough s cyele € & spin doitialy woan up state,
say. returns co itsed with a dynamical plese  w/h _||;1|'r Rat and a geometris plase
il = — _Ilﬂj YV, o8 Ganss's law noples that

w01 =} wsuiid angle subtended hy . 1161

Tlus spin- 1% geometeie phase nas heen ohserynd in neutton span rotatlon experiments
b Baceer and Dshhers (19871

A special caze is when O is eondined toa plane comaming the origin, Thenite solid
angle iz 27 times the number of times e bhe ongin s enelosed. and che norTes]aomdiae
puase factor s ! 17" Thix corresponds te che well-known sign chanere of spin-. /2
particles wider retations chrough 2.

I i straightiorward o generalize tiaese results Lo Khe case of arbiccary FUTU i
[14]. The fux field i1z then eiven hy

: FWE VR
V(B = ey —— i, gl

(17)
ek 1% the anlisvmnmetre Levi Cevita symbal], and it boss II:HJIL::I'pulE' SGUIERS AL NINtE
where F! R vanishes. The movopoles have strength —Xrr, whern o is Ll sgu of the
[ ARG I]:?I]‘-’HI]i.H]li[]E:I determnrant der HRI'E}RJ avaliated where F — 00

As is familiar from Dirac™s anadvms of magnetic menopoles { Dirac (5310 attached
0 the monopole there 15 neressanly a string of singularities of e vector potential.
The position of <he string depends on Lle cooice of gasge, and DHran's quantization
romddition for eleetric charge follows from demanding that all gauges be physically
iwchizeineuishable, In the context of the lwo-state peometric phase. the wounopole
sirings of AgiR] Le along disconlimoaties in the phases of | = (R, When the
ripenslates are chiogen as in | 240, these discoolmuites lie aong the negative z s
Bv varving the phase of the eigenstates {as in (8], the string can be soade to pass in
and ot of a given cvcle € As ot does, the geometric phase v Ch changes by +£27.
Therelore, the geometric phase factor exp oy, (O vemans nnchanged. aod there ace

o nlservaboe eonseonences,
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{4, [legomereciea

In the sreceding example of a spin-1/7 particle m oa wagnetie field. the dux delds
ViU are penesated by point sontees of strength @23 ae the origin R — 0, What
makes the origin special is that it i the oly poinc i parameter space where the cnergy
lewals are egenerate. Tlos relazionship becwoen che peonetne phase and cierpr Jevel
Aegennracies [uros oul 1o he quite genrra..

L1 tlie absence of svmmetnies. a tvpical Hazelioman wy 2 parameterizea family has
a unondegenerate spectrim. However, ab certain ponis 1 parameter space, Selonging
to the so-ealled degemerate sel. two [or more’ energy levels pecome degenerate. In
thee ahwence ol Loe reversal symmetry [the time-teversa] synunetrie case is discussed
i the fodvwing section). the dimemsion of the degenerate set s typically three less
than the dimension of paramueter space itself {von Neumann and Wigner 15290
Thus. for the three-parameter families IR we bave been consmdenng., degeneracies
veear atb wmolated peints. We have already seen ds we be che case in the spin-172
examsle, {Note that thera, the magnetic Geld is mwesponsible for breaking rime-revnrsa
a¥mmetsy. )

More generally, let us eonsider the bebaviour of the flux feld V(R o the
verghbouwrliood of & point of degereeracy Ho Letween bwo etpenstates. sav the rib
and n — (st of an arbitravy Gunily of Hamiltonians  As £L () — £ (R iy small
pear I, perturbation theory (of (3]] implies that the dominant component of [%n)
lies alung the ket jr — 1), Therefore. for the purposes of approximacing ¥, (which is
gefined in terms of [Wre!), the Hamultomwan can be cestricted to the neariy-degenerate
subspace spanned by the states |1::'".'=={|w_'R.]} urid i:!jdirln — 1{R.!1}. Oue ohtains in
this way a twoestate svstem of the form (12}, where the field ¥ IR i given by

F.o= el IR, F, = T | H{R2:. F.— LR _sz REH

r

In :br peipnbonrhocd of R, V(R s given approximarely by (171 There 17 has
i sugle wencpole source at the point of degeperacy 1L of strength 1250 We o
apply a sinular analvsis in the neighbaurhood of cach degeneraey of iR 1o ol

L U . L (19
R.

Thus. the Buex feld for the oy egenstate uas monopole sources of strengeh £330 ac
pEnts whwere ) 05 degenerate, ( The sign of the monopale depends on whether toe
depaneracy is with the state above or Setow. and alse on the sign of the deterimnan
det TR AR, Ve may i addition have » purely divergencelsss contribution.

Il {ulivws that che Hux of ¥, through A closed surface i PATameter space 1= 1o
timnes the nomber of degrueraees, counted with their signs, contained witnin,

1.5 Twane repereal gymmeiry

T]:ji_' | Se ] e I"If tAime-resnrsal !i}'][][]'l[.‘t.l':-.’ 'i][]'[J-lIIH'I.!H Conslrainls U Ll:].!.‘ J{_E:'LIIZJ.L'[,I]L' ]J].i.H.Ht".

Tlese are sirmeest when the vigenstates themselves are time-revorsal symomettie We
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cvnsider suck cases ficst. Then the wave Tunctiows cq.ie. B = e[ R) can we chosen
to he real, and tlie geometric phase factor is necessarily a sign ¢ 1, so thal v, 1 an
integer nultiple of 7. I tlus coze, the gromecrie phase depends oudy on the lopoiosy
of ther closed enrve, mor on s geometry, As O s sdeformed. wmiess 5,000 changnes
diseomtioumazly. 11 necessarily cetumns conscant, oo ran change diseontioosly ) when
(7 passes thuougl degenersees | prants R where i is degeneratel. For systems with
Time-reversal svmmerry, the dimension of 1his degeneniate set w oyplemly ren lrss toan
the dimension o PaLameteT spacn von Senmann wwd Wignoer 192923, 30 that 0 eonsists
of Jnes in three-dimensional pareceter space. or points in -woedimensional pacamerer
space. The peometoie phase 4 007) i3 7 dmes the momber of degeneracies encioaed
L . counted wich the appropriate sign. An nnpartant couseyuetese 15 that the thrx
Held V. has dolta-function smgularilies at the energy leve] degeneracics and 1s aero
el sesrhere.

The examaie of u spin 172 0 o magnetdc feld (of Seetion L3 provides an
instration 30w fix ¥ {the v component of the magnetic feld) Lo e zero, Then
the spit Haniltonian §p 000 s real symooetrie rather than mmpeex Hermakian. and
wr chn take its eigenvectors to be real. The parameter space 5 e X Z plane. and
the solic angles sublended by curves in chis plane are uitipies of 3x. The geometnic
phase =, 1004 is jus® == times the ouober of bows C encireles the orging Anolle
cxample concerns the electronic states of tnatomic molecules Xy (ef Section 8,11,

Inn cases where the elgenstates are themselves not time-reversal syuwmetric, and
lstend veour o paics resated by cime-reversal, the constraints on the geometric poasos
are weaker, They are na louger necessarily multiples of = (ig, the phase factors are nn
longer necessarily real). However, geometric phases for states related by time-reversal

necessarily aave opposite sians.

Fé Erperimentel abaervaiien

Sinee the ohysical propercies of a quaneum systein does wot depend on its overall priase.
ane roulel wonder whetiwr the peometric phase is observable. Numerous experiments
anve shown thal it s

Mot direct experimental stadies of the geopetric ptiase belong te one of three
repes. The fisst is thwe oos state. two Hamiltonian® experimone. A ensemble of
states indtialy o oan euecey elgentate is coherently divided into two streams. The
first mwolves under & constaot Hamiltowan, while the Hamiltonian doving 2w second
iw cwclically swriesl. The two streams are then recombined and allowed o inzerfere,
and their relative phase determined. Tl relative phase inciudes both dynanical and
genmettir contribations. and o extruct the geometric component the dynamical phage
st cither be maade to vanish, or else subtracted off explicicdy. Examples inclade Ll
optcal polarization cxperiments disoussed 1 Section 4.2,

The zerand vpe is the ‘two state, one Hamiltonian® sxperiment. Heee an initin]
state [t s prepared o superposition e[l 1ol of woergy elgenstates. T
Hanultoman goverring <be evolation 1 tiken through an adisbatic eyele The doa.
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etatw [l = nppmd + 0 |ed s physically distinguistable {from the 1nital one, as the
relative phase of the superposed cigenstates bas changed. 1'art of tlus [olservabled
raange ir the elative phase invalves Le ofference 4., — =, 11 geometne phases
The obeervatinn of aptiral activity 1o coiled fihres by Toccita anc Chian (19261 {sen
Seetion 4.1 provides zu examnple of *his st e

In the taird tepe of experiment. the adiabatic cveie s pedformen oot onee
bt repentecdly, wizh pering T, YWith caeh cyeis, |n} arquires a phase o, =
— Iﬁ_.l‘r EGRMd  A+=, 50 that there aspears 1o its mean anguiar frequeney w, = 00/ T
A peometoie shift Aen — T Thas frequency shift can b detecred in spectroscopic
measurenients, and s the basis for auelear magnetic rrsooance stodies of the peameatsic

phase i rf Section 3.2

it (Geowrelrin magneiiam

Go fur we Lave been tegandineg e evolution of rhe parameters Roas exzernaliy
prescribed.  Now let us suppose thr patamcters of the Ilamilooian H{R] are
Aviamical varabies in their own sight. For example. they comudd be the coordinates
of a heavier {and therctore slower! system to which the origmal vue. the fast system.
is canpled. For definiteness, we take the Hamilionian of the coupled sypstem o be
of the forme P3I2AF — SR} wheee B is the momentam of the slow system. und
e dependenre on the fast courdinates ang momenta is leit implicit m H{R). Bath
svsterns are to he treatal (S [ERTSLAETSYE trecnanically. The gt.'tlltlt.‘trir_' phase describes ao
effect om the Bt sestem due to the slow. There is u corresponding inthunce on U
slonwr systern due ta the fast.

This is the natural settiog for the Born: Oppenheimer approximation, io which the
fast and slow syutems are the electrons and nurcled of 4 ineiecuie. [For consiatency with
the preceding diseussion, we aenate the nuclear coordinates by a single vertor 1 i, s
casy to adapt the notation 10 accomnedate more than one nuclms.] By assuoung, that
the alertramic stabe adjusts rapidly co changes in the nuclear confirnration. ote i3 1ed to
lewesk for approximats eigenbineiions of the fovw To(r, RY = 6,0 Rl (. K1, whore L
electronie wavefunetion eo(r. R 15 an elgenscace with energy £, TH) ol e elecironic
Hamiltonian H{R;, n which the noclear coonbioawes appear as parameters. The
waclear waveiunrtion o, ) 15 au veenziace of the nuclear Hamiltonian —RATE A 4
E.iR5 the eleckromic euerey plays the role of a potential. The Born-Oppenhesmer
approsamation consists of neglecting the relalively siow dependence of the electromic
wrave fumction oir BY with i noclear coordinates, (It 15 e3sentially the adiabatin
approcommation (1) adapted to eonpied systnms. |

This weas the context for the seminal work of AMead aod Troblar €1978) Tha
primary olgective of this work, which antiopatec certamn aspects of the geometric
phase. was to desive cornections to the Born-Uppenheimer approximation. ek
vorrections appear when the omentum operator Po— —A% 3 apooed 1w tae
putative cigenstate o, Rl ri R The resat. o [Woo o) + 0,01, 8 ro wonger

wroporaone. 1o the elertrotis cipeustate < RY [Iowever, if we neglono electronin
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components orthogoms to rhowe nhtain -0 Foe — (e Wnb|ad elucn T
eifret oo tie puelear Schradinger cquation iz tn eedefioe the momentwm oneratarn

P2 —in® — ALl 20

where AR is given by idi Thas, the feld wlese lue invegrel gives the electroac
peomettic phase nppears gy o vertor poteotial o the nuelear Haipitviuan  There
rortesponds W oan efective magnects Beld Vo = ¥ = AL wluch moartes the LU ERT
dvnamins. Tlis s calied geometnic megretism,

T situution ceseribee above s guite general. Wlenever “here are towo coupled
systens evolving on Sifrent time seales. we can ohain an approoamate deseription of
1hie slow sysrem by averarig over the fast inotion, Thers appeans 1 the siow dy Ll Iy o8
an effrctive veelor potential and assuriated magaetic tield. The vector potential anc
magnetic Guld are precisely the fields whose o otegrals and fluzes Jeseribe: 1l
senetnac phase. (1 cuses where the conpling inveives not ouly the siow coordinates
bt the slow momesta as well. this Jeseription hes to be mnodified somewhat, ]

Cieennelnie magnetism s respomsibile for 2 varicty of phenomena, Mead snd Trallar
{1979 apalvaed its offects in nuclear rotation vieration spectra, which have since
heen observed experimentalls iof Section 5.11. Tuse effects can be nontvis, even
wlen time-reversal syounetsy is present (ef Section 1.5, «ue Lo the change iu sgn
of the electromic wavefunetion w.ir. B when the nueiear coordinates R oare careled
remned o degenerate comfignration. Like the magneue field of the Abarenov-Bohin
efert (Sectian 12 the Aux field V. [Tt} in this case vanishes evervwhore except at
these degencrate configurations, where il iz singular. Mead (15507 has radled this the
“molecular Abasonov-Tiabon efeet”

ClevmetTic Magnotism sarvives (o the classicai linit, When this aar s applied Lo
the slow systein alone. it ieads to geometric phase modificativs of the seroiclassical
‘Hohr-Seimmerfield) quantization conditsions. Those ure discussnd by Kuratsii el
lids (1925, Wilkinson (19341, and Littlejobn wud Flenn § UL

The situarion where both the fast and slow systens are fullv classical s discussed
i Section 3.1.5. Here Jet us mention s stmple but compelling ilustration dismussed by
Li and Mead (1982). Let us consider the Botn-Oppeniwdmer approximalion applied
ter A atenn rather than a moelecule. The clectronic enerpy levels £5(RY Gepoend o
the atom’s centre-of mass R and appear b8 pocencials i the equations of motien
MR = YE.+F(R. along with any rcternal foree FUR) Tnoche abwenee of cxtormal
putentials, the eoergy levels are indepenlent of R, and F = 1t the eantre-ol-nlass
hebaw"-'. s a fmew particle. Now suppose the atom owee: b a uniforn wagnetic ficld

The eoergy levels are still B ndependens [by translation inmnanced. bt there oo
izrpears in the centre-ofinass dynamics a Lorenes fnree, so that MR=F=+Z:R-B
The predietions of this analysis ame speccacularly nnphivsical; walking through toe
earth s magoetie feld, vor would expericnes o vertical foree sulficient to karl you
o the air. Wlat is obssing froom this analysis is the geometric negenism from
the electrars: he fiold ViR wreduens into the venerenf-mass dynamics o secons



Topalaginal phoar effecis 14

Lorrots Soree which eitaer exactly oc nearly lin case the electrome sigenstate nas a

unnzers traennkic moownt] cancels the first,

2. Theoretical Developinents

4 puenber of theoretical developnwents of the geometric phase are deseribed  These
include its mathematrzel sevting in rerms of bolono:icy under parallel transport, s
wel as several peneralizations which remene 1w wssamptions of noendegenrracy and

aciapatimioe
21, Geametrin phase &3 holomaomy

Objects rigidiv transported rownd a eiosed pach oo ourved space can return wath a
different orientation  110s 15 Aolonoemy, Here is m simple (and surely physicad) example.
Hold vour Aght arm wutsteetched nefore yem with your palm facing down. Keeprog
vour wrist rigid, swikg your arm into yons chest. then radse it clockwise in froue of
you, and fBnally swing it away downwards until ic is motstretched befoee vou again.
Your arm has retumed to its odging] prgicon, bt vour hand bas rurosd clocksase
throageh 9007

The mazhematical setting for chis phennmenon is the theory of connections on fibee
tmdles. Whar follows it Seetions 2.1.1- 2.1.4 i3 an informal acconnt of the retacion
between this theory and U peonecric phase. Nn attempt s oade ot methematical
procision: the intention 3= to convey @ osense of the principal ideas iowlved. Two
references oo Anre bundles oriented towards physicists are (Eenclo et al 19800 and
(Mash ana Sen 1DEI.

