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1 Introduction

In this work, we consider the enumeration problem of two-dimensional balanced binary n xm
arrays, in which each row, and respectively each column, has the same number of 0’s and 1’s
(n and m are even).

By a binary n-vector we refer to a vector in IR" with entries restricted to {0,1}. A binary
n-vector v is called balanced if n is even and half of the entries of v are 1’s. Much is known
about codes that map unconstrained input sequences to one-dimensional balanced binary n-
vectors. Those codes go also by the names DC-free or zero-disparity codes [10]. We denote
the set of all balanced binary n-vectors by A,; clearly,

v ()

The ratio | A,|/2" = 27"(,",) will be denoted by A,.

n/2

The redundancy of a set C' C {0,1}" is defined by n — log, |C'|. The redundancy of A,,
denoted p,, is given by
pn = n—logy |A,;| = —logy A, . (1)

It is known that

Lo <L (2)

Van T T n
(see [5], [8, p. 309]). A very efficient encoding algorithm due to Knuth [5] maps unconstrained
binary words into A, with redundancy [log, n]. See also improvements by Al-Bassam and
Bose [1], and Tallini, Capocelli, and Bose [12].

Less has been known about the redundancy of two-dimensional balanced arrays. By a binary
n X m array we mean an n X m array whose columns are binary n-vectors. A binary n x m
array , is called balanced if n and m are both even and each one of the rows and columns of
, is balanced. We denote by A, «., the set (or the code) of all balanced n x m arrays. The
redundancy of A, ., denoted p,xm, is given by

Pnxm = MM — 10g2 |An><m| :
An efficient coding algorithm into a subset of A, is presented in [11] that has redundancy
nlog, m+mlog, n+O(n+mloglogn). In its simpler version, the algorithm in [11] balances
the rows using one of the algorithms in [1], [5], or [12]; by trading those algorithms with the

(more computationally complex) enumerative coding of A,,, the redundancy can be reduced
to 3(nlog, m) + mlog,n + O(n+ mloglogn).

In Section 2 we prove the upper bound

Pnxm S nPm + mpn S %(nlog2(2m) + m10g2(2n)),
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and in Section 3 we show that this bound is tight up to an additive term O(n + logm).
This bound implies that requiring balanced rows in a binary array does not “interfere” with
requiring balanced columns. Note, however, that those requirements are not independent:
for instance, if all n rows in a binary n x m array are balanced, and m—1 of the columns are
balanced as well, then so must be the remaining column.

The computation of the redundancy of two-dimensional balanced arrays can be relevant to
the coding application that we outline next. In currently-available magnetic and optical
memory devices, data is recorded along tracks, thus treating the recording device as one-
dimensional. Recent proposals for the design of optical storage—in particular holographic
memory—try to take advantage of the fact that the recording device is two-dimensional (or
even three-dimensional), thereby increasing the recording density [4], [9]. The new approach,
however, introduces new types of constraints on the data—those constraints now become
multi-dimensional in nature, rather than one-dimensional. The specific constraints to be
used in the recently suggested recording techniques are yet to be crystallized. Nevertheless,
experiments reported on holographic memory, and experience gathered in other existing
optical devices, suggest that 0’s and 1’s in the recorded data need to be balanced within
certain areas or patterns. The set A, .,, may turn out to be useful for that purpose.

2 Upper bound on the redundancy of A, .,

In this section we prove the following upper bound on py, .

Proposition 2.1 For every even positive integers n and m,
Prxm < Npm + mp, < %(nlogz(2m) + m10g2(2n))-
Proposition 2.1 is a direct corollary of the following lower bound on the size of A, xmn,
combined with (1) and (2).
Proposition 2.2 For every even positive integers n and m,

A > 2NN

Proposition 2.2 is a special case of Lemma 2.4 which we state and prove below.
We introduce some notations that will be used hereafter in this work.

Let , be a binary n x m array (not necessarily balanced). The row type of , is an integer
n-vector w = (wy, ..., w,) where w; is the sum of the entries of the ith row of , .



For an integer n-vector w = (wy,...,w,), define R,,(w) to be the set of all binary n x m
arrays whose row type is w. Clearly,

Rl = TT( ")

(we define (Zf) =0if w <0 orw > m).

For even n and an integer n-vector w, denote by U,,(w) the set of all arrays in R,,(w) whose
columns are balanced. For even m we have A, «,, = U,,((m/2) - 1,,), where 1,, denotes the
all-one vector in IR".

For a real vector y, we denote by ||y|| = ||y||: the sum of the absolute values of the entries
of y and by ||y||s the largest absolute value of any entry of y. The support of y will be
denoted by supp(y). Note that when y; and y, are binary m-vectors, then ||y; — ys|| is the
number of positions on which they differ. The set {1,2,...,n} will be denoted by (n).

Lemma 2.3 Let Xy,..., X, be independent Bernoulli random wvariables taking on {0,1}
with probabilities Prob {X; = 1} = p;, i € (n), and suppose that 31" | p; =n/2. Then,

Prob {3 X; =n/2} > A,
i=1
with equality holding if and only if p; = % for all 1.

Lemma 2.3 follows from a result due to Hoeffding [7]. For the sake of completeness, we
provide a proof of Lemma 2.3 in Appendix A (see Proposition 3.6 therein). The proof we
present is simpler than the one in [7], as Lemma 2.3, which is what we need here, is less
general than Hoeffding’s result.

Lemma 2.4 Let n and m be positive integers, n even, and let w be an integer n-vector with
|lw|| = nm/2. Then,
U (W) = A7 - R (W)l -

Proof. Consider the uniform measure @) on the elements of R,,(w); namely,

Ay = { Rnlplt i, € Rntw) o

It suffices to show that, with respect to this measure,

Probg {, € Un(w)} > A"
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For j € (m), let c; denote the jth column of the random array , € R,,(w), and let B;
denote the event that c; is balanced. The key step in our proof is showing that for j € (m),

PI’ObQ {BJ ‘ Ci1=Vi,..., C]’_1:Vj_1} Z >\n 5 (4)

where (vy,...,vj_1) is any (j—1)-tuple of balanced vectors in 4, for which we have
Probg {c1=v1,...,cj_1=vj_1} > 0. The left-hand side of (4) is the conditional probabil-
ity (implied by the measure ) that c; is balanced, given that columns c; through c;_; are
equal respectively to the balanced vectors vy,...,v,_1. For j =1, the inequality (4) becomes

Probg {B1} > A, . (5)

Indeed, suppose that (4) holds. Then, computing the probability that the first j columns of
, are balanced, we obtain

Pron {Bl, Ceey ijl, B]}
== Z PI’ObQ {Bj, C1=Vi,..., C]’_1:Vj_1}

(Vlv"'vvj—l)eA‘zL_l

Z PI’ObQ {BJ ‘ Ci1=Vi,..., Cj_1:Vj_1} . PI’ObQ {C1:V1, Ceey Cj_IZV]'_l}

(Vlv"'vvj—l)eA‘zL_l

Z >\n . Z PI’ObQ {C1:V1, Ceey Cj_IZV]'_l}
(Vlv"'vvj—l)eA'zL71

= )\n . Pron {Bla---aijl}

(the summations are over all (j—1)-tuples of balanced vectors in A,). By induction on j we
thus obtain

Probg {By,...,B;} > N,, j€(m).

In particular,

Probg {, € Un(w)} = Probg {Bi,...,Bn} > A,

as desired.