#.1.0, Fihre bundlen. A fibre bundle E s 8 space, or manifold, compesed of owo
smailer ooes, the boae mantfold B and the fiire F. The fibee buodle 15 comstructed
by attaclung a copr of the Gbre ta each pont of the base i a particular way. The
sicipiest rase. a triveel fibre bundle, iz where E is just the cartesian product & o= F
of *nr hase wath the fbre. A peneral fibre bnmodle canoot be so copressed. While o
1% weways possilble bo pareition it e smaller pleces wloel are themaselves carcasian
procucts A, = 8 oof smbsels of the base wih the Gkre, these pieces may bt together
o oan fateressting and nontoiviae way, which reflects the lopological properties: of the
Lund:e.

The ¢onfiguration space £ of au vutstretebsd arne can be deseribed as & filire
sandle. Tn this case. e base manifold Af is the unit apheee. whase polar coordinates
1P, 2] dulerniue the arm's direction.  The fibee Fois the amt coele. whose singie
angle vourdinace y deseribes the orentation of the hand eelative to snme teference
pusition, [o this case £ 3w not sunply the cartesian product A = £ Tlus s beeuese
it i nal pessible to assign, in a cootiouous way. a reference baud sosiclon jor every

arem direvtini, Takd 15 & consegnence <f the “hawy ball theorem™, te the Bact thee
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s anpassible to roms dat a hadry badl withom neeoducing singalaricies [eg crewns.
o liekes, Dol patcines )

As in the amm exmmple. it 1 ofuwn the case i phyvsical applications that the
Shen cleseribes nteenal cdegeves of freedarm.  Usaally rhe file has some additional
smatbenoutival structame as well IE i is o real or rompiex vector space [deseribing spin
degrees of Treedom, for examnled shen £ 3 called o veal or compiez veeier bundie [
the vertor spoce i< ons-dimensinnal, £ s eadled o Fue bunidle voeal o complexl. O
alsa, the fibre mignt be s gronse (o example. the two- or three-dboesonal rocazion
AT :l-:*:anr:ilring the: zoaal o =poaciad oriencation of a rigi:’_ hl:l*j}' I Then £ is ralled a

prns !P‘H-E I!J‘.IZ'I'I.-I.'L"--I!E .

9.1 8 enanechions and caragivre. Tu » given path £ on the buse there corresponed
mmnnerahle patie o the fbre tnodle which project down to i a motion in 1 he base
leaves the fibve moton vnactermimed. A rernecHon s a rale for associating to P oa
particular path £ tarough a siven poiot i the bundle, the Gfted pach 1eee Fig, |1 A
noint maving along the tted patls P s said to be paraliel trenaported. The connection
ule: ix expresad o differencial form oy making the Ghre velocity a linesr function of
the brase veloeity: this funccion ran also sdepend on the bage and fibre posilions. For
vector bundles, the depemieuce oo fibre position shonld be linear as well, There ane
analogous restristivns i the cass of principal bundles. In phvsicel applicatioos, o
purticular connection js often suggested by winematical or dynamical couseierations.
ef, Moving wour arr witlhout uimecessarily twisting your wrist.

Let 15 consider the lift O of a clused path © on the base (sec Fig. 21, Its endpoiuts
necessariiy lie o the same fibre. hut they need aot coineide.  IF they doe oot the
difference Letween the endpeints is called Lhe bolenomy of €. In the outstretched arm
sxample, {7 is the sphencal nght thangie deseribed by your arn. and its bolonewmy 13
the =/2 turn of yow tand which reanlts from traversiug 1t i the manner presenbed,
In case there is holomemy for arbotracily small closed paths, 1w cornection 1s said
to hawe curvatare. Curvature describes the infinitesitnal holoocoy acquired cound un
infinilesimal clesed pachs, and may e capressed i terms of dervatives (o generalized
eurl ) of the connertion.

Let iy consider a very simole example. We take the base M 2o be thaee dimensional
Fuclidear space {B & B} 1w Gbre F to be ane-dimensional complex vertor spawe
{z &4}, and the buadle £ to be their cartesian preduct {{R.o 06 B = U} Thes £ =
a travial complex Jine bundie. A connection specifies the fibre velocity = as & function
uf rhe dboe position o the base position B aod the base velocity B, the dependese:
om z aud R i Linear. The geoerad fono of such a reiation is given by 2 — (W(R] [4FS
wlere WIR) 15 a complex vecter field, W s called the counection farm, oF sioply
1P rOOTIeeE T

Givers n oraction e o tlwe base, its lifted mootien m toe fibre s paven Tay
it = omp {:_f-m!.l“' : u!l:l] 2. where s denntes cho initial positon o che Hnme of

shie Lifted nath, 197 R deseribes noelosed patbe Uen its holonomy is Ve sealar factor
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exp [ wheoe [ = ~'1;I{|n WIR) - AR Using Stokes theorem, we way express [ as the
Hix of o veetor field ¥V = ¥ « W ocheongh a suclace 5 honnded by €000V s e
curvature of the connention W,

{H varticilar relevance to the geometric phase is the case in which the conneciion
preserves 1ae demptk ot} of veators aloog the bfted parh. Then e connection is said
ter he Aeemetuen. The conpection torm W ols purely imaginary. aud may be woitten as
i where ACR] s real
2.0 % The grometrec phode revistted. Simon 19830 ohserved thal the Berry pnase
finas its natural marhematical exprissivn as the holonomy of a connection en a Ebre
hurdle. The filbre bundles in question are can complex line bundles E'™ associated
witin nondegenerate eigenstates of 2 gnantum Hamultemian HA(R). The hase manifold
is the parwneter space |we conlinge T agsume this 1o be B, and $he Abroes ane vectors
|t i Hilbert spaee which sutwfy the Schridinger vyuacion (Jf{H) — E(RYiey — 1
these are just the nooortnalized ath cigenstates. related to cach other by a complex
scalar.

Givenl o eagenstate [ of H{RY. a connection determines an eigenstate @) | |dud
of tae newrby Hamileomian HVR + dR) by fixing its norm and phase. On plinacal
prounds it is sensble 1o requite that the conuection copserve probabiity. w thas
[Ld + it wud [e) both have unit worm,  This implies that Re {#]del = (0. The
simplest rule for fxing toe phuse of Je) + [del is to take I fw|edit) = 0 ms well. Thas
delerieines rompiotely o connection nm 5™ which is definea by the relution

f el =10 (1]

Under paraliel transport tound a closed path € an eigenseate o) acquires a phase
fRCboT exp iy, This phase faclor. the holonomy of ', 1= precisely the geometne poase
fucter. This follows by awtiog that the eonnection {217} is just the rondition (2} derivend
from mdiaatic evoluating.

There i an exact mathematical analogy between the outstretched arm and o
viriant of the spin exaople of Seccion 1.3, If & spin-1 [Lwstead of a spin-1/2) particle.
inicialiy ir its down state, is driven by aooagnene feld which is slowly ryeled counrd
a closed sale O then its geometric plase y, 15 precsety che tnrnin thue Jienwsl of i

urin deserihing the saroe circwt, Both are epual to the solid angle subrended by O
214 Chern oleasey, Sowwe Abre bundles are triviad cartesiau produces Af = F. and
mtiers wre ool. Topolopy lies at the roow of tlos distinetion, and characderane classes
smake Uins dstinction precise. They deseribe an intrinsic rwtstedoess i Obre sundles
wich ranon? be combed away, Bundles whese characlenistie classes are the same can
we smoathly trunsformed intn one sootber: bundles whose characeerizeic clusses ace
iferent cimo.

Lot somplex veeror bumdles. U churactariscie ciasses are ralled Chern clusses The

smamber of Clern classes e equal too tne dimenson of Lhe Abre, The rth Ohern ol
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asaociatas an incrger o N1 the Chern number, tu svery 2r-dimensional, hounedacsiess
subspace N oof the base mandold M. Thos, tine Frst Clero cluss assign:s an inreger
oA e every closed surface 5 in M. There ace various ways 1o calouiate Chero
pumbers Among these. theoe are fonoulies o tenos of integrals over the silspace N
af the curvatare aud faoctiens therent,

An lustrative example s the celebrated Gavss-Thonnet theoomo [rom clussioa.
difereantial gemmetry. The theorem states that the integral [ KdS of the Ganssian
eusvature foover 5 closed one-sided snrfaee i equal to 27 ticies an integer 3, 1
Euier characceristic. The Evler charactensiic s a topological featnre of the surface. It
it pelated by the formmia y = 2 - %y to the genus g, the number of handles on 5 when &t
v tegardea throngh & lopolopist's eves &3 a many-harodled sphere. The Gauss-Bonneat
theorem can be verified jmmediately for 1lee aoit sphere (K = 1. g — 0. What 18
rerrarkable is the implication that | K dS — 4 for 2oy surfeee smoodlldy defermable
to a sphere, bt L NS # a7 for any surface [snch as 2 tomos) which s oo

The: Canss-Bouner <heorem can he formmlated in teroms of foee bundies. The
buadle comsists of 1he surface 5 iche base) together willl ils tangent veatars mt et
nf its poines ithe Bhrest. A coooection s defined through the Mdenwraoan rule for
paralic] trauspurt o a curved surface By identifving swo-dimwusional real vangen:
vectors with wne-dimensional complex ones, the filbre bundie may bre eegarded as o
coanplex line bundle. and its first Chern number o (51 turns out o be 1727 times the
integral [, RdS of the Gaussian curvaturce,

Reterning to considerations of the geonetric plase leo us enngider the conplex
line bandies £ of quannan esgenstates, discussed in the precceding section. Each
bis s single Chiern class o' which assigns an joteger o every closed surface 3 o
parameter space. This integer s given by

CRETE ij!""f’n as- o f v oviar, 122]
5
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wheee in the sceond eguality we have uszed the divergenes theoremn; H i3 the thres-
chmuensivnal zegion ounded by 5. From [10), the last expression is precisely
the namber of encrgy level degeneracies (points K. wheee F0HD) = B o RLTI
contained in . counted with their appropriate sign Csee Secwon 14), In terms of the
trln:-u:trmnagnetic. analogy [ Sertion L2 the Chern nwnber is the mumber of [LLBFEeT I
monopoles in & connted with theie charee, Thus, snergy level degeneracies manitest
sheselves i che nonctivial topology of Ll sigenstate line hundles FALES

8 Drgencrede ngensteles and nonabeiian grometrer phoses

¥ a systern possesses o sufficient degree of symoetry, i3 energy evels will be
Jegenerate, Twe examples are Ul anpular momentnm maltiplee: of retacionally
cefrunertie svereme, aned Rromers degeneracy 1o syeoems with tioe-reversal symmeery
and  an odd  anober of  feomibons. ¥ o1l syoupetsy persiscs throuphoor che

parwineterized family AR Uwn so doe chess depeocracies. Lader z zlowly varving
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Hamiltouian (R, the adisbatic theorer implies that trausitions o states oucside
a degenerate mmnltipler ure stall, However, samsiitons (0 states withim the maluplet
aved ot be, o matter bow slow the sariation (lransimons cetwesn AegencTate stalos
COEC 0 eTeTEY ]

Wilezek apd Fec (1084 generalized Derry’s analvsiz to degenerate algenstabes.
Tiey showed that auder udishatic cveiing round a closed ceruit €, such states newd
nat et ke thewselves up tooa phrse. bt instead can evelve foto wew states witiun
the multipler. The trapsformation from initial to Aral stares is geoerated by o wintary
matox [ railed o nonebelian geomefrie phaar. Nouabehan geometric phases
van b interneeted as Lolunomy, but of a oere general sort than was considered in
Secrion 2.1.3. Theru 1s a corresponding generalization of geomernc magnetisn.

The avalysis, which tins parallel o the nondegenerate case, proceeds as follows.
Let EfR] denote an r-foid degenerate energy level wlose degenerats eigenspace
is spanmed by an orthonermal basis (R = 2.2, ..r0 We consider the
evolutinon under o slowly changing Hamiliomuan HiR(E)Y of states |t} ndiially
cqual Lo [F{RI011;. Neglecting transtious to states outside the oaltipler. we look

for approsimate salutions of the form

-

; .
vkl = exp L ".-'ff'f EI;R[T}]-"IT) E Lyaiti| (R, Loell] =, Rt N
u Lo

je. a waperposilion of evolving degencrate epggenstates multipiied by an overall
¢bvuannieal phase factor. For thye juner products {wdi]un 3 to be conserved 10 time.
the r = r matdx L71f) muse be upitary.  Its evolodion s Jetermined by tequiring
PR e ~ Hey {210 ta vanish for cach kb (il would aucematicadly if vty were
an exact solution of the Schridinger equation). This requirement el to the equation

nf motion
L) — =L (AR - Rit) = 17 T0AL, (241

where Al R = (A A2 APIWHR] is a vector of r xr ermitian matrices whose matrix

clotnents are grven oy

=,

I3
L

_1'k:'|l]1'_'| = -o(E(R)|V (R

_.

and Al+y — A[R:4 - Rt
T solutien of (24 is given by the thine-ordered pooduoe:

£t = Texp (—r'f .-Eljrgldr)
u
=1 .:] Alridr —ff AiriAiT vdedrt - gy
e ro de =t ]

where T35 the rox ¢ ldenlity :netnx, The ticwe ordering ineticates that o expandiog

the rxponential of the inregral. all matnces are o be ordered with later rimes to
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sbe mght. If the maortriers Arr) at different bmes commote with cach ollier. then
the ordering of e faetors §s irrelevant, and tlae nghi-land side of (28] simplihes 1o
I— %), .. Alridr — |_I|;_H_{, Arridr P Y p o —exp [:—t' IﬂJ AT er: eg sunply the
vaponmmiated integrie. Do parteular, 350 = 1 theo A{r | s a scalar. and D708 15 a
whase fuetor

Suponde the Hamiitonian & raken round o clesed cvele O Then the celation
elweer uitial and Hoal stares 12 cdescnbed. weart from the dyraoocal phise factor,

wr the wpicary matrix
{0 = Taap (—.‘ { AR - r!'li'_) : PO

[T 34 the ponabeiinn gemneroe phase, The serminoory derves from the facs 1l
the factors AR dR i the tme-ordered produet do noet in generad comunune, They
elo. Loswever. i the nondepererate ease m = 1; then £7C is st Lhe oedinary (abeian)
peametric phase factor cxzaw ) Like the ordinary geometrie phase, L(C) depuds
only en the pata & and not on the rate at which 1 s traversed.

For infatesioad crenirs, (707 = of the foom I+ A00CT1, where TiCT is an
ifiniresimal Hermitian matriz even by {minus] the Hix al the eovariant ool of A

W= =h—1A: A (2a

through the infinitesiinal area bounded by €. {Mote that beeause the components o
A areomatrices. the cross prodoct & x A eloos nol vauieh, just aa the cross proguct
& o = ie of Panli matdees does 1ot vanish,1 This tesalt does not exrend to Boite
cirenits. thoughy, as there is on nanabelian vermsion of Stokes” theorem.

Like tle urdinary geometric phase. () way he inzerpreted as Lolonomy. but
wow oo a comolex r-dimensional vector bundle rather than a line bundle  The base
manifold is pararcter space |Rin che reamples considered hered, and 1w fibere are
the depmuwrate egenspaces spanmed by [JIR. The matric-valoed veceor feld AyR ) s
the ronnection form. whicl deserilbes liow arates in the fibres are pacailsl transported
alorg paths RO the base, WA is the associated curvatnre form.