Returning to the proof of (4), we assume that the first j—1 columns of |, are equal to
Vi,...,Vj_1, and we let m; be the number of 1’s in the first j—1 positions of the ith row of
, (with m; = 0 if j = 1); note that the condition Probg {c;=vy,...,c;_1=v;_1} > 0 implies
that m; < w; for all i € (n). It is easy to see that

PI’ObQ {BJ ‘ Ci1=Vi,..., Cj_1:Vj_1} = Prob {Xn: Xz = TL/2} 5 (6)
=1

where the X; are independent Bernoulli random variables taking on {0, 1} with probabilities
Prob{X; =1} = p; = (w;—m;)/(m—j+1). Note further that since v, is balanced for every
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¢ e (j—1), then 31, m; = (j—1)(n/2). Recalling that ||w|| = nm/2 we thus have,

- 1 - nm 1 -
;pi B m—j+1 izl(wi_mi) B 2(m—j+1)  m—j+1 izlmi
B nm n(j—1)
T 2(m—j+1)  2(m—j+1)
n
= 5.
Incorporating this and (6) into Lemma 2.3 yields (4). ]

Proposition 2.2 can be generalized as follows. Let o be a rational number in the open interval
(0,1), and let n and m be positive integers such that both an and am are integers. Denote
by Apxm, the set of all balanced n x m arrays in which the number of 1’s in each row is
am, and the number of 1’s in each column is an. Then,

|An><ma| > 2—an(a) . <m> (n) _ 2an(a))\nm a)\nma , (7)
’ am an ’ ’

where H : [0,1] — [0, 1] is the entropy function
H(z) = —xlogyz — (1—x)logy(1—x) (8)

(with H(0) = H(1) =0), and \, , = 27 "H (@) (a"n) The proof of (7) is carried out by replacing
Lemma 2.3 with Proposition 3.6 which we state and prove in Appendix A. Indeed, it can be
verified that using Proposition 3.6, we can generalize the inequality of Lemma 2.4 to read

Unmo(W)| = Ao [Rm(W)] (9)
where ||w|| = anm and U, (W) stands for all arrays in R,,(w) in which each column has
an entries equaling 1. The bound (7) is obtained by plugging w = (am) - 1,, in (9) and
recalling that |R((am) - 1,)| = 2mn# @)\

It is known that [8, p. 309]

So, from (7) we obtain the bound
logy [Ansmal > nmH (o) — %(nlogQ(ﬁm) + mlogz(ﬂn)),
where = 8a(l—a).

Estimates on |Ajxm.q| exist in the literature for the case where a goes to zero as n and m
go to infinity. See [3, p. 48] and the references therein (e.g., [2]).
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3 Lower bound on the redundancy of A,.,,

In this section, we prove the following lower bound on py, x,.

Proposition 3.1 For every even positive integers n and m,

Puxm = Npm + mp, — O(n+logm) .

Note that there is asymmetry between n and m in the bound of Proposition 3.1, so trans-
position of the arrays may yield a better bound (note, however, that the presentation of the
bounds here is not suitable for specific values of n and m, since we will not be explicit in the
constant multipliers of the O(-) expressions).

Throughout this section, n and m will be even positive integers and t,, will denote the value
|v/m]. We denote by D, the set of all integer n-vectors w such that ||w|| = mn/2 and
lw — (m/2) - 1,]|00 < tm. Let Wiy be a vector w € Dy, for which |U,,(w)| is minimal,
and define 7,,.,, by

Toxm = nm — 108y [Up (Wiin)| -

The proof of Proposition 3.1 will be carried out through a sequence of lemmas. The first two
lemmas lead to a lower bound on 7,,,, and the remaining lemmas provide a lower bound
ON Prxm i terms of 7, .

Lemma 3.2

2t + 1)1
Dy > o EDT

n—1
Proof. Let X, 1)xm denote the set of all integer (n—1)-vectors v = (vy,...,v, 1) such
that ||v — (m/2) -1, 1] < tm. For such a vector v and an index i € (n—1), let v; denote
the vector (m—uvy,...,m—v;, V41, ...,0, 1); namely, v; is obtained from v by changing the

first ¢ entries into the respective entries in m-1,,_; —v. Generalizing the balancing technique
of Knuth in [5], it can be shown that for every v € X, 1)xn there is at least one index
i € (n—1) such that ‘||vl|| - m(n—l)/2‘ < tp. Let i(v) denote the first such index i and let
w(Vv) be the n-vector obtained by appending mn/2 — ||viw)|| as an nth entry to viwy. The
mapping

v w(v)

sends X, _1)xm to a subset of D, y,,. Furthermore, each element of D,,,, has at most n—1
pre-images in X, _1)xm. Hence, |Dpym| > [Xno1)xml/(n—1) = (2t, +1)" 1 /(n—1). ]



Lemma 3.3

Toxm > Mmpn + (n—1)logy(2t,, +1) — logy(n—1)
npm + mp, — O(logm +logn) .

Proof. The set of all binary n x m arrays whose columns are balanced can be written as
Uw Um (W), where the union is taken over all integer n-vectors w. Now, U, (W) is nonempty
only when ||w|| = mn/2, and U,,(w) and U,,(w') are disjoint when w # w'. So,

) % / U (W) = [Uln(w)| = | A" (10)
On the other hand,
Un(Win)] € = S (w)] < S w1

|Dn><m| WeDnXm |Dn><m| WHW”:nm/Z

1

Combining (10) and (11) yields

[ An|™
’
Drsem]

|um (Wmin) | S

and by taking logarithms we obtain
Taxm = Mpy + 108y Dyl -

The result now follows from Lemma 3.2, (1), and (2). O

Let w = (wy,...,w,) and W' = (w],...,w!) be two vectors in D,,y,,. We say that (w,w’)
is an incremental pair if the following conditions hold:

1. There are indexes i,/ € (n) such that w; +1 =w; <m/2 < w; = wj, — 1.

2. wj = wj for all j € (n) \ {1, (}.
The next lemma is proved in Appendix B.

Lemma 3.4 Let (w,w') be an incremental pair. Then

U (W')]
o > 1-0(1/vm) .
Lemma 3.5
Pnxm = Tpxm — O(n) .



Proof. Let wy, wy,...,w; be a shortest sequence of distinct elements of D,,«,, such that
wo = (m/2) - 1,, W, = Win, and (w;_1, w;) is an incremental pair for every j € (h). It is
easy to see that h is bounded from above by t,n/2 < \/m -n/2. Hence, by Lemma 3.4 we
have

U (Wrai)| U)o - e
Un(m/2) - 1,)] jHl|um(wj1)| > (1-0(1/vm)) p(—0(n),

where m is assumed to be at least some value my for which the term 1—0O (1/y/m) is positive
(note that for m < mg the claim holds trivially). Taking logarithms, we obtain the desired
result. []

Proof of Proposition 3.1. Combine Lemmas 3.3 and 3.5. (]

Appendix A

For a vector p = (p1,-..,pn) € IR" and an integer k, 0 < k < n, define

Sep) = > IIw II (1-pi),

IC(n) < [I|=kiET  ic(m\I

and Sg(p) = 0if £ < 0 or & > n. The closed unit n-dimensional real hyper-cube [0, 1] x
[0,1] x -+ x [0,1] will be denoted by [0,1]™, and the respective open hyper-cube will be

denoted by (0,1)". We also define C,(cn) ={p € [0,1]" : ||p|| = k}.

The quantity Sk(p) equals Prob {37 | X; = k}, where X1, ..., X, are independent Bernoulli
random variables taking on {0,1} with Prob {X; =1} = p;. In particular, Si(p) < 1 for
every p € [0, 1]".

Recalling the definition of the entropy function in (8), we prove the following result.

Proposition 3.6 Let k and n be integers, 0 < k < n. For every p € C,(cn),

o () () - ()
‘1,

with equality holding if and only if p = (k/n)

In particular, if n is an even positive integer, then for every p € CS;)Z,

Supa(p) > (n’;2> 2T =\,

with equality holding if and only if p = (1/2) - 1,,.
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Lemma 3.7 For 0 < k <n, let %Sk(p) be the partial derivative with respect to p; of the
mapping (P1,- ., Pn) — Sk(P1, ..., pn) when defined over R™. Then,

> 1) Tl = (k= pl)Silp).

Proof. For a vector p = (p1,...,p,) € R", define the generating polynomial S(z;p) in the
indeterminate = by

) = > Sk(p)
k=0
The generating polynomial can also be written as

n

S(z;p) = [[(A—pi +piz) .