Tl nonabelian geomettc phase does ot depend on tan choice of basis (o
any sntninsic wav, Unoer a wetary change of hasis

r
AR~ JRI = WL REKRD, 2]

n=1]
thir nonnbelian version of the sacge transfurmation (81, CTC) transfoeis acentding 1o
ci— H"[’[[.‘}H'T. This uratary coniugation repoeseols sinply the chaoge of bas:
applied = L0 and leaves its observable properties unchanged. The Gelds ATR snd

ViR s transtern aceerding to

P T4V ZER BS - (R4 | S VN Wi [
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ander (231, These rransformarion properties charactenze the potential and field
strengtl of Yang- il field 1leones. generalizing the clectromagnetic analogy with
the peometric phase vof Section 1.2) to the nonabelian casce.

Given 4 particlar closed circuie € one can choose the basis (R w0 oas w
diagonalize L) Then under paralled transpore ronnd €7, each basis state fetorns
e itaeif 1op 1o u phase factor, Under certain condilioos. ooe can find a basis which
dingemalizes every nonabelian geometrc plase, regaraless of O lo sueh cases, the
dugenerute and nonaegrmeraln cies are essentially the same. In gencral, thongl
there 15 no choice nf hasis which cenders everr U0 dizgonal. What distinguishes 1o
reneral cose is that the generacor: of the symmetries responsiisle for the degeneracies
depend o purmineters themselves. 4 particular example. the A-dounling of electrorn
doublets in distomin moiecuales. i discussed by Mooagw et al [ 19861

The discusson of zeometric magnesiam io the Bom-Oppenheimer approximarion
fef Section 1.7) nan aisa be generalized o the degenerate case. As before, we regard 1he
parameters W s the coordiuates of a slow system to which the aniginal oue, the fast
system, 3 coupled. The Hamiltonian is given by Péizaf | HIR), winere P is the slow
wicnentun and the dependence on the fast coordinates and moments 15 left Imphout
1 HiR3 Ve lnox for approsinuale sigeufunctions of rhe coupied system io whicl
the fast svstein belones to 8 degenerate mmltipiet of F(R). These are of the form
Fr.R1 =3, o iRl ir. R where v, {r. R} = {¢|3{R)} are the fast rigenfunctions
iwhich deprnd parametdcaily oo the slow variables R Snbstititiog this aosacs into
the slationare Schrédinger eqqation and making approsuestions sunilar to those n
tlie pundegenerate rase fthe detalls are omitted), one sees thar the slow sypstem (s
deseribed by g indticompeonent wavefunction SR = (o B, .. [RY] wldeh s an
cipenfinetion of the matrix-valued Hamiltonian

H— IPI- AF/2M — RiR}L (31

Here ACRDY s the macix-valued vector potential of (23] and [ s che © x5 ddentity
wateix. Thos, coupling to r degenerate fast eigenstale introdoaees a genevalized form of
genmetric magnetism. iu which the siow Hamiltonian acquires spin degrees of frendom
wluch ave eoupled too s Yang-adills-like field.

Finally, there s o coznection berween the nonabelian geomernc phase and higher-
{j]'l’_{l'_']_' dt,E'EH'ETD.':-i.ES. .:f" ;}El'intﬁ i]'l. pa‘ramntnr SpACr wherte “wa or oo {]l!EL‘IH:"F-iﬂ.\'.' ]l!‘r'l'!].‘i

roawsee. Uhese poluts act as generabized monropate sourees for the Yane-Mills field V.

Ak Nomadtahalin avalutinn

Gewanetrie phases appear in contexts other than adiabatic evolution. Ao important
peneralization was fonnd by Aharonov and Auaudan (19571, who showed that
peometric phases accomnpeny oy evclic evolution, ot necessanily adiabutie, of a
quantum state. Subsequently. Samuel and Bhandarn (192%] showed that grometric

phasies coan arse i evnlations which are oooundtary, not cyclie, anmed nol even



m JU Makhina

raptimuoas,  Wwaat anderiirs these peovralmations s a aatural poeseriplion for the
parallel ttapspoTt of quantum plage fackors.

The setting for the Alaronov Arandan phase is quice general, A state it
rvobves acoordiog to the Schrédinger equation hik - Hit]
tine-dependent Hamiltonian Hi#1. After a tie T the stare i preseoed 1o recern 1o
2T — expie 1 L1 1u Lbser 1r1v10s s where A

Sz [ rmeder a0 nsually

teelf up to a phase Tactor. so that
i3 timme-indepencent and |+ 1= an eigenstate, J 5 simply the dynamicel phase — £T7 0
Guided by this simple case. we are Jed to subtract froo J o generalized dvnarieal
panse. tameiy 1w thoe integral of the expoeetation value of energy
| T -T )
da= == fw|Hetdt — L o)A e
|I| n . i " o

Tare phase which ronans. __g;';‘_:j — A4, 15 miven by
- .
3= 9 — Ay —argiu( BT - Im [ |}t Ry
Ju

Whal 1nakes the decompesition 3 = 3, — J, of the total pllase (oterestng is thaat
3, 5. in Aosense 2o be expluned, o geometric phase. First. J, depends valy on the pach

threugh Hilbert space deseribed b [#3(¢)1. and uob on the rate this path is traversed.
Tudeed. the state [z{f1) — e 7i#1)} waverses the same patk but, because of the nu
reparamererization ¢ — (1], at a different rate. However. it is easy to verify thao tte
protettic plase J,. a3 given b (331, 15 1w same as that of jiw(#1}, vven though irs
dinaunical phase is different, (Note that |#{#1} might not cven satisfy the Schridinge:
aquation.) Second. J; dves not depend nn the overall paase of ). ludeed. if in
el = vxprael ), o simple calenlation shows rhat J,

[33), wit)) 15 replaced ny
i unchanged.

Ax w(il) is perodic up to & phase, the density mateix polt) = it {eit] s
strietly periodic. and aver ile time interval ¢ < £ < T desenbes & closed mrve O
the smare of densily warrices, What the preceding discussion shows is that J; s a
senmetric property of (7. It depends oot on the rate at which € s traversed, and (L cun
be computed with {337 sulstitutng any stake [@21) whese density macrix g 3 4|
s menal to g

The gemnetric phase for adiabatn evcles can be obtained us a special rase ud
P33, Within the sbubane approsimation, a solation to the Schrikiioger equation
for a slowly cveled Hamiltonian HiR{?1) is given by [wit)d = exp{id[nd Rt}
fol 031, From 032% the dyuanical phase 4 is given by “]._.'I.ﬁ_JI;-r ERtdt. The
genmetric phase is easly camputed from (330 fwit)y = e(IR(1} s substitntes or
lari2dt [this 1w permissihle. siore the two states differ by au overal phasel. Since
arginf RO [ERIT — 00 J, 0s given by —lm fur{c'; Fidt — =Im $in(RI|Fa{R; -

JRL 0 oapreement with (B

Wilat underlies this peneral setting for the groowinc passe s once mow the

mathermatics of conmectious und Abee bundles, Howeser, oow the cotice Hillerr spane is
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to be regarded as  fibre bundie? The base manifold H consists of all pure state desity
matriees o norraalized sotlat Trp = 10 (This s sometimes ralleet L projective [filhere
apace. s [he fibre attached Lo p consisis of all stake vecrors ey owhose density matrices
[uties| are equal ¢n g Thus, states in the same fibre differ vudy by a phase factor. |
To an infinitesional displacement dp in the hase thore corresponds displacements |di}
i che fibre satisfying i+ deifew « dw| — p—~dp Wil a lictle algehra this reduces
b dut Gaeded|ut — dpled. Thiz equation does not derermine dy) uniguely: 1o aoy

salttaon [deh ean be added an infinitesimal noaginary component fde) along [v}
A connection fixes Uu: component wul determines a partacular Jde! for a given dp. A
natural choice 1s to require that

deh — 0 i34

This connection is precisely the comdition {27 found by Berey for adiahatic eveies, biut
aow prneralised to arbitrary eyeles in Iilberr space. Its halonomy s preczely che
geametnic phase 3, given by (33)

TLis setting admits Jurther geocralizations [Satmnl aud Bhanaan  1583)
For example. oue can ralenlate a pgecmertic phase for s nonunitary evolution

foidn, for which {@|a) s no longer ennstant. suply by Fwriuating [(34] with

cepnedel L W L2
e o)) {ele)

In fact. cae can caicalabe o peometric phase fosr am open path
and @i} are no longer proporcional. The fonoula {3371 for 3, ran bee commputed for

w171, where 1 [T

upen paths, and the resuit docs nol depend on the parameterzation in time of (i)}
@) — expaa{t] wit]y. Further

andl remaing cnchanged by the change of phis
insight mnto the interpretation of the geomnetric phaze Zor open paths s given in the
follewing Sectivn 2.4

There i also a discrete version of the formula (337 Given a scquence of states
len ., |utgl, - - i, one eal assaciate a phase according to the fornula

IR TN P 35

.-rj'; = arg iy gl i

(e sees casily that #, doss not depend on the overall phases al the states o). If
thers are just two states. then [, = arg [{&ywg)) = 0 identically,. But i & = I the
phase 3, 1s typlealiy novvanashing, Note chat iwat nevd not be proportional Loy );
LLe sequence of states need not ctose on itself

The forieala (55) i3 the discrete analogue of (33% and defines a peometric phase for
discontinuous svnlutions. Thns, a geometric phase can be delined for processes which
include measurements aud wavefupction collapze. A version of formula [30] appears
in Pancharatnamn s study of optical polasization dynamics. in which the |8} represent

polaration states. Panclartaam’s phase is discussed o Section 4.2

4.4 Grotelrio meolrc fonaot

How close are two yuaututn states |5) and |27 The ususl muantam mechancal
e

L f i . 1 Kok G
sneasure of distance s the Hilbert space porm {2 — sfy — @; *° of tueir difference,
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Tlere 1. ancrner, inceehiced by Provost and Vallew (1080), oamwely Ue quantizy
.-.:-;1,-,r.>]”§rl dulatfiioeiic @b Clearly this vanishes if the srates aoe the swune,
TWhat diszinguishes it from i Hilbert space norm is that it is unchanged of either s}
wroware mmltinbed by ow coteplen =ealar. I fant, whut this quantity really doseribes

i ther edistance Lerween their sintmalized demsity watoices p. — el f{e ob and
wy — lotiolfiolel, and indeed can be alterpatively expressed as 1 — Troope. lor
infinitesimally displaced states o0 — w4 du, noittle aleebea gives
Ly 1 Y
. el g, .. _ Sy fhid — e .
I'J.].;J._ .'!I:,'_' = .-_.:1-_ IR 1= "I [T = .:—T[' |_-5|:||:l.‘- ] — ? 1 36
[ L |

where dgy. = mejae de sud T is the idencity operater. (30 defines & metdc ou the
space of normalized Jensity mattices 1 (oc equvalentiy, the projeciie Hillest spaoa;.

The yuantun merrie enters oo the spalveis of the grometdc piase na womber
of lerestug ways. Deiow we descnibe 1wo aspects: a deeper understanding of Ll
geomecric phase for opun paths, and physicaily significant corrections te v Born-
(pperheiner approxaonation.

The ynanum mwetric determines geodesics. e curves ois] wioch ounimize, or at
least render statinnary. 1 distance berween two given density marrices in . These
are most easily desenbed in terms of their cornesponding state vertars: imay be
o fds? + owr = 0, and i

dlwwn that i |wls satisHes the Gfferential equation o
tae vecrars [0t and |250% ure normalized and orthogoual to une apether, Lhen
tap curve palet — wlaiieidd] s a geodesic with respeet to the rootde {300, and the
parameter 5 alang the curve s the acclength. {The solulwns i} are of the form
rors s [0 4 sina |00

A siogsde illuscration 35 provided by two-state systems. [o this case, H may be
‘denrified] with the it spliece lio the context of polariaatwn opries. this is the
Princard sphere wor Section 4.2, each density maliix g may be expressed n the
fomo il - E)E where & b5 4 unit veetor and o are the Panli watrices. The gquantio
coetrie (361 veduess to the nsual owerre on the sphern (up to o scalar factor |, aned e
grocrsins roe the arcs of great cireles.

dg eiimcnssed b the previons Section 200 geemetric phases can be dedlned via (330
Sor onen ws well as eloged pathes i H. The twe eases may be roluted as follows, An
upen path £ mar e closed by inining its eodpoimts with a geodesic. The rexulting
rlosed patie it tumes out, bas the sarewe geoioeteie phase as 7 Tl geometnie phase
for eomrinuans and diseontinuots erontions. [337 and {351 may he similarly reiated.
iven a closed sequence of density matiiees gy pp.. . e P W can construct A closed
pulveonal path pisl in H b cotnecting its points with geadesics. pls] lurns our to
hawr the suie gemnetric phase as e diserece sequence p,.

The gquantam oetric also iy o role o tar Born-Opoegfieiner deseription of Ll
dvnamues of 2 sluw <vstem coupled ow fast ome (of Section 173 There it appeans tlu
Ao Ilamaltorda ar au additiensl smdar potenial F0R — 3 d ¥ |V R

whick produces a ‘georectric eheetric” furer, The sealar potential appeace al i Rigier
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arder of adiabatic vspansion than the vector porential AL(IL: wach appropriate
scadinzgs. the promeicie waronetic focee R = ¥, 1 of the order of the square roet
1.,1’”"'—” af the mass catio of the fast and slow systenes, whereas the geametric alnetoc
forre — Wi is of Lhe order m /M. However. the eleceric foren can become significant in
the vicinity of degeneracies B, (. points where the fast enerey level LR} pecomes
dugeneratel. There the foree = cepulsive, apa so temds o steer the slow dynamics
away from poincs whure the Borp-Oppenheimer approxtnacion wonld bresic dowe
A cdiscussinm of the scalar potential ean be found othe reviews of lerry (108D}
and Jackiw (1985]. Additional termes in U slow dvnamics of comparable order to
peometric electricitr have also been found by YWeigers and Littlejohn (1993]

85 Heyond adwfaticoty

251 fevrections fo the grometric phase. For the adiabaticaliy creied eigenstates
arscribenl Iy Eq. (3], the dvnamical wad geometrie phases ace but the frse owo terms o
ann asvmptotic expansion for the total phase. An etegant iterative scheme: for evaliuating
higher orrler corrections was develapenl by Berry {1887c). These corrections to the
prometric phase torn ot to be geeanetric phases themselves. The fall ssymptotic seties
diverges it a manner whicl reveals the hreakdown of the adiabatie approximation.