=1

Taking partial derivatives of S(x; p) with respect to p; yields

3, ( —1)S(x;p) .
—S(z;p) = (z—1 1-p; +pjx) = 1€ (n) . 12
S = @) [T (omvmn) = SR e )
i
Multiplying (12) by p;(1—p;) and summing over i, we obtain
L 0 - pzl pz 1‘—1)5( ;p)
pi(l1=pi) 5 =S(z;p) = 13
T P (13
_ 2”: (piz — pi(1=pi + pix))S(; p)
i=1 - pi+pi
=~ piS(z
= T piS
; 1— pz+pl z;
=:x§§um>—nmsum» (1)

The lemma follows by equating the coefficient of z* in (14) to its counterpart in the left-hand
side of (13). O

Lemma 3.8 [6, p. 52] For r € (n) and any vector p € (0,1)",

(Sr-1(p))? > S, a(p) - Se(p) -

Proof of Proposition 3.6. The cases k € {0,n} are trivial since |C[(]n)| = || =
Therefore, we assume from now on that 0 < k£ < n. The set C,g”) is compact; so, the



mapping p — Sk(p) over C,g”) attains a minimum (with value less than 1) at some point

a=1(q,...,qu) € c,ﬁ”). Without loss of generality we can assume that ¢; € (0,1) for i € (m)
and ¢; € {0,1} for 7 € (n) \ (m); note that m > 0 (or else Sk(q) would be 1). We denote by
q’ and q" the vectors (qi, ..., ¢n) and (¢mi1, Gmr2, - - -, qn), respectively.

Define the mapping ¥, : R" — IR by

\Ilk(pla v 7pn) = Sk(k_ Z?:2pj7p27p37 v 7pn)

(¥ does not depend on pq; nevertheless, for the sake of having simpler notations we inserted
p1 as a redundant variable). For every real p on the line ||p|| = & we have

0Vi(p)  0Sk(p) OSk(p) .
opi - Opi - om e (13)

If we fix p; = ¢;, i € (n) \ (m), then the mapping p’ — ¥,(p’,q"), over IR™, must have a
local minimum at p’ = q'. Hence, by (15) we have

Sk (p) |- 0Sk(p) |
Op; 'p=a Op1  'p=a

, 1€ (m). (16)

This, together with Lemma 3.7, yields

0Sk(p) S " 25, (p)
S| Y atea) = S alion) TR | < k= fal)sia) = 0
Since Y, ¢;(1—¢;) # 0 we thus have
dSk(p) _ 0Sk(p) _ .
i oo™ o e 00 1€ 1

We show next that m = n by proving that ¢, ¢ {0,1}. For a vector p = (p1,...,pn) €
IR" and integers ¢ and i, 1 < i < n, let Sp; = Spi(p) denote the expression
Se(p2,P3s - -y Pi—1,Dit1,- - -, Pn). We define Spo =1 if n =2, and let Sp; = 0if £ > n—2 or
¢ < 0. Note that Sy,; does not depend on p; or p;. We have

Se(P) = p1piSk2i + (Pr(1=pi) + pi(1=p1)) Sk—15 + (1=p1) (1=pi) Skyi -
Taking partial derivatives with respect to p; and p;, we obtain

9Sk(p)

p = PiSk—2i + (1—=2p;)Sk_1i + (pi—1) Sy (18)
1
oS

akp(p) = P1Sk—2;i + (1=2p1)Sk—1;i + (P1—1) Sy - (19)
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Now, suppose to the contrary that g, = 0 and compute Si_2,,, Sk—1.n, and Si,, for p = q.
By (17) and (18) we obtain

0Sk(p) ‘
Op1  'p=a

- Skfl;n_sk;n =0 (20)

i.e., Sk—1;n = Skm. Also, the partial derivative %\Ilk(p) at p = q must be nonnegative,
or else we could increase g, to some small € > 0 (and decrease ¢; by €) to obtain a vector

qe € C,En) such that Sg(qe) < Sk(q), thereby contradicting the minimality of q. Hence,
by (15), (19), and (20) we have

0%(p) |- 05k(p) |
Op, 'p=a Op, 'p=da

= q1(Sk-2n — Sk-130) = 0.

SO: Sk72;n > Skfl;n - Sk;n > 07 or
Si_l;n < Sku;n ’ Sk;n : (21)

On the other hand, observe that S, = Si q7(42,43,--.,qm) for every integer ¢. Noting
that 0 < ||d'|| = k—||q”|| < m and that (g2, ¢3,---,qm) € (0,1)™!, we can apply Lemma 3.8
to the vector (g2, qs, . .., ¢m) With 7 =k — ||q@"|| to obtain

Slgfl;n > Sk*Q;n ’ Sk;n )
thus contradicting (21). Hence, we cannot have ¢, = 0.

A similar contradiction results if we assume that ¢, = 1 (in this case, the partial derivative
m%\llk(p) at p = q must be nonpositive). Thus, we must have m = n, and q is there-
fore a local minimum of p — Ug(p). By (17), (18), and (19) it follows that the vector
(Sk_2:i, Sk_1:i, Sk:i) ", when computed for p = q, belongs to the right null space of the array

N (@ 1-2¢ g1
Alaa) = (fh 1-2¢ lh—l) '

On the other hand, the vector (1,1,1)7 is also in the right null space of A(qy, q;). However,
Lemma 3.8, when applied to the vector (o, q3,- -, @i 1,@iv1,---,qn) € (0,1)"72 with r = k,
implies that the vectors (Sk_o, Sk—1;i, Sk;i) and (1,1,1) are linearly independent. Therefore,
the rank of A(qq,¢;) is less than 2, which is possible only when ¢; = ¢;. Since i is any index
between 2 and n, it follows that all the entries of q are equal. And, since ||q|| = k, we must
have ¢; = k/n for all ¢ € (n). Finally, by symmetry it follows that q = (k/n) - 1,, indeed
satisfies (17). ]

It is worthwhile pointing out that the mappings p — Si(p) are generally not U-convex over
c™. For example, let p; = (.1,.1,.9,.9), p» = (0,.2,.9,.9), and p3 = (.2,0,.9,.9). Then
P1 = (P2 + P3)/2, yet Sa(p1) > (S2(p2) + S2(p3))/2 = S(p2).
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Appendix B

We provide here the proof of Lemma 3.4. For a nonnegative integer vector v = (v, vs)
with v; < vy, denote by R,,(v,r) the set of all pairs of binary m-vectors (y1,y2) such that

(Iyall, ly=ll) = v and |supp(y1 — y2)| = [[y1 = y2ll = 2r + vy — v1. We have

e = ()(,2)77):

In particular, R,,(v,r) is nonempty if and only if 0 < r < min{wv;, m — v }.

Lemma 3.9 Let v = (vy,v9) be an integer vector such that m/2 — t,, < vy < m/2 < vy <
m/2+ty,. If s <m/4—t,, then

ngs |Rm(V,7”)| < 2m(H(2s/m)—1)+o(m) )
Ra(V)l —

Proof. Write A = v, — vy. It is easy to see that

sravl < (1) 5 (7).

r<s U2 k<2s+A

Recalling that |R,,(v)| = (Z) (;’;), we thus have
e Rm(v,)| _ Zweowea (3)
R0 S ()

U1

We now combine this inequality with the lower bound

mH (vy/m
(m) > omH (v1/m) _ gmH (i m)o(m)
U1 \/81)1(1 —v1/m)

and the following upper bound that holds for o = 2s + A < m/2,

m mH(o/m)
AWEE

k<o

(see [8, p. 310]). This yields

Ergs |Rm(V,T)| < 2m(H(25/m+2tm/m)fH(1/2+tm/m))+o(m) _ 2m(H(25/m)71)+o(m),
R (V)]
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where we have used the continuity of H(z) and that H(1/2) =1 and t¢,,/m = O (1//m) =
o(1). O

For a k-vector y and a nonempty subset B of (k), we denote by (y)p the subvector of y
indexed by B.