The methuod 1s luscraced by the exaople of o spin-1/2 particle in a naguebe
fiele {of Secrion L33 W cinvsitder a time dependent Hamillonian Holr) = pBal7)- e,
evelic aver oon infinite tine oterval —oc, ne] with Bl =ac] = B2, Beir] is assumea
to b anmalstic und we assume as well 1lal E‘;}I:T'fl = Houn for all 7. s that the
Harpilloidan does nnt pass throuel any degepmeracies. © = ef i a dumnensionless
lime. and ¢ & small parameter (with dimensions of frequency ) describing the slow
rate of chanae of the Hamiltonian. | The romresponding dimensionless sl parameter
is & — ehfuBrin) Let as eonsider the evolution of a spin state [w(t)y with Lutial
condition wi—msty — =) Ty analysis is faciiitated by branstoruong to @ Iocacng
frame i which the divection by of the magnetic Beld is fixed {say. for definitenes.
alomg ). Sueh a frame is deseribed by arotation matric Ka(7) satisfying

E‘lnfT] = R,ir]-& (37

This roodition does ot determine B (71 imigqueete, Lut only wup to s retation (applaed
{fromu the left? about by Differentiacine wacl respect toor (this is denoted by aodor 7).
we ontAin i comailion

balr] = wnqivh = by} (15;
on the anpaiar velecity wy of the frame. where wy, = ;Z.ik.'ﬂ-iﬂ”"'ﬂ”l [tizs 1 the
antiswmene e lana-Cevita srmbol?  (38) does not detennine w,y aniguely, but only

up rnits romponent monf bao We fix this indetenuinacy (and the rotpesponding

ineetertrigacy in 21 by requirieg that

wy - t_Jn.J =1L (341
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(307 3 a condition o1 paraile] trassport. wualegoes te rhe reguitement of ey youl
arm withont nnneoessanly reissing soms wrnst cf Sertinm 2000

[ the rotating [acie. the lamiltonian H075 12 given by pBir] e whers
Biivi— Buiri2—Brri (K1

is the effective nagnetie feld. Bpis) — ehip T el whrk is the Larmor e
indaees o the potatine frame |1 owehetie apriogue of the Corielis faree!. As toe
rostad 300 35 siow . the Larmor feld s sowll ©of arder 1. and in the lowest arder adisbatic
approximation [of Seetions 1.1, 120 4t is simoly oeglected. Then Hird e diagonal.
and rne time-dependent Scheidinger equation s #asily solved. The geametnc pliase
(€21, Ealf 1ae sobd ancle of the cyole Gy described by Bol ). appears as a dizect
consuquence uf the paralle] transpors rondition {3001 when che solution s transtormed
baek to the fiwed frame

If the Lamnor field is net ueciected. then By(r] may be regarded o a slowly-
varving magnetic field to which 1l alove procedure sy be appiied as Lefore, That
2. we transform to a second rotacing frame ®pit) oo which b.rh is fxed wiong
= The framw s uniquely determined by imposing w parallel transport condition
Wiy - Erl = (1. where wy is the aneuiar veionity of the frame e Note that becatse:
b, differs fram 2 by terms of order ¢ he augular velocity w, s of order ¢ In chis
second frame. Halrs — pBait) o, wlhere the effoctive magnetic Held Has1 1 given
by B (v1E — Bpg{ri. with Brair) — effpn TKq Vel walrh The new Larmet field B
12 of order 4

[k 3% rasy 1o see thac this prosedure can be iterated: we can trapstonn chrough
successive rotabing framnes o [ T) ta compensate for the Larmor telds By o(r] induaced
i the preeeding vnes, The geometrie pliase and 165 corroections 2MeTED when the
seaeence of cotations is untavelled ard the sahuion ranstormed back 1o the fixed

frazme. Ooe ulitains & formeal serwes

F}.—I:ﬂ:l] 1‘21’—'.{:\:]1 I:-i:_':l

=

in wloeh the rerrections tu the geometric phase are chemselves geometric phuases:
~_{ €1 1= half the solid angle of the eyele C deserized by Buir)

" turms out that the series (410 3 divergent.  Although successive ceeles O
rutiaily decorase in wttent by a factor of o agvmprotically the rerms v .} belave
as ¥ k! a forin characteristic of diver gent asvmototic secies (Dingle 1973]. An optimal
apprositacion s obtained by truncating the series at its smailest term ko~ 1ie. for
whicl e* ! ~ exp - Lfe] 15 exponentially aoall

That tlw series (411 diverges can be npdecstoed on general grouods, 1. on the
eomzrury. che sefes comverged. along witl tlwe infinite sequence of sotating fraouws. than
izpun transformiog back 1o the Swed frooe. we won.e ohtiin al exact sonalwon [o{1]
of onn Schrodiueer ronakion whach wonld besin apd end, at 2 = -oc und 1 - J2c

respeetively, in the spiu cown siate | §0 Tlos wonin imply @ vanishing LmansTiok
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prababiliey {—|w(~aci}. Bot it is koown that, with che exception of sume special
Hamiltanisns the transition probability is oot sere. bae estead (for He{r] analstic]
iv exponentially sruwl. of order expl— 1 /f¢1 (Drkhoe 19621, These swponentialiy smail
tramsitions (the subjeer of the %ilowing scetion) signai the nltimate fuilure of the
adiabaric approximation. and cancot be captared by the herative scheme, [t todlows
that this schermoe st mevirably diverge.

2.5.8. the geomeetric emplitude. Adiabatic evolution is an approsimation. For vy pica
slowly varring Damiltonians Hit). where © = et no matter how soall the race of
change ¢. there are transitions between evolving eigenstates. The transtion probaiality
vanishes rs e FOes o sen, and if ff HE]’.!!‘!]'LI!‘[F. H_'I'lEIJI‘.-'L:il'.i.'IJ.]}“ o T dors o E_‘.{Trl]]'l.i“'l.'-lf.iﬂ]l}-‘
rapidiy { faster than any powet of £

In a study of adisbatic evelution in two-stare systerns, Berry (1980b) found
chat this transition peobability mav contain a geometne factor,  The settimg s
similar to that of e preceding Section 2.5.1. We cousider a two-state Hamiltosian
Hir] = Ri7) - e. where R[r] is analytic i the dimensionless time © = of and i
nonvatushing for real =. As v — @ 2o, R[] approaches limiting values R, which neeq
not enincide, sa thal Rit] need not be closed. From {3), the adiabatic solution for the
np-state 8 given by il < ewpled (87 = 0800+ (RIT]E, where the vigenstates
‘= (R are given by i 14] and the evolviag dynamical and geomeiric phases 4,080 and
melt] are grven exedienly b

b_ith— —i/ Rividr, 2, [t = —%f (1 - cas s dr. 42}

ef Jy I
Hure [ R 8. w} denote the polar coordinates of R(+). and the doc” denotes the denvative
with respect to T We have used (180 for the veector poteatial Ay ().

Nonadiabatic transitions may be attributed to roats of A7) o the complex r
plane. Tlhe deminant comeribution to the transibon wnplitude comes from the oot~
clozest to the real axis. [ We wssunie 72 s & simple zera of ) ), 40 that it ik a sqnare-
ront braocl pomnt of Rir).) Davis and Pechnkax (VT showed that the transition
ampiitude may he ohcained by analytically conlimone the adaavatic zolution around
toe hranch poin: 7,. [ Cuder tkis continuacion, the up- ana down-states +(Hi+)1) and
| — i Bir % are interchanged.] The transition probamlity 2. = V—{Rizo)) wloc)i|?
1 piven by a praduct of faetors expl —2|A_ |1 exptDy ). whose exponents are obtaned
fram the analytical continuation of the dynamical apa geometoe phases. Exphicitly,

w bave rhat
-13 v
Sa(El— Elm f Risidz. Tg= —flmj{tﬂsﬂdw. Y
) I

[ 1he expression for T, the cootonr is taken tound e cat jonug, 1, and its eommplex
vonjugate Tr
Tae facter vxpil'y s the geometric amplitade. Tt eepends oniy an the cecle

Fesllone: e BT 7 00 pot nm the showness parameter £ nor we fo. 11 can be slwown Lo viash
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R Ges e plane. uraf Réri can be potated into dtaelt abont an axis throngh ele

asigin, Thkus it vanishes for the well-koon Laudau- Zener moder R{T) — oo 4T
| Zener 19300, for which I deseobaes & verticad oe, A sinble example with uonzero
prostret e onplitude o B — (acusia sl 5 AL It desenibes a helic oo the

rvlinder of tacius @ which wines for + «7 11 and aowiomds for + > 0L For this caree Tl
is given by —afusgn A9

The geometric amplitude was observed by Swansiper et oo (1991 0w vuclear
magnetic resuialce rxperiment [¢f Soetion 52270 A pme-dependent span Haocluoenian
witn the requisise properties was geoenaled S oapplving a modulates it magnetic
Hald te 8 sample of pin- 12 el aod e uduced magnetization waa nhsereeed in
o rotating frame. Tle logaatice of the ransivion probability M was plotted as a
Funetion of 1l slowness pacamessr . Theory predicts thal ths plot showd be linear
vdue ra rhe dynamical amplitude) wile a aowzero wntereespt [die too the peoraine
amplitnde’. Tlas bebuviow was confirmed in the evperiment, with goud yuanccasive
apreemenl beiween 1e ohserved and predicted vaiwe of [y,

3, Classical Systems

Following Berry's discovery of the grometnic phase. Haooesy (1988] found an analopous
phenomenen o elassicu owchaoics. Adiabatically eveled classical osrillators anderdo
a shift o their phase of oscllation. Part of chis shifc is simply the o olegral
of the frequency. DBut there apperts in addition a purely gemnetreal contribntion,
toww koowen: ws U Haopay asgle. The Hannar angie inchides and generalives seek
well xnown phenomena az the precession of che Foneault penduive. I nany caszes if
mav he diteetly observee. Tle Hanoay augle euerges as che classical (& — 0 oo
af the Berry phase (o cuses wlere chass s absent from the classical dynannes)  Iu
the rantext of eoupled systems, 1t xads to clissical geometne magnetiso in the sow
dymamics.

Wilceek and Shapere (198005-19500% studied phenomena in classical kincowdlos
sitnilar o tbe Hanoar angle. A sinple example is the manner in which falling, cats and
platform divers change rheir spatial orientations through o cvele of nternal mnticos.
Proviced their {eonserved ] aneulur woineniiu is zers, the change in their onvolabco
eses Tt ddepend o the rae at which che incernal motions are pedonoed. Class:eal
panmere phases of this lvpe have been savestigated svstematically by Alarsdun
Monteonwey and coworkers (3urscen ef al 1997, Marsden L32Y s purtl of o geoeral

theary of Hamiltonian dynamies with syoanetry.

J.1 The Hannay dngie

Bii. 0 The Cleasest Adsebeiic Throrem.  [mmagine & swingiug pendulum siowly
slwortened re Lall its oogioad leagtie During thos process, is anyrhing conserved.

rither exactly or appresimately™ This question is addoessed by ke clussical adiabatie
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Hieorems, While energy i not conserved {work is being done ), there is 20 approximatceiy
eonserved quuntity, namely the classenl sdiabacle invariant. or the ection.

The classeal adiabatic theoremn s most simply descrbed for systems of oue degree
of freedom. &0 we rooreotrale on this case. The dyoamdes o the twe-dimensional
plizse pana is desented by Hamileon's equations ¢ = &5, p = —0,F. The classical
amiltonian Hiy. p. R is taken w depend oo w vector of parametens R [like e
pannzan: Hamiltonians of Section 13 If these are held Bxedd, Llien energr i3 conserved,
and aebéts e on ennroours of .o Lot ws assume the mution is bounded, so that the
euvrgy contonrs are closed. The orbits gn cound them pesodicady with csnillacion

frecuency w = (007" where

1 .
HER'= Tf dag dlp 141
HiarHIZE

i thu wetion. Apart from the factor of 24, the action 35 just the area enclosed by
the orpir of energy E. I the parameters vary i lune. then energy i3 oo looger
ranserved. However, i Lo vaniation is slow compared Lo the vaeiliarion frequency o,
ther e aclion (£47 i3 nearly conserved, and tie variation of the energy is deterioed

wnplicitly by
FEG) RIS — LT Einy. R{0Y). {43

This i= the classical adishbacic cheorem.

In higher dimensions. the ciasical adisbacic sheorem generalizes provided che
dynamics is cither rtegrable or erpedic.  Intrgrabie systems are characterized by
a high deeree of svoumerry. They pessess Y mdepeadent constaats of the motiou
iwhere ¥ 12 the number of degrees of freedom’ which are in invalution (that s the
Potsaon brackel between any pair 0 them vanisnes!. Typical mints w an incegrable
sysiens execute periodic or qnastperasdic motion on Y dimensional reri embedded
in the 2% dimensional phase space. and the equations of metion may be solved
mare or less explicitly, In sharp rootrast seand ergodic systemns, for which energy
is 1l goly constant of the maotion. Typical orbis cover the (28 — 1)-dimensicnal
et gy surface uniformly. so 1t tme averages and microcanonical enscinble averages
coingide. The adiabutic theorems in higher dimensions are rather more diffiealt w
slabe und considerably hreder o prove. The diffieulty 12 related to the fact thar the
sdirharic mvariints are oot w6 well vonserved as in the ene-dimensional case (Locladk

andd Mewnoer ZBEE)

0.8 Mane arcount of the Hoenran angle. The elassical adirbatic theoroan (40)
determoines the taoe evolution of the emergy of a0 ooe-limensiona esollaor wuder
a slowly rhaneing Hamiltomdan. Haooay {13, mativated by Berry's anaivsis of the
uAntnm geomceric plase, usked a more cefined qnestion: what 14 the evolution of the
rhase of oscllalor?

Tu frame rhis question precisely we mroduce canonical coordinates, the actisn

et wnriehlea TH.00. These sre relaced to {q.p) by a canonical transforroation
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g — gif I R p — @éd I R which depends oo parameters  The action [ tle
seneralized momentum. delerocoes the energy of the oscillator according o (L
TLe angle #. she geoeralived courdinate. Jescribes the phase of e csalator. and
varies perodically srocbd rhe oehit in the shase plawe sk petiod 2r Expresaed 12
tecres of artinn-anele vanatles. che Hanlronian T07 W 5 indesendent of # sioorke
canemen] raonakions af oo, f = hH. I — —ihfl, iruply 1lat I is constan: while 8
cvolves ab a constusl fequency ....."gl-::h i

Now suppose he paramerers R oof the Haoulionzan ere taken siewecly comand n
siose] cvele O returning to their peiglnal valoes RYQY afrer 4 tiroe T S the artion
iv pearly couserved. a trajectory oeluras approximately to the oriils oo eontoer of
i RiD ], om whivhs a1 starred. OF conarse, i+ will e displaced bar anoangle A8 o
its juilia] position  Ilannay obrained thwe vwo dominaot contribuuoons te Af Cfasther
eorreciwns woe of order LT The ficse oz tlee dinaseral argle Fa = }UT wid Hrfal.
It js simply the tiroe wiegral of the frequency, taking iuto account ks siow sasialsen

with parameters. The second, anexperted, sontritailon.
8.1.C— —-:3,)-{ Al7 R . dR. 461,
e

15 the geometric arnpic. or the Fanney engle. It iz expressed indermus of the line inteara
eround ¢ of & vertnr feld AQT RO piven Ty

. T

AlLR] = — pif IRV 8 T R 471

-l "{l
The Hannay angh 5 seometric in the same sense as s the geometric plase: oo
depends only o the parameter cyele O and ot o the rage it is traversed. Using
Stokes’ theernm. the Hannay aopgie can alse be cxprossed ws the swTaee integral
— ;_.l-ﬁ Vif R]-d5 where ¥ ix a snrface ponnded by © and V. — VW ox A From

=11,

»

VILRI- = [ Vu(d I RIx Veid I Ridd. [451

A H|

As owily the geometric criase, LU presemce of tine-reversal symmetsy fef
Section 2.3) nposes conslronts on the ITannay angle. o partieulas, of the orbas
thermselves e time-reversal syrametric (for ail vaaes of parameters ), then the Hannay
angle vanishes fentically.

Like the gevanetric phase, the Hanoay anele mav he interpected as the oonems
of noconoection oA Hbre bundle tef Section 2,130 The paramerers B oconstilute
the hase manifold. and the fibees attached e liem are orbits of 1he Hamoltonian
Hig.p RV vtk given action £ Tlese cebies are parnmeterised by the angie i, o
the connection Sl BRI descnbes how & changes nnder pacadel ttansport.,

The Hanoiww auele ean be deteeted by detecminiop the ioital aud final angles of

an sl icully oveled osciilalor. wad =ehtraccing from thee diference che dynasdieal
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wngle Ba. As Ay depends onty oo the parametet eycle B, ot cin be compuaced without
sowimE U vqaatons of motion explbeitly. In this way, Hanony's analysiz, together
witn the adiabatic theotem 1+51, provides o compiete asvmptotic solution of the
equatious of mation for siowly varving Hamilrenians inoone diiecaon, The analysis
gereralizes dircctly to wtegrable svatems n higher dimensions, where there are as
many Hannay augle: n: there are degress of [reedom. However., aeteeting themn cin
he aomore delicate matter. as the adiabatic theorem mnd comrections Lhereto become
more somplicated in higher dimensons (Golin et af 29891 Yor ergodic systemns. there
iw uu general analogne of the Hannay angie, thongh & relaled holonomy phenomennn
emerges m annu special cases [Robbins 1994, Jurzvnski 1995, Schroer 1394).

315 HRzamples. A bead moving frecly tound o planar wire ioop provides a siople
cxample of the Hannay angie. Suppose the bead has unit mass. and the looe has
cireumferenen 7, area A and s otherwise arpitracy 1o shape. While the svstem as
a whele has 1ime-reversal svmmetry. the medividaal orbits 9o oot ithey arn either
vinckwise or counterclockwisel. The actiwow [ s just the velocity o and the augle
§ = 27:/C is proportional to e distance s along the wire. Suppose the loop s
slow |y rotated onee around an interior point over a bme T, and let S5 denote e
wotal distance the nead bas travelled during chis time. The dynarical conuribution b,
iwhich is £/27 times the dyawmical angle &3 i3 just #7 [ is the adiabace iovariant).
The grometric contribution =; may be eomputed to be 474707 It aceeunes for the
distance the bead has slipped as the wire turmed. For a fixed circumnference &, —sy
fssnines ks maximal value € for a circnlar loop; in this case. the bead simply shps a
full revalution. For thiu, elongaced loops, s, approaches sero; the ouly shppage oceours
at tie ladirpin burns,

The second example 15 the Fanuly of harmeonie oscillatars F — (2 - X )p? /2 + ¥ py +
| Z + X 194 F2, where the termn in gp breaks time-reversal syrometry, For X2+ « 27,
the nction is vounded and oscillatory, and we conzider adiabatic cyeles canfined to
this region of parameter space. The flux field ¥ of (48) may be compuied 1o be

I R
2[E - X - YR
Sode that becanse Vois linear in f, the Hannay angle 8, i odependent of 7. 8,
may oe described geommetricaily as follews, We regard the paramerer space as thren-
Aimensional Minkowsk epace, in which X and ¥ are spaece-like coordinates. £ s timwe-
like. aud the region X2 4+ ¥* < 2% is the mteror of che light-cone. Then 8,00 i i
area of the projection of the cloged curve €7 onto the unit mass shell £5— X - F* _ 1.
The precession of a Faucault pendulum is yet anather cxample of a Hannay angle.
Conswder a spherical penduinm indtially seb to oseillate in o plane. Dariog the couvee of
z day, the axis of gravity [whose direction represents the parameters of the peodulnm)
12 carriea once tonwd u hoe of latitude o, At the day’s end, the plane of oscillazion
Iiei tucned theough an angle 2710 eosix). Tlds s just the sold angle desernibed Ty
st axar of gravier, aod ooy be cemputed as s Jlannay sngle vaing (461 Indeed,

VIR = 149
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the phennmirnon descrilbed by the Hannay aogle s mote general. If one turned the
vacth abont its cetrre adiabatieally (but otherwise arlalrariiv) hefore returniog ac oo
it oripnal orientarion, the plaue of vsellation of e spherical persoulun would sTill
preeess raponugh an ansle equal to the solil aogle deseribed Ty che varth’s axis.

The splwerical pendulam is a o degres of freedon systet, integrabie evzuge nf
jes amind svipmerry Therefore. 1t Las two ilanoay wieles. one each for its polsr and
amneathas deepees of freedon. For planar cseillations . bowever. ouiy the azimuthbal
Hannay angle. which deseribes the Foneaut procezsion, 15 emsera.

Let us brocfly mention twn finad exawnples drawn from plasma physics and
astronomy, rospectively  Littlgjolo (19820 found & Hannay angie in 1w cyeiotron
ascillations of chureed particos i stroug maghetic Belds. Berry and Morgan | 18367
faee aleo Golin #t af (0887 compote “the Hanmmay angle of the world”™, an anuaal
Lisplacement af the varth along its orbit of approximately 100 meters jor 2o 14 g
sppondds of are! cunsed by the adiabatic und periodic vanation of Jupiter's gravitatioual

Seld.

9.1 Semaclaancal Bmdt, Fellowing Huaaay's work, Berry (19830 showes Lt the
Hanuay angle emerges in the seumclassical limit al the geometric pluwe. The poecise

selution hetween the 1wo s given b

h—tn—:=

e T = (T T B i 50

‘1. which the classical action s reiated 1o the gquantum mumber by the sermiclassieal
guantization coudition f = nf. 0l condorms to the usual relation between
quanturn phases and classical aneles, the roost fundllar instance being the relalion
i Enoy — Eoifh — o between energy lves and frequencies. whose time incegral
ronancts the dynamieal pnase and e dynamical angle. The resuit {56 s denved
ty substituting the WBK approximacion for the eigenstatas jr{R into the tarnnoula
i 4] far the quantum vector porencial A, Oue obeains therehy the srpression (47 for
s mlasacal vector patential. This anairsis extends 1o mtegrable sy stens i mote thau
ames chinension, Znr which semuclazzical eipenfunctions may be smuilaly determimed.

On the other band, for systerns whose coassical dynamics is chaotic, the yuancum
acowetsnc phase has no classical limit in genera]. However. the vector firld ¥, when
averaged aver quaniuin nuember, does bave o elassical limit [Hoblbios and Berry 19920,
which turms vut to play a tole in the classical Born-Oppenheimer approximation iad
Seclion 3.1.2%. The clssical Lmir

L : E :

,};ﬁ-ﬂ‘g (EJF,!EI;E. Rf-_/ T g p R VHigp Rllx u:-!f) (als
2800 PR b
1 expressed u terms of rhe tie iwtegral of an ammymmernc correiakinm

function of the parneter gradivat of the Hapilloman, VH{q.p. R ARG =

VE Ry -

. A% ad™ o fenmes the phase volune nside the eneoey sheli H = £, e
PLICTR TR . LAY 1 - r 1, ;

diemiiies the parmabaed wdcrocanonical average, and ¥ H; desotes the function WiF
ovolved for a tine # with the classical dynamics. Tu one dimension. (511 s equivalent

bor (=0,
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VT Classeced mraction forcea, As m Section LT we supposs the pararreters R
arn no longer externally prescoised. Lot instead aee the coordinaces of o slow gystom
ro whick thw uriginal one, the one-dunensional cacillator of Secoon 3101, s eoupled.
Bosth svsters aze governed by classical mecnanics. We take their Hamiltomiaz 1o be
Firaid + Ay p. R where P s the slow wwnmentum. The Hanoay angle deseribes a
hodonnmy 1o the fast dvnamies induced by the slow dyoamics. A» i the guantnm rase.
there 3 a reciprocal offuet oo the slow dynamics mduced by the tast dyoamies. Tloe
effeet 35 fonnd by averasiug over ne fast motion. According to the adisbatic theoren.
the actinm of e fast sestem is neariy constant. In che lowest order approximation, we
rreat the action as serintly constant. Then the epergy H{T R acts a5 a potential
che slow dynamics. whase effective Hamiltonian is given by P22 4+ A00 R Tl
is the rlassical analogue of the Doru-Oppenlisioer approximation.

First-order rorreclivus aceount 2o the Ductuations of che action about iLs mean
These pencrain an efective vector potential in the slow Hamiltora, so that P —
P — A { K. Tie veetor potentizl s precisely the field (47) wnose boe 1ategral gives
the Hanoay augle, This s classical geometele magnetism.

e exarnple of geometrin maguetizm 13 the proccssion of o synoneceie top [Berry
ancd Robiins 1993al. L tlos caze, the top's axis iv Lhe siow system, and the rotativn
anciit this axis s the fast svstorm. Another exampae from plasma physacs s che dnott
of the guiding rentes of clectrons in strong, slowly-varying maguetic felds fLittleiabm
1982). The puidiug centre, ie the centen of the instananecus Larmar orbitl, constitutes
the slow dugrees of fresdorm (it remains fieed i conscant Helds}, ami 1he motion about
the suiding centee. toe Last degres of freedom.

Geometric magnetisny eeperalizes to higher eimensionai fast systems, both
integrable and chaope. In the Jacker case. geometnic Mmagnetism is partoersd by au
additional dissipative foree, deterministic foction [ Wilkinsen 1990); the slow dynamics
iv o longer conservative, as the chaotic mation of the fast system aces as an effective
beat bath. The magnetie and dissipative foroes appear as the antisymmetric sl
svmmetric parts of a lincac cesponse teuser [Berry and Rohbios 15930, Jarzwnsk:
15631,

o4 Fyramelry ard KiRemndatic geomeIrie phayna

Kinematic peenoeire phases arise o systems with syomoerry They deseribe the
wvolution o degrees of frecdom which the symmetry acts upen (e, onentacional
degrons of frovdom 1n case of sotational syounetey). Their structure depends only on
howr the syounetry (s reabized, and wot vo the derails of the dvnamics. The gevuwetrc
characrer of their ovolulion 15 exactly enfaroed by the equations of metion, aod does
uer depend o assumptions of adiabaticicy. I the fullewing sections, two different.
treatovnts of kinemacic gromettic phases ave deseribed.

G2 T Fullieg rels ard anuminmrng prromectd.  Foen with nothineg to push apainst

buodies i1 free fall, sucl as catz and platform divers, van changs thelr onentation
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Uwough inrernal motons Pethaps cruntenmiaitive at st this phewnoenon = oa
diprct carseqence of comservation of ungular momentian. and can be caleuiated a5

tv in domg so Lies 0 the defiition of the hody's nrentaton.

such, Tl o daffiee
This problem does tot arise for vigid bodies, whose every ennfguration is related o2
cnosen oeferenes by a wnicue ratation. Bur for o bady which van bend and pwist aud
stre-cle 1o whiel has internal deerees of freedom. it is not clear which configurutions
wre upright’ nnd whico ones are tiltea’

There are vasions prescrptions for determining odentasion. Oue is o cefer to
tle urientation of 1w principal accs of inerha. Apecher s through the Felart
TR, A eoinnun cunrentien inomoleeniar phvsies. Both presciprions have partealar
acdhvantages: vetther s well delined o all cases.

I Eact. tar strecture of the saintion cioerges most cwearly if the definition of
et atinn & mewie more or 1ess achitranily, Tlos is the point of view taren oy Shapess
and Witcrek [1958b1. For simplicity, suppose the body consists of a Suite oumber v ool
TR T A0 DUSCIONS Ty, Mo wSsUMpPLion & 1oade coneerning their ynamics, exnopl
that they ahey Newion's laws and that there are po extenal forces Dy chaosag a

swrtahle cefecence frame. we masy assume that she cuntre of mass 3 e, m
Legarns wnel remains ar the origo
Dv some oeans. coertain eonfigpnrations (R, Ryl ame aesgnated 1o i sl

This designation most be cansistent, o that if two conbigarations are related e
rotatwon. then ooly one of them can Le upright. 1 oust alio he complete. wo thas rvery
confignration an be made uprignt by applyiag a rotation. I both rhese condiens

hald, then every configuration (r,....Fx) ean be obtained by applyiog a cngee
rotation & th a uoique uprighe conliguration (B R The body’s morian.
ot =RiE-RBaEL =000 000, (2]

s then determined by the evoluzion of its orienbation Rit] and its beernal dynamics
R,itl,. ... Rxit) Tothe language of rigid body dynamics. Bo (1) deserines i uTion
1 the bady frame, anud v 061 the motion in 1w space frame.

An objert hxed i the space frame ajpowrs 1o FOLARES with augular velncity -T2
i the bocdy fame. 02000 s eefiesd Ly che relation

R.X =Rt x X 5

which ean Le pade te hald for ariilrary vectors X,

Fegardless of the details of the dynamics. the toral angalar momenrnm 1 —
Yo om,r, % ¥, ir the spare fraww st be rorscool,  Conservation of acgular
morrentuny ceuds o che relation

= Tl T o Ra V., rath

Tk K

herwerr the wopalar welomte §F and the anpular wowentum L — BV 1 wrlocibes
V., = Ro. onel inettin vemsor £, = 37 e 0RSE, — R R0 fo the gy freme Chuce
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che internal dynaics R (t) is koown, the eelations (537 aned (4] may be ased 1o
determine the orientation Kt

The case of mero angular inomwentum (1 = L — 0} is parricuiarly interesting. Theo
ome can show that Lhe orieatation B[2)] does not depena on the mate of the interal
Avnaces. (One ean, 1o effect, muitiply through by dt i (530 and (34).) In pardcualar,
if the mrernal morion 15 periadie along o cycle &) Lhen atter one period it generatrs
a1l overall toration &, = RITIRMT uf the body, The rotation B, depends ooly on
the excle O und not on the rate o is traversed. Ir s a purely gemoetaca quaniaty. a
rouabelian wnalogue [rotations do not commure] of the Hanuay augle. 1t 12 the means
Iy whicl: a cat gropped upside-goern manages Lo Jand on aes feet

Like the ather gewmetnc phases eonsidered so far, this can be deseribed io terms of
halonooy ona Bbre bundle, The fihre bundle is the configuration space of the masses
m, , consgtrained to have Rheir centre of muss at Lhe ui‘igin. The hase manifold consists
of the distinet intermal conBgurations, wo twe of which can be made to esineide by
a rotation. fatlemstically, this is the quotient of the confienration space by the
rotativn group.] It can be parameterized by the upnght conBgurations, provided
these are always well-defitwel. Thwe Abre consists of the differenc possinle orientations
of a given interngd configuracion. and mav be parameterized by the rotation group.
A comnsttion determines an infinitesimal totation R [or an infimiesimal change of
internal roofiguration aR,, aod e phyacally relevant connection s determined by
conservacion of angnlar iomentoin. Parallel cransport round & closed cxele £ in the
base: viclds the nolonomy R,. The curvatnee of this connretion, which desertbes the
ner recation RAber an mEnitcsmal cvelic change of shape, may be computed using a
farmila anaiopous te (28]

The dezignacion of upright sontgurations is arbittary. and ooc can always choose
them differently. It can be venfied that the holonoroes B, do not depend incrinsically
o1t 113y chuoee. el that the various quantities which deseribe the orlentation transform
apprapriately when a differcnt choice s roade, To particolar. the corvature and
romnection transtonn aceording to squations snular b (307,

A more complex example studied by Shapers and Wilesek {198%0) conoeros
swimming through viscous fluids at low Reyuolds mminber. High vmcosey and low
welocity means that Sodies remna ot zest wuless acted upon By o foree — a realication
of Armstovelian mechanics! Bodies locomote by executing a seties of internal motions.
ie swimning strokes. Cooservation of linear and angular momentum determing che
consrquent chunges o position and orencation. but aow che motion of the fud musa
e raken inoo Aonount. Snlving the Huid d:,"namir.ai problem leads oo & teiation similar
tn [F] for hoth the lincar amel u:1_|5_u]u:' vielocily i lerms of rates of cim.ug{: of ﬁhapﬁl.

Applications 1 bioloryr include locomoticn of microreganisms.

YO M. [revmelric pheded and rrdection. hinematic peomecric phases can be framed 1
rermys nf the general theery of symmetry o Handibonian systemss, called reduction,

This formomlation. exteusively developed] b Aarsden, Mootgoomery aned coworkeos
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P arsden e g 191, Marsden 19927, Las (ed to s unified perspective on a varly
of eeomerrie phase pluocoena s well as 2 munber ol interesting xcaLrsiprles.

yoamies 1 suoplified by the presmee of symmetry, wel Hamiltenian Avnacnes
especially su. A svmmetry always reduces The dimension of @ dynemical system hy
srmue bt 1o tlhe Tlamilonian case. 11 peduces it by two. Indeed, when there s sufficient
svmmetry. the systeos ate ntegrable. and the dynamies can bae sulved analvricaliy jcf
Guenion 3,100,

The simplest svrooeloy @@ tronsiation iovariunee in an Lgnoraing Conrainace: gy
Hamilton's equation gy, = —df gy = [ jor, more reneraliy. Nosther’s theoreind
trnpiies that the conjugate momentom py 38 conserved. Fliang it valne py — pog weals
o Hudltonian Fiq- . gavoi - - ot Pvos 0 twe fewer varialles. Onee thew
dytarmies is obtained. the evolurion of the ioorable coardiuate may be determined
by integrating Hasulton's equation gy — de Hiq. ooy P P vl The:
theory af msluetion Ftrreds this asalvsis tnogrneral spmmetnies. s o le simpee
example. the analysis coasts of wa stages. The first is ceducoon. wherein the
conserved momenta are fixed. the ignoratie coordinates @nored, and Hamoilton s
emuationg exvpeessed in cemos al o redaced set of roordivates. Iooall brat the sunples:
rases, finding these covrdinates is & nontrivial task (Jacohi’s “elinunation of the node”
i the ratatiooally svismetric V-hody problem is a reproseutative exampled. The
cerond siule 15 reronstmction. wherein the evalution of the ignorabne coordimates
1¢ determined from the weduced dvnamics. [0 is o the recouslruction stage ihat
kinematic seonetric phases can appear. It turns ot that the equations of motion
fur the ienorable eoordinates can be separates to dynamical and geornerric ferros.
The seamettic term depends anly on the path deseribed by the reduced dynamcs.
and not on the race it is traversed. The dynamical teomne by constrast, does depend on
Vi vute. Moreover. the form of the geometrical termm depends enly o the reatization
of the symmetry, and got on the details of the Hamileontan.