Let w = (wy,...,w,) € Dy, and suppose that w; < m/2 < w, (in fact, there are always
i, € (n) such that w; < m/2 < wy; we assume here that i = 1 and ¢ = 2). We will use the
notation w ) for the vector (w)p, = (wi,w;). Also, the rows of an n x m array , will be
denoted by [, ]1,...,[, Jn- Let (y1,y2) be a pair in R, (W), ) and consider the set

Un(W;y1,¥2) = {5 €Un(W) = ([ ;] ]2) = (y1,¥2)} -

The set of all arrays , € Up,(w) with ||[, |1 — [, ]2|| = 2r + wy — wy is invariant under a fixed
permutation on the columns of its elements. Therefore, the size of Uy, (W;y1,y2) depends
on 7, but not on the particular choice of (yi,y2) € Rm(Wy,7). We denote that size by
Vin(w, ) and prove the following result.

Lemma 3.10 Let w = (wy,...,w,) € Dpxm with wy < m/2 < wy. Then Vi, (w,r) is
nondecreasing for values of r in the range

0 < r < min{w;,m—ws} . (23)

Proof. Assume that both r and r+1 lie in the range (23). Let (y1,y2) € Rm(w),7) be
such that (y1)@y = (y2)@ = (0, 1); the existence of such a pair follows from the assumption
that r+1 satisfies (23). Let y), be the binary m-vector obtained from y, by flipping the bits
indexed by (2); that is, (y5)y = (1,0) and (y5)my\2) = (¥2)m)\(2)- Clearly, the pair (yi,y5)
is in Ry, (wgy, 74+1) and Vi, (w,r+1) = [Un(W; y1,¥5) |-

Define a mapping
N Un(W;¥1,¥2) = Un(W;y1,Y5)

where , " =n(, ) is an n X m array obtained as follows:

L[ =y

2. Let U be the set of row indexes b € (n) \ (2) for which ([, ]s)¢y € {(0,1),(1,0)}.
Denoting the first column of , by ¢; and the first two columns of , ' by ¢} and ci,

(c)v = Ly —(cy)v = x((er)v) ,

where y is a particular 1-1 mapping from the set of all binary (n—2)-vectors y with
|ly|| = n/2 into the set A, 5.
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3. The remaining entries of , ' (including the row [, ];) are the same as in , .

[t is easy to check that 1 is 1-1 and that , ' is in U, (w;y1,y5). Hence,
Vi(w,r) = [Un(W;y1,¥2)| < [Un(Wiy1,y3)] = Vi(w,r41),
as desired. ]

Proof of Lemma 3.4 Assume without loss of generality that w and w’ are such that
wi+1=w <m/2 <wy =w)—1. Write A = wy — wy, and let U,,,(w,r) be the set of all
arrays in Uy, (w) with ||[, |1 — [, |2|| = 2r + A. Then

U(w, )| = [Rm(wiz),7)| - Vin(w,7) .
Observing that V,,(w,r) = V,,(w',r—1) and using (22), we obtain

U (w,r=1)] r
U (w,r)] Ad+r+1°

Letting L = min{w;, m — wy}, we have

Un (W) g U (W', 1)
U (W)] Yo [Un(w, 7))
r=o(r/ (A + 7+ 1)) [Upn (W, 7)]
S Un(w,7)]
Sro(r/(A+ 71+ 1) [Rin(Weay, 1)
- Yo [Rin(Wezy, 7] ’

where the last step follows from the monotonicity of |V,(w,r)| as stated in Lemma 3.10.
Now,

Srio(r/(A 47+ 1)|[Rn(wiay, 7)] S S r ) (T (A + 7+ 1) R (W, )|
Yo [Rin(wizy, 1) - >roo IR (W, 1)
(m/8)  Eipmys [Rm(Wea), 1)l
A+ (m/8)+1 i [Ru(w, )l

_ (1 —0 (1/\/5)) (1 - 2m(H(1/4)—1)+o(m)) 7

where the last step follows from Lemma 3.9. The result now follows. (]
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