In the rrample dizcussed in the preceding seccion, the Hexible body comnpased of
¥ point masees, the jgnorable coordinaces rorpespoud Lo R, the hady's wrentation,
e ronserved momeniun Lo the space-fixed anpaiar momentum ©oand the joteral
coordinates 8,041 lo the reduecd seatem The evohation of Rid} is obtaiwed b
inkegrating the linear system (33 in which angulay veloeity £t is gaven 0 heroTs
of the reduced fyvnaroics b 15340, Eq. (347 i am example of a recoustraction foroula
dividnd inte its dyoamics] and geonwtric parts. The first tern. T74-L 35 the dvaamicsl
ronebution, The second, 77 0% m, R, »x V., s the geometrie contripntion, As
discussed abone, 11w wteEral depeds ouly on the path © described by the wnernal
dvnaaoies B (i

Montgooery {10913 frand an cves simpder exangse w0 the dynamics of & fror Tigid
lady It enntignration § with its reatre of oass fixea at the ongod i3 describeed by a
cotasion W for wloct it will T conveicent toouse the Ealer angle parunetenzation,
T R R R e The spaee-fived anpular iwomentum | i5 a constant of Lo

et and wibkout Joss of generality we can assume it les o the & directon, The
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hodv-ized angilar momentun Lit) = R -1 bas polar coocdinates (Bt), offj) an
the spheee of constane radins £ = L) = |1 [ts dynacues s determined by the
Euler aquitions L =5 = L. wlure £ — 77 - L is the ungular velority and [ is the
inertia tensor. The Foler wpuations deseribe the reduced dvnamies, in which L. or
sopaivalently # aned o, are the redneed coordinates The yenorable coordinate s the
thizd Euler angle 2.

Tnder the Fuler equation:, L executes a penodie motion with pened T The tact
that LiT) = Lil} tuplies that the tigid body recorns aferr one penod Lo s original
prlenbatiof. Lp o i rolation shout the direction of 1077, Tle amount o retation i
just &= o T) — w0} tbe shift o the ignarable mordimace 3.

With a little migebra. the equation of motien for « may be weitten i the form

'

-

L= + oo e o]
L

whore B — LL I T is che congerved rmatwoual energy. (330 ix anuther example
of a reconstrection focmuls divided e dynamical and geometeic concributions. Iu
this rase. the dynamical contribnation ntegrates o 2ET/ L. whereas the geometne
contnbution gives [modalo 27) the solid angie §- cos #dd deseribed by the body-fixed
angnlar renoenkim Lt ower & Hillglt: p&t"itld.

Another exampie, cduc w Alber and Marsden (19921, coneerns phase chifts in
solican collisions. A fundamental propesty of certain noutinear partial differeotial
equations, such as the Keartewer-de Vries equation o4 Al - U, = s ahe
cuistence of sefitons. These are waveforms £/{r vt} which propagate a1 a fixea
velocity 1+ whilst maintaining rheir shape, the nonlinearty in the wave dynamies st
halapcing the dispersion. When 1w solitens coilide, they cmerge after a complicated
tyar teansient period of ioteracrion essentzally intuct. The only signature of their
collision is a shift Az i cheir position 1+ Ax vt {+ for the faster soliton, — or the
siwer ooe ), This shift. which inay e determined from an asyvinptotic anaivels of the
sxast solitions, can be interpreted as a grosnetnic phaze, The same aoalysts applies to
a varirty of integrable ponlincar partia] differential equations, iocluding the nonlinear
Schriklineer Pqnation and the Klein-Gordan cquation.

5.8.3. thptunuzaiten and contrel The study of kinematic geometric phases suggests a
problem in optimization. What is the most efficient intenial moneon for praducing a
siven anlonomy? As a specific example, ronsider a satellhite orbiming che carth with a
tixed orientation. 5o that ils augelar momentum about its centre of mass s zero, Inis
desied 1o change its odentabion using as little encrgy as pessible. The obwious methan,
of applying exterual torgues [supplicd iy jots attached ro sateliite, for example] has
tue drawback that any uncompersated force or torgne weaves the sawcllite o a szate of
trangiation or rotatior. The aleernative s Lo exeente a segquencs of laternal motions
e, fyrwheels driven by mecorsp oo rhe manner descriped aboar, these penezate a

vhangs b orleolatioll without alteriny tue tutal Uneer or angular inomentum.
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The oresler of dading the owst effioent cxvele witl w given holonomy eads tn
2 cvnstrained vanational problem o the internal degrees of [recdon. which ran be
fnmnulated in rerms of controi theory.  [he solution depends very moch on bow
rffirienry is measared. In certmn cirewnsiances, itaowy be advantageoas oomiks
some srzenboe inbernad motioos initially in ocder to achieve a ronfigoranen for widch
Vie geometrc phase cucvatore Torm of Sectsen T L2V s larpe; then mech arztailer
subsequent Tootons cal preduce elatively large efferts, lu ocher sibiations. v may
he gacrssacy to resteict to smali motons abeut some eyunibrium confignration: it
this e, be varianonad problem mar be analyzed o tecms of infinditeamal cireaits.
The solulions often bave o physica incerprotalion i terms of molion i s MaLnelis,
gr more eenerally, a Yaug Milis, Seld. Skapere and Wilzek (195840 find efbcient
wimming s rokes tireugh viscons redia i twe- anl Uuoee dimensions under varios

ronditions. Aarsden 129921 disenbes a variery of other examples.

4. Optics

{ptics has provided fectile greond for studyine the gromelne phase. A compeehepsive
smrvey of experimental activity 12 given Bhandan (1996). Mast investigations Lave
courentrated an polarisation efferts. The polurization of a beaw of monociromwatic.
roperent light Lehaves like m graotun wechanical spin. and aader ey e evolutioos
iand nonryclic ones as well) acwres a geometric phase similar to that of a spinmug
varticle o a tnagnetic field {of Sectlon 1.3%,  Theee are vanous ways 1o change
polatization.  One 15 by varymg the direction of propagation, as ihe pelaneation
vector must remain sransverse | Tomita and Chale 10581 0 this case the polan sl
has a spin-l. or veetorinl character.  Another is through optical activiey andiend
by amisotrome megin, in which vase che polasizalion has A spin-172 charaesier
i Pancharatnam 1936, Bllanaari and Satme] 1958, Bhanaari 1085).

A baeamw of light passing Uiough a evele of poiarization stabes may e reronbionesd
wich & second heam whose polarization las remained uochanged. Their wotal phase
ditference ldyvoamical — gemoetocd can be determimed. for example. from thew
inlerfersuce patterr.  [n certain cases. Hwe dyuamical phase suft can be made to
vanisty In ochers, it cun be explicitly computed and subtracted from the total phase.

In cither case. ofe abbains & newsuremens of tae peomecric poase.

il (leometric phase of codled hyb?

In @ straight, sinale owde optical [bre of rirmiar cross seetion, there 1 o preforoos
state of polarization: whatever the polarization seate of thu wource, it ix preserveq
nleng the Bbre. Tlus 1x ne longer so if the fibre is made t bend. ther e polarization
st chanpe it ooder 1o TGN LrasVerse ro bhe divvetion of propayation t. Provicded
the rindius of cirvmiure B — it ds| 7Y 3n lurge compared e the waveleoetl L There

5 TLLE e 1;.'i5':tFl]|.|:L' il]{’:lnﬁ Tt]-l': [-il:_l[:_'_l_ r.hl:" E:lf:l]i-]l‘i.:.‘:il'..i.i.ll] YarLoar {il’-\.‘ :' l'I:- Th'l': l:'l.l.:ll".l.'i.I::
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displacement Dis, p) = e e 80 =21 1 di 5] {here F7a) is the radial modal profile’
veplves along the fikre accosding, e

dd

ey

T corrections to this approxioate solution of Marwell’s couacions are of order A/ R.

Far = gemeral elliptical puolavization, d s romplex.  Within the adiabaiic

approximation, both 1ts real and imagioary purts d, and d, remain erthogonal 1o the

= -jtdit. i 56

direction of propagaticn t. and each satisbes (56 sevarateiy. As a fanction of s, tis)
deseribus a curve £ on the nnit splure, and the vectors l:-lrlf.'iN,I it lﬁi.[‘s ure tangent
-» the sphere nl tls). Equation [36) is the condition for their parailel rrapsport.
i Infinitesimal paralle] Lransport of & tangent vector d [rom & to t —dt is accomplished
v Brst mpidly transporting o tot 4+ di and then projesting the translated vwector onto
tlie plane tangene to & 4 AL If the curve © is made to ciose onitself, the vectors d.
and d, return rotated theough an anele . cqual to the solid angle subtended by &
8, is a gemnetsic phase, depending anly on the shape of €

Tormta aod Chias [1986) abserved tlis effect by incrodueing lnearly pulanzed
light from a He-Me laser nto a lengeh of belieally wound optical fibve whose initia and
tinal directious coineided. The dicretion of linear poiarization of the emergent bueano
was messured ane Foumel be bave turned through an angie equat to e solid angle
subtended by the evele of direetionz, The experiment was perfonined with helices of
beeh fzeed and variable pitch, rs well as for fibres constrmuned to lie Intne ry piane.,
In chis last case, the cycle of directions lies on the equatar of the unit spheee, wd
the subtenced solid angle s a wmdtiple of 27, As proedicted, the discetion of linear
polanzation remnained onchanged.

The wriginal analysis of the Tomita-Chiao experiment was based oo guaotum
mechanicrl cotsiderations. treating a photon propagating m the fiboe as o spin-one
particle whose helicity is constrained to be =1 [Classwcally riis corresponds to lefe-
and rvighe-circularly polarized light.) Just as a spon with noenzers magnetic moment
stacks the direction of a siowly changing magnetin ficld [of Section 1.3, the helicity
of the photon tracks the direction of propagation i, and acguires o geometric phase
equal ta the salid aogle described by t. By decomposing a linear polarization fnto a
superposition of left- and oght arewar polarizations, the observed rotation of linear
puolarization mav he rooovernd.

A swsteroatic denvations requires a more degailed analysis, most casily croned
oat within the context of rlassical [tather than quantnm] clertromagreiic theory.
Imdreed, the cssential features of soch an analvsie are contained 1o work of Datow
LY wnd Wladizursky (19413, who derived and interpreted the parallcl bransporc
law {36 10 the shart wa\r{:hmglh. or Eﬁmn:hrir.;—:l uplcs, it ot [Bc:r}’ IQQU} fur a
diseussion . Sinclly spraking, peometncai ophles s oot appeoprate for singie- noode
Hibres, dn o wloch the transverse waveleneth is comparahle to che fihre diameater. Rerey
C19%Ta0 Las carried nut & classical anatysts using tle bl Aaxweld equations, aod i s
rae vonclusions of this analvsis wicch we desenbed above,
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Bitano ef &f (19871 performed an exnenmeot retated o Tomita and Chino.
i which the reveiir clemge notbe decven of propagation was  wcomoplishe:
renslinbazicnily chroupl o serws af discrete refleccinns from mirrors. Tlese reflections
veveese leicity dnstead of couserving o, nodd rhe calealation of The geometric powse

sl b approneiareln modifien.

4.2 Foncherciuwe s phase

VWhen lglt passes rhrengn a amoogemeous oediam, its direetion of propagation
terniins comscant. dowever. 10 e woediune is optically anisotcope. the polarization
cela change, Such changes o puolarizacion are accomopaiaed LY & genmetric phase.
discevered by Pancharatnam in 1856, (See |Berey 1957Thi for o cowtemporary
diseuazion of Pancharatnam’s work.]  For acfioiteness, Jet us copsider plune
elesrromagnetic waves propugating n the = direction with fxed wavenamber b oang
frequeney o The eleerric field Efeot) — Be /T ™04 §s deseribed by s inrensity
Ay — AL 4, ) whose compeX components

Iy and ooercalized polarwation vector
determine the phase and relative incensity alomg r and .o (Dirae notaton 1@ used
for nomplex two-veclors to highlight an anaogy with swe-state spstens, autroduerd
Lelow.

Ciiven two such waves, what 3= their relative phase” Unloss cheic polanzacion szates
|41 and | B! happear to he progoriom. it s not elear chat the quustion s a sensible ouwe
Panocharatmam found 2 aatural apd shysically relevanl presesiptinn for ther relative
phase by cousidering the intensity £, of the superposition, el — o B This
wbensby 15 gven b

Tagw=1la+ fp =2y T sReid B {67

TF the eomstituent mtensitios y and Tz ave fixed, the superposed intensity depeneds only
om the interferenee term, and is maximised when {A|8} = 1. This is Panclaratnam's
criterion For the twn palarization states |A) and . J) to be in phase. In general, thetr
relative phase is Jefined to he arg{ A|H} (1his 1z well defined wnless 4} and B} are
arthagouall. It 1= 7he amount by which the phase of [A) must Te retarged relative 1o
1t phase of "0 in order th the tensity of their superposition he & maxiosl,
Buing 1 phase 15 nob a transitive relation: if [A1 i in phase with [ 2% ant B is
w1 phase with [0 Uhen. w general. |7 s niod in plase with A} The mlative phase
argiC7] A Lo aommipie geametrical ioterpretuticn. which we now describe, To every
polarizacion scate A} roay b associated o veetor ey ou the unit spherc. namely the
wnit vector {A]er|AY (Lere o denotes the Paali matrices) rotaterd throuph =72 anomrt
the w-axis, Tlas is how pelarization @ cepresentad, up to an overall phase Bwor, o
the Pomceré apkers. The g cotation, & matter of convention, poes the left and ngat
virenlar palariztions ac the north and soutl pole of the Poiacare sphere, and i
Jinear polarzations at tee equator. 1Tn moece oelhewaticsd Jangnage. the Poinearee

-‘-j}if]f"l'!‘! i rhe ]'ZITI:J_il.!l"l]'-"!' Hi]hr-r[_ FpriLe !1;.]' 1wy ~Lore H:-'RT.!’!T['I_'-Z -l'.f S\'_'L'[]C'[] ..-"-'-3}
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{ne com show that 1w relative phase argiC]A) is squal to minus half the solid
angle subtended oy the spherical tdangle waepes ou the omcaré sphere, which is
eanstrueted by joning €4, ex and e. wich ares of great circles. A direet demonstration
i Pancharatnam =] nses formnias from sphedcal ingonometry. Apother way s to
cealize that o sequuence of polarization staces |w(1]; paralicktransported according
to ¢ 340 along great vircles on the Poinearé sphern ace. aceordiug 1o Paucharatnans's
rriedon, 1 phase wich rach other. Thus arg (7 A) iy precizely the geometric phase
sccunuiated under paradlel traosport round egege; (for which the half-sniid-angle
forpala s obtadzed in Seere: 137

To eeranlish & connection hetween Lese gromettical considerations and the ackun
physics, some aowlesis of the polarization dynamics 38 required.  Paucharatnam
ronsidernd syvitens of wdeal polorizers, or anelyzers. which comoplecely wransmit &
polanzauor stare |AY mod abserh the state |41) mthogonal to it in such A way
that the mecident and traosootted states are always in phase. ldead polanzers are
very nearly approximated by very thin polarizing plates.  {Mdathemabicaliy, they
are represented by the hermitian projection operator |A){d].] Therefore. under =
polunzation cyele gemerated by ideal peladsers, the uitial and final polanizations

differ by Pancharataam’s phase.
Polarization cycles ran alse e gpenerated be adeel refarders: these are perfectly
LTANARATTTI devices wlich meredure a relative phase difference betwivm twn ::f.i"-'E'J.'L

orthogonal polurtzation staves |A) and |4, A particular example is a guazter wave
plate. for which rthe arthogonal states are lnearly polanzed and the phase differenee
is /2 (Mathwematically, an ideal retarder is represented by expl —vrey - /4], a two-
ditnensional aoitary matrix with deferminant ane.} Polameation cycles generated by
1deal retarders produce a dynacocal phase o addition to Pancharatnam's phase. The
dynamical phase s easly caiculated. however.

Polarization cveles can also arise chrough optical activity o a lrefriugent
pyrotropic medinm,  Sueh a medium indwees & relative phase between srtbogonal
polarization states whase orientation 1s deternuened by the local dieleccric tensar.
When the vanuation in the mediem 35 small aver a wavelength, the polatcation of
a roounchromatic beamn tracks the rigrnstates of the diclectno teosor, Berry (1958700
aprlied an adiabatic analysis to Maxwell™s eynations and caleulated the phase change
aver & polarization ercle genccated by aospatially peredic medium, The analysis
iw fornally the sione as tor a spin-1/2 particle in a slowly changing magoetic fGeld
[Section 1.3]. and there apprars a dyvamical pliase aod o geometme phase: the
EeomnetTic phaase in this case & just Pancharatnam's,

{Moservacions of Pancharaioain's plase are based on tweo beam wterferometry,
Zuck experiments were mutiated by Pancharatnem himself, thongh onrrent wversions
are preatly nproved with the availability of laser soorces. Schiematically, a plane
wave with pasarization 4 s split ioto two colerent beams which propagate along the
arms of an inter{ecometer, Beam 1 propagates foeely, while beam 2 passes tloough
a senuence of opiical flements which induee a poladization cvele. The beams are
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thews secumbaped, and thwir wtal celative phase determined from war riecference.
Ditfereores 1 dyoumical phases are detenmined and subtracted, and the geoowone
phase suleeuent]y measared.

Bliandar (10381 used Jaser terderometty methods 1o measore clianges ino 1
renmetTic whase. tather than rhe promwtne plisss icsnlf. These ace readily ZOTETU TR
“white kespaog the relative dvuaroical phages foed? by continuonsly rotaioe o aa.t-
weave plute in the palarization veele,

WKedar and Chian (1991 observed Panclaratnam’s phase oo angle-pheoetoo
erferenre experiments usiae a source of emungled two-photou states. Ore phuton,
the idier. was sussed througn  narrow-band enetgy Gller 1o @ deteetor. Obserarion
of this pheton fized the energy of 3tz parcner, which was made to pass through ao
redemoneter  Detertion sules varien in aceordunee wich the imieasite, which depends
divecily v Pancharatuwn's phase. Various coineidenen detectors wers weerd Lo confiem
that zenuinn singh-ploten incerference was being ohserved.

Berry and Klein (19961 pedfonned a modern version of Manctiwratnan's
pxperinent. determining thu velative phase by direct measaremnt of photograpled
interferrner frumes. Dy increasing the mumber of optical romponents inothe
solarization ceele, they were also able o investigate the relatioo between discrele

iJ.1'L|;'J. l:'_"l;li'l.{i_ﬂ'Jﬂl.]H gt‘:{l][lﬂ.‘ll’i.': ]J.".I.ﬂ-f-ﬁ

5. Maolecular and Condensed Matter Physics

Several applications of the semnetric phase to molesular speotroscopy (v
siam 5.1% cuclear magnetic resonanes | Seccion 521, und che quantun Hall effect (Suee
ciom 5.3 are discussed, Amongst a namber of applications wlich have been coutted,
we mension A-doubling of rotatioual levels in diatomic wolecules {Moady ef ol 19301,
and atormic and reactive molesuiar scatternyg | dead and Trublar LT9. Zypeiman 1587,
Mead 1897, Nuppernann and W 10930

5.1 Pzendorofation o frigtamin malecules

{)rdinarily, the angular degrees of freedomn of a spinless system have inweger ouasnTum
mimbers. Tlis @ becavse, nrelinadts, the angular morwatum L. comjugate Tooal angh:
& iv taken to pe —rhds s syrenfanctions vxplived are single-valued only if o b un
intrger. The Abaronov-Bobim eflect (of Seetion 1.2] provides an exceplion. Tr the
presence of & magnetic Aux Lne on the = axis, with Bow akecfe the azimutnal anyrulul
momentuz of un elentron s piven by —ibd, 4 @ the constant term o coming from
1 magnetic vertor poteutial AWl a ez = ELI-",U{,":‘. Therefore. Uie sijgenvalne of L,
are o longer mteeral mulsiples of B but are given iostead by (m —n e whern 3¢
integral.

Ao disesisend 1o Sectien 1.7, thete emerges in the Bor-{Oppenheimer approxing-
tion a moleculur analogue of the Abaronov-TBobio efect For o giveo cleerronic state

[rii. +lw puclenr comfiguralion space 1 threucded by n magoelw fux ronceolrated ot
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pommts where [n} is degeoerate. This flux appears in the naclewr Harmltonian as a
geometric veator potential (4], As discussed by Mead (10921, & riatomic moleande X
compoaed of idemical atoms (e, alkali metal trioers such 33 Nas) provides n simple
riass of examples, A striking couseguence of the molemdar Alaronoy-Bohm effect
ix the appearance of anovmalous half integer quantwo oumbers, Their existence has
Lieen confirmed mxpermentally | Detacrétez of al 1380). Fust anticipaced by Languet-
Higgrns ot ol (29381, this phenomenon is mwost narurally vnderstned i ters of che
EEOIMetTic priase.

The muciear configurstion space for a toatomee rmolecule has nine degrees of
frovdom. Six of these corresponed to overall trandational and rotational wotou, which
can be junored for the purposes of 1his discussion. That Jeaves three internal degrees of
freedom. which deseribe vibrations. The jnternai configuration space. which we denote
by {), gy Le sarametensed by Lhe distoances 5, [ and fi betwesen Ll rueles.
It may be thought of as the space of noncongruent triangles fthe A, s determine the
lengths of the trangle’s sides) whose vertices are distimgamshacle.

In the Bom-Qppenheimer approximation, the electronic energy leweis and
cigenstates are regarded as functions of the intermuclear distances £, Assuoung
the melecular Hamiltonian bas tame reversal symmotry, we expect degeneracies of the
alpetronic states Lo Le along ope-dimensional curves 0 € [of Seetion 1.3}

It turns out that some of these degeprracies can Le determined by symmetry
comsiderations alone, For equilateral confipurations Ry = R = Fia — a. the noclear
confipuration is invariam under the dihedral group 125 of symmetnes of the equilaterad
rriangle. Therefore, the electronic eigenstates [nfa, a. i)} 1wust teansiorm according to
an irreducible representation, or irren, of Dy {Tiokham 1964 The group Iy las
twu e -dimensional irreps. sssoriated with states which are either jovanant or else
riange sign under the symumerry operations, and a two-dimensonal irrep, associated
with o degenerate prit of states which transform into Lnear superpositions of cack
ather under the symmmetry operations. Therefore, if the state |pie,a.al} transfocms
according to the rwo-dimensional irrep. then the famaly of staces [p{ Byg. Rz, B} to
whicl it petongs must be degenetate aloug the curve B = Ba =R =a (with a > {0}
in ¢). Under parallel transport round this curve (of (200, |18 2, Bay, By changes sign.

e might expoeet the energy EL{Hyg, R, 14 of this state to assiene s uimmon
iz an equlateral eepfiguration. The Jahn-"Teller effect [ Jahn and Teller 19371 shows
this i= not the case. [t tums out to oe ensrgetically favonrable for the moolecule
assurne an asvinmetrical eanfiguration, sa that for the pelectrondc state. the gronod
vibrational state of the moleenle 5 distorted.

To analyzr the vibrational anootion, 1t 3 wseful to locroduce cylindrical-like
ronrdinates, (p.@.z). in G, The vertical cnordinate = is given by H%, + R, 1 R,
and doewermdues the jength srales oscilfations m oz describe aoform delations and
rontractions of the oueied. The radind coordivate g s pven by p*fd = * -
3R R+ 468 - RLAL and describes the degree of distortion. For collinear
ropfignrations. o= 50 for equilateral conBeurations, o = 0. Tlas, o s along the -



12 S0 fabdena

weis 1whers g — 0% that the electrmuoe stete plp,i, 21} 05 degenesate. The angle @
wiogrvers b tanT U GBRE, — a2, - i, R and describes the direction of
the distortion. Displacements in @ are called pacudoretattons. & 27-pseudorotaton
returis the awcled sa sheic origaal positione. while 8 2773 eotabon induces a cyciic
P AT arneaast e

A svstematic cadeulution of the vibracional Hanultowan Hoe, deserined in i3 ead
1952, requires an explicit expeession for che cleetronie enetgy B lpo@, 21 along with o
cureh] denvition of the kinetie coergy internus o the (g0 o) caordineees. However.
Tor by chsrussion. an approwimate :oodel reatment will waffice. The potential s
taken ro be barmomic i 2 and i and independent of @, and the kinetic energy o be
of the stancard lorn, Thos

) L: »”

+oEe e S e - e 4 (MWlls ) (DR

Heiw = 337 T anfm = ooy

where (g, 201 denoles Lhe asymmetrical ronfipuration wnich ninimises E,. Thr
vibrational cocrgy levels are characterized Dy three guantum nomisens g, e and F
for the respective degrees of freedon p. o and =, and are given aporecdmately by

Fipm k=101t %l.fi:-..:,. + - —ix | i_,].ﬁ'_-'_-. ey

wiere the moment of inertia £ aboat the 5 axis is taken to be 3 i [ The approximation
ronsists of ignaring the dupendence of T on the radial quantnin number 51

The presenee of the clectronie degeneracy alang the o axis introdnces a geometric
veetor potential Ay, = wgr/p o the racdear Hamiltonian, whiclh aceounes for the
sign change of the eicctronic vigenstute under parallel braosport.  [In the choseo
1.1 Irs edfeat 15 to rwplace the peendoangular mementium
operator L, = —ihdy by —kA . A, 0 analogy o what veears in the magneie
Anaronev-Bohm Hamilteaoan,  Thus, the paeoderotationu] guantum nomoer e il
(7] 3 half-integral,

The haf-integral muemtization of pseudoretation was confinned inoa sy=tmouatic
speeteal analysis of the wibrational spertram of Nag by Delacréter of ol (1G] A
sequence of rovibrational levels correspouding to radial andd prieadoretational motion
were identified. 13 was fowwd that the abserved spectrun could be fitted teo (58} coly
hy assigning half-luteger quantam mimbers o the pseudoangular momentum, Such an

rooTeinate SVELCML o —

asslgunient yields exeolout apseemnent oerween ohsemved and calenlated encrgy levels

52 Nucleer magnetic reaenance

An rf maenetic fickd applied 1o polarized spins geuerates rransitions between their
statiomary siates. W hen the field i i reseoanve with the precession freguenes of the
spaos. thu trunsition profabilitivs vau become acge. even thougl che of Seld mwy B
weak, Transitions are ouoofested in oscillation: of the spin magnotic meoent, wanse

amoitade and frequeney can be aovasured wich great acearacy. This s 2w (PR
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for nuclear zpin resnnance cxporitnents, o :niclear mwagnetoc resonance (NHR], the
nueleAr spins are polarzed by o statie magnetic field. n purlear quadnipole resonance
FNQIU), the spons are polarized b an elecoric fietd gradient [in Le wobient erytallne
potential. {or exampie] which ronples to the spin though the nuciear guadrupole
OIOImanT.

Mooy rtoel (19560 and Cina ( 1986) pointed oot that ryclic varations mw Ue of
Leld would generate geametric phases in the muclear spius. which could be detecred
az shifte 1 che frequeney spertrim of 1he nooclesr magnetic moroent (chis 1s an
example of the thitd type of cxpenzent deseribed in Section 181 Pursung this
suggrstion. several proups have corried out NMIE stodies of the groometric phase.
inchiding s adbabatic [Twehe 19587, Suter et af 1987), ponacbhabatie {Suter el al
1958%, and neonabelian [dwanziger of al 1900L] veraons, These experiments have
ant oniy ronfirmesd theoreticnd predicbions, bat have also brought to lighe interesting
pew plwenonena m 3R spectroseopr,

Io s MR expeniment, the nuclear spins ilet 5 — 1/2, say) are indtially polarzed
by & sireng scatic magnetic ficld 8.z, The Hamltowan Hp s given b %.ﬁ‘yﬂ,-’!,,
where ~ is the gyromagnetic ratio. and che eigenstates +) have crnergies o+ b S22,
where wo = B, is the Larmeor frequency. For nonstatinoary states. the masnetie
mament Mt — By(p(t et f? precesses aboat 2 at the Larmor frequency. so
that its frequency specimen bas a dugle peak at wia,

A weak, cirewlarly polarized o7 field. Bait) = H, coswt® ¢ Bosinwfy. 1 thew
applied. {Werk mneans that By < B.) The subsequent dynamics iz most easily
anelyzed o a rotating froue turmog about 2 with angelar frequency . There the
effective magnetic field By, i5 static, and the Hamiltoniao s given by

Hoow = 57000 - o, B = Box + By + [, —wive. il

The spin eigenstates |=jwe Lk the rotating frame are polanzed along By with coergics

/2, and the magnetic moment M, (8] precesses abrour By with frequeney wrg,,

Tzl

where oy = wHop . MNewr resononee, where o 22wy, the avis of precession is nearly

:hu.:

perpendicular to & [even thougn By < 5.

The magnetic rmonent ML) in the laboratory fraome s glven by B (1) rotated
bick thuough ay augle —wf abeae 20 Thas the effect of che of field i to cuperpose a
slow longitudingl nucaciom (of frequeney oo, ] on che fast Larmor precessinn of &I
abont £ (of froquency wy). In consequenne, the frogquency spectrumm of the magoetic
motient has additional peaks at wn £ wen.

The Hamiltnnian .. of (60} depends preametrically on the components of the
rf and static mapnetic fields. B, &) uud B, wud vanishes for 8, = B, = (} and
B, =wiy If B, O, and [, are slowly modulated through a eyele O with = period
T much greater than the precession penied 270, io the rotating frame, then the
vigenstutes | Vg of o evolve ahatraticaliy. acd acquine witl eact modulat:on cyele
i proanelrie phase 5 (O given by half the solid angle, . deseribed by O wach respect
b (00, 0 o2 Tef Bection 131, Theso geometeic phases produce shifes q:;h-rr,-"'.{' ire the



1 JM Hablrns

muerezes T4 R 07 the ooedulazed Hamilonian He. and in tarn shift the precession
froquency of Lhe wagnetic moment oo wey 19 2 — /7. (Tlas shatt 1= che AL et
analogie of the duly precession of the Foucualt pendulnmn discuzzed in Seetion $.1.3.1

Thrse frecuency shaftz were nharrved by Suter er el JIBET] i the XNAIR response
of protan spos o o waret/aceiooy saogee  Lhe adiabate crcle € was produed
Dy o the magnetization detector i0o6 JCacne TOALLILT Wi 2nEaar T ielet iy
abioar £ 10 the desvetor frame, the effertive nagnetie field tarns about £ with angnlac
frequency 4 — o — g for small Foough £ o spans adinbatically crack the frmang
tield. A vagaten of this experiment was subseguent]y peromed by Sater e af (20820,
in which the gemnetric phase was obsureod 83 & rotation 1 the spin-echoced OLLEOETis
renoen. Thiz technique coabled observation of the individnal geomnetne phases 7.
rather than their differenes o- — ~_. The spins were also taken throogh nonadiatuize
cxelen, sherehy incurpotating the Abarouor- Anandrn phase {ef Section T

I & nuciear sualmupole resonanee experinent. the spin polunzation is incueed
hy 0 inhemegeoceu: stectrin Held tather than & static mugnetic field. Gradwenes in
tle cleetrie field ronple to spin throueh the muelear electric quadrupole moment. The
effective spin Hamiltomian is of the farm &y — Awg(S - 41, where § denotes the
dimensiouless spin operators and A s che symmetey axs of the electric field geaaient
Lemsor {asswned bere s be axiuily svmmetricl. The clgenstates [mlnd) are poarized
alonp @ with cneceies hagim®. Note that these are doubly degenerate for m £ (.

Geometric poase clfcets o the NQI spectnn of PO {for which s = 372 were
stugied by Tyeko {19877 In the experituent. a coherent snperposition of cigenstates of
Ha was created at ¢ = 0 by anrf pulse: che induced maguene moment M1 was then
obzerved and spectrally analyzed. The spoeinuu of Iy reosists of own degeocrale
dnublets with energies 2hey, sl Uig |eorresponding 1o m — =32 and m — £1/2
resprelivelyl, so that the magoetie moment, specttins Las o single peak at frequency
2wy, Adimbatic cycliog of I was achieverd Ly rotating & ervstulline sample of NaCl(;
with angular frequenry iy <0 we about an axis inclioed 1o the symmeicy direcrinm
i, VWirn ench rotation. 1he spin eigenstates acquive geometric plases o, (these may
he computed explicicly ). which shilt their energies by iy wp/ 27 and life 1he double
feaeneraces,  For the particolar genmetty tealized in Tyeke's expuenment. *hriory
predicss that 1he siogie peak in rhe omgnetic Moment spectron 15 split inter Lles
Peaks ab froguencies Zuey and 2ag - ot ®, DProeisely this splitting was observed in
R experioent.

Since Hy ez degrnerate cnergy levels, one might expect pomalelivy ganmetric
plases (of Seetion 240 tn appear. Tycku (1987 and Zee (1928] shewed they du
Gor; she experioent ¢an be analyred completely it termos of the ordimacy rahelian}
seomeloe phase. Ore cuu compute che nonabelian veetor potenlials Axss, ang Ay
of £251 explicitly (there is one for eacls deeenerate doublet of ) they e matrix-
valned. nod ace propoctional 1o the wetrix eltoets of the spin & taken beowaen soates
o1 the o leEenesate dounbless For o= 13720 the offdiagoral matnix elemenls vatusl

idontically 15 bas gonzero matzix clements only betweer states |mi and |1}, and the
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Jiagonal mat:ix elements yicld the ordinary gronwtne pnases 24z For o = £1/2,
the off diagonal elernents {£172|8] = 172} do a0t vanish. Hewever. for the adiabatic
rveles uzed in the experiment. in which & s turned abont a fixed axis, a baals for HIT
m = +172 doublet can be found wloch diagonalizes Ay p. During che cyele there are
on transibions between Lhess Lasis veotars, and each acqnices an ordinaey geometric
otase .

Zee (19821 showed that more general adiabatic eweies ol i generate gemunu
aonabelian peometric phases in the NOR spectrum, Zwanziger et of (1990b) performed
ay experiment to vhserve these nenabelian effects. The more complicaren adiabatic
cveles were generated by snounting the NaClOy crystal on a double roter. Careful
analvsis prediers that tlw ¥OR resonance should be spiit into five peaks istead of
thres. This is precisely what was observed, with mecelleut quancitative agreement

hetween theory and expenmeont.

5.8 The quantum: Hall effert

Charged particles in crassed uniform electric and magnutic Gelds experienee a net dott
niong the direction £ = B usemal to both - this a: the basis for the Hull effect. The
Hall effect concerus specifically she behaviear of electrons in o planar conductor Lo
which A perpeodicuiar magnetic field B — Bz and & tangeatial electric field £ = EX
are appuied. The resuliiueg cucrent densiy has a trangverse component 7, — J4 5,y
i the Hail conductanes, Using classical tlwory, one abtains for large magnetic fields

that

e ;
Ty = o=, I__ﬁ].:l

where » is the two-dimensional electron duemsiey,

i Alternatively, one can consider conductors of finite transvers: exten, eg long thin
wires, Tlhew the current density s necessanly longitudinal, wheress the electrie field
hus @ transverse component. In thiz case it is casier to compute the fel reststonce
sy = F,f7. Classical theory gives pp = H/nec for all magnetc Beids, nor just
large ones. The Hall eondnctance and resistance are the off-diapenal elements of the
conductanne rnd resdstivicy tensors o and p = 770, and the relation between e,
on = pgilah | g%, depends on the Jongitudinal or (hmie resistivity po.1

For large magnetic #Helds and at lew temperacures, the classical prediecen (615
Fails: what is actnally obzerved is a spectacular phenmoeron, the quantiim Hall effect.
As 17 is imereased, instead of falling off mouotonically a2 1/ 3, the Hall comductance
goes through a series of plateans. where its value i3 ronstant. punctuated oy intervals
of monotonic decrease. The comstant values assurned on the plateans are sample-
indeprudunt, and satisty with extremely high accurary (about oue pact i ten million]
the yuantization cnnedition

f?
gy =r—. ':62|
e
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As B acrenses, toe rorticient & otakes on iateeer values. and deceeases witn I inoanil
steps antil it reaches use. This 3= the regie of the ioteger quantuemn Hall offece (von
Flitzing e wl 19801 As B ol increased still fursher, one encers Lhe regmwe of <he
frictaonal geantury Hall offrcs i Tam et al 15820 ¢ takes v pational velues Sess than

a1 with add denoominators.

Tt rhenry of the quansuzn Hall eifect Begns with the quantum mechanics of 1w
dimensional clectrors moa mapoete fiell,. The noe-eleetron statioowy stales ace e
Landan levels Ev = hoof N 5 1720 0 — 0012, ., where w, = o8 e s the classical
vvclutron freguency. The Landan fesrls ane bighly dugenerate: each can accomodate
D® eiections per anit area (. = fSefe is the gquantum of magoeti: Bux). Io real
materials, the erestallion poteniall sopaeities, and elercron-cieclron necactions =l
serve o break this degeneracy. However, for sufficiently lasee magoetic Belas. cher o
ueulioilble mixing between the Landan lewels wo that each Landan hovel i splil by the
peTturhatione into H,-"‘[’n subevels per unit arTes.

If the rlectron depsity in tw swople s op. then the gronod state lue che frse
¢ — ndy /B Laodaa lovel: Alded. 1 Thus. the larger 1he B-feld. the fewer nrenpied
Landau leveis,) If » has n fraceionad part, the npgpermost level i anly partady Blied.
The integer quantum Hall elert can now be explained by making fwo asswinptions:
i1 aniy a small proportion of sublevels in each Landan fevel can carry current. and i)
eucl Olled Landau level cortributes precisely o fhe v thwe Hall conductance. Together.
these assnmptions imply that o oearly ety Landay level contobutes uothiug o the
Hall coccluctanee. as the oeenpied anhlevels are unlikely wo be the cament-carrving
unes. wherens, romveraely. a neoarly fnll Laodun level concributes o he. Froo tiese
qualitative consideratons follows = [v]ef ke v denotes the mceger nearest o]
T is previzely the reatinn (6271 with & = 1],

The first assmption can be jastified eo the basis of localization theory - west of
the subiovels are localized. whereazs only extonded states can carry current. For the
secnel ussumption. Thouless, Rokmewo, Nightingale and den Xijs {TRN®! Found. 1m0
1982 & topologicad explanation | Thouless e of 159821, [o retrosprect, thers analvals ean
b seen as an apglication of the cheory of the geometric ptise. [ndeed, this connection
was drown as early a5 1933 by Simon (1Y)

Ii cutline. the apalvsis of TEXY is oy foilows. We consider an electron o twe
dimensions it a wakoron maguetic feld G2 and penodic crystalline poteotial Vir g
with pevivds ¢ and & o7 and g Beeanse the vector potencial A = (- /2 BrfZie
sot penicdin, neither is the Haooltoan wed 24+ 8y in which v — ip—¢Afrifm
is the velocity, However, the Hamileonian ooinvaniaut cnder the magnetic translation
operatass T = exp|—imr,a e and T, = expl —emae &78 ), which slifl round o 5r @
and b while leaving, the velocity (rather chap the moomenluin ) unrhanged.

Wointhe 1hwe inaguetie translosion onerators comnnmale with the [Tamiltomnan. they do
nol nevessarily comoute with cark other. o general, T.T, = expi 35t Beb/® 0T T,
Huwerer, if wre tabe the oy Sk chrongn o oot eell to Le o ocacional melsipde odg ral

-

‘he momaretic Qwr puonsiam &y, then (7217 o tracslation by g latiice spacings e
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- and T, da conuenute. and Bloch's theorewn applies. In this rase, the energy levels
farm w Land scructure, whose bunds oK) are pericdic over the first Brillowin zone
0. fgaj « [0.2778. The vigenfunetions i e(r] ree Blocd waves explik.riu, e {r),
where wo k[ F] 15 an eigenfuneeion of che H armiitomnian

Hik| — ﬁ[_ew < rAfe = AR+ Vi, u, (B3

wich energy o (ki which is invaraet under the magnetic travslabons (T and 7,
For roovemence we will sometimes deoote the indices r, k by a siugle label o.

The Hall conductance cao now be calculated pertnrbatvely, An applied electric
field T% gencrates perturbed eigenstatns |all = ug) = [fu, ). which to Jomest order
are miven by fusldul) = {wa] — rE T ) (e — €500 F # o The crecrdc Geld mduces a
tramsverse current densicy (u' [ iul ), where § = nlv + fikfee) /4y and Ay s the area
of the sample. From (3% the current may also he writien as j = e W /4, The Hall
conductance o,; 15 given hy the ratio of the total induced eurvent density Yo tul yug
10 the electric field strength £ where the sum is caken over the occupied levels, eg,
for the ground state. the levels below the Fermi energy ep. Maling vae of the identity
‘T Hi 2V, H. we obtain the following cxplit expressinn:

LE - tg |V H |wp} = freg. Ve Huad o
= L Zlm - P : [Fd]
I VR 4l

rlu:ll:'lrr'??hl

i B4 is the Kubo formula for the Hall conductance of the ground state.

Suppoee we regard F{k] as o funaly of Hamiltonians parameterized by the Bloch
vector k. Uneer parallel transport round a closed cyele O 1he elgenseace |u, ) acquires
a gepmetrc phase 4. (O], which may be expressed (cf Section 1.2] as the integral of
the Hux feld Voik)] — T (WFguax| = [Vt over the interior of . Amonest the
various expressions for U, (k) given in Section 1.2, we note chat (103, which invalves
matrix elemencs of the pradient of the Hamiltonian with respect to the parameters k.
is contained precisely m the formula (64 for the Hall conductanece. This allows us to
pewrite (Bd) me gy = ef i dghad 3 Y, Faikl. For saaples large cnmpared with the
et cell. the sum ¥y over Bloch vectors may be replaced by an integral 4y /dw% [ £k
aver the Hrst Brilown zene T, Thus we chtain

r
[
LR v It (65)

wheri

b .
=1

et f vk dth {66
:

is the Hall ronductance {in anits of e/ Ra] of the nth hand.
The centrul resalt of THKN® is that o, is au integer. The argument s as iollows.
Gince the energy levels o (k) are periodie over the Brioullin zeoc. the Bloch status
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Lok moe pericdos ap to an swverall phase factor, T parcieadar, the Blach states onthe
coriers of the Rrst Boondbo zone, e k — 0, A A + BLoacd B (leee & — 127700, 11

aod Bo= 0, 35/ bt denote the reciprecal latties vrezorsll differ ouly T o phase. Thoe

I'al — (i !LHLI. '-""|..-’l+l‘|-:I = |1' -"l" I.'.,_B::' = ':'ITE'-""I.A+H::' and ||-".':.L':' - rllll—lr- H:"
Towether these relations fmply hwn opgd — ¢ WM 85l i fulloews -hat
wo— . — 4 s neoessanly anoaoteeer ssudtiple moof 250 Applviog Stokes” theonmn
by BR1 we obruin o, — 14270 F I dias Vinayd dke where che integrao is taken

round the boundary of the Best Brionllin wone. A bole caleulation shows tla tlas
intepral gives precisely the arcumuolatet phase change (e -+~ 0 — 1 -4/25 teond the firs
Bricullin gone Tk, ie the inceger . L the languape of fiboe bundies | of Section .14 ).
the Bloch stares |, ki constitate a commey line bandle over T, with eusvanoe Voik:

and g, s 2t Bt fhﬂn natnher af this dae bundle.

For lazee magnetic Belds. e bands e (ki coalesee aote clusters of powaly
degenerace sublewels, cuch cluster associated witk aue of the Lancan hmeels uf the
aore magnetis Hanoltonian. 10 can be shown (the argument 35 omitted Lered that
sum of the comanctances o, over =tates m oA given Laadau level i3 equal to one. Tlaz
rompietes the tapolosical explanation for the quantization of Hall rondietance, TS
wisu caleslote the individual a, 1o e it of  weak periodic potentisl: rhese are found
to sacisfy eertain [Maphanline equatiens in p and q.

TEX! was the first of a vuober of Doportant applications of geometric shase
raethods to <hw scudy of the quancum Hali offect. Several subsequent warks wldeess the
raetional efect, whers oloctron-clectron interactions come olo play. Xio. Thouless
and Wi [1034) snow now the results of TRNY ran be peoeralized to accommodate
them.  Arowas el el [1084) calenjate propertus o the elementary exotutions of
Lavghlin's mwany body fractional-quantwin-Hall ground state (Laughlio 1983 uang
seometric phase arpumients. Coucerning che integer case. Arovas e al ( 1988] establsh
a tapolomical criterion for localization o terne of Chern numbers. Wilkinson [1984]
jocorporates the geometric phase into seaoclassical ralenlations of tie single-particle

HOETEY ST LT1ICIL.

Finally. we mentwn stucles i Avion and coworkers [Avron ot ol (088 Aveon
L955% of clectron trassport in guantier systens. While not speeitically converned wich
1 guanrum Tall efect. chey elucidate essontially similar tupological mechansos.
e class of ouedels rongiscs of planar networks of ene-dimensicual wires whose closes
woops € wre threaded by rcapacte flexes o, notmal o the plawe  The phvsica
prapestics of L wetwork are $o-nedodic i cie fuxes (Huses ditfering Ly an intepra
mumber of Hux guanta are related by o gauge sranstormation . Frone all but twa
ul tle Boxes, chie stalmazy states oo, 00 11 comsliiube i CUTRpLer Dt bandle owver
“he two-tames of Auxes (the anaiceoe of tle drec Brillovin wouel. The associated
€ mern aamber, the integral of the cucvateee, aas the following, physwea ineerpeetalion:
0 repbesembs the averige warll respoect taoo, of v pumber of cleetrons DoaospaTteds:

rovtned €, ws 2 s owreased adiabmticully by one Jux quantar,
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rlossary

dynarmaenl phase  The rime inteprai of e cnergy of an evalviog quantnm stale
Jivaded by Planck’s constane

peometres phase A phase (actor accumuiated by a cyeied guantum sigenstate
which depernds: vy on the geometry of 126 evolunion,

gromerrte megnetam  Eferive Loreots Jige force whicn appears in 1he dyowmes
of & slow systero conpled to a fast one atter che tast degoees of freedom bave been
averaged nwav.

ffemnay engle Displacement in the angle vadables of adiabatically cveled
intepratsde sysrems of purely geomnetnc ornguat.

Lolonomy  Change in phase induced by parailel transpart of o guantum state
aronnd a closed curee

meegradie apstemi A Hamiliomirn system wail as many censcants nof the maton
171 Inveiution as chere are dogrees of {reedoan.

sarallcl transpart A prescription 1o decermine chi overall phase of w evolring
CQUATLELITL Hlale,

reductran  General theory of Hamiltowan dynamies in the prasence of syuunetcy,
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