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universal performance of universal denoisers on discrete memoryless channels to
algorithms, that of the best performance obtained by a k-th order omniscient denoiser,
individual namely one that is tuned to the transmitted noiseless sequence. We show
sequences, that the additional loss incurred in the worst case by any unl\iersal
discrete denoiser on a length-n sequence grows at least like cn 2 , Where ¢
memoryless
channels is a constant depending on the channel parameters and the loss function.
This shows that for fixed k the additional loss incurred by the Discrete
Universal Denoiser (DUDE) derived by Weissman et al is no larger than
a constant multiplicative factor.
Furthermore we compare universal denoisers to denoisers that are aware
of the distribution of the transmitted noiseless sequence. We show that,
even for this weaker target loss, for any universal denoiser there exists
some i.i.d. noiseless distribution whose optimum expected loss is lower
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Abstract

In the spirit of results on universal compression, we compare the performance of universal
denoisers on discrete memoryless channels to that of the best performance obtained by a k-th
order omniscient denoiser, namely one that is tuned to the transmitted noiseless sequence. We
show that the additional loss incurred in the worst case by any universal denoiser on a length-n
sequence grows at least like €2 (c—);) , where c is a constant depending on the channel parameters
and the loss function. This shows that for fixed & the additional loss incurred by the DUDE [1]
is no larger than a constant multiplicative factor.

Furthermore we compare universal denoisers to denoisers that are aware of the distribution
of the transmitted noiseless sequence. We show that, even for this weaker target loss, for any
universal denoiser there exists some 1i.7.d. noiseless distribution whose optimum expected loss is
lower than that incurred by the universal denoiser by Q(ﬁ)

1 Introduction

The problem of denoising is one of reproducing a signal based on observations obtained by passing
it through a noisy channel, the quality of the reproduction being measured by a fidelity criterion.
A version of this problem involving discrete memoryless channels was studied recently in [1]. In
this setting, the clean and noisy signal are sequences of symbols belonging to the channel input and
output alphabets respectively. In [1], a universal denoising algorithm, DUDE, was derived and its
performance compared to the best sliding window denoiser for the noiseless-noisy pair of sequences
in a semi-stochastic setting. It was shown that the additional loss incurred by the DUDE in this
setting goes to zero as fast as O(kM?* /\/n) where M is the size of the alphabet in question and &
the order of the sliding window denoiser.

In this paper we derive lower bounds on the additional loss incurred by a denoiser in the
worst-case when compared to the best kth-order sliding window denoiser for a given noiseless-noisy
sequence pair. We show that for any denoiser and most channels and loss functions, this additional
loss grows at least like Q(c*/y/n), where ¢ > 1 is a function of the channel parameters and the
loss function. This shows that for fixed k£ the additional loss incurred by the Discrete Universal

Denoiser DUDE [1] is no larger than a constant multiplicative factor of the best possible.



We also prove a stronger result by deriving similar lower bounds for the excess loss incurred
by a denoiser when measured against a benchmark that is a generalization of the one used in the
compound decision problem [2], which can be viewed as a denoising problem over a binary input
channel. In doing so we show that a certain rate of decay of excess loss, namely O(1/n), that can
be achieved on continuous output channels cannot be achieved on discrete channels.

Extensions of these lower bounds to classes of sliding window denoisers based on a given bi-
directional context set and to two-dimensionally indexed data are also derived. We also consider
a stochastic variant of the same problem where for the class of i.i.d. noiseless sequences, we lower
bound the additional average loss incurred by any denoiser when compared to the least loss incurred
by any denoiser that is aware of the distribution.

We present the required notation in Section 2. Section 3 contains the main result of the paper
as well as some of the preliminary results that lead to it. Section 4 states the correponding result
for the benchmark considered in the compound decision problem. The above results and their
implications are discussed in Section 5. Extensions to arbitrary sliding window denoisers based on
arbitrary context sets and to two dimensionally indexed data are handled in Section 6. Finally, we

consider a stochastic variant of the problem in Section 7.

2 Notation

The notation we employ is similar to the one in [1]. We first define the notation we use to refer to
vectors, matrices and sequences. For any matrix A, a; will denote its 4;;, column, and for a vector
u its iy, component will be denoted by w; or u[i]. Often, the indices may belong to any discrete
set of appropriate size. For two vectors u and v of the same dimension, u ® v will denote the
vector obtained from componentwise multiplication. For any vector or matrix A, AT will denote
transposition and for an invertible matrix A~7 will denote the transpose of its inverse AL

For any set A, let A> denote the set of one-sided infinite sequences with A-valued components,
i.e., a € A is of the form a = (a1,a9,...), a; € A, i > 1. For a € A, let a" = (a1,a9,...,a,)
and ag = (ai, Git1,...,a;). More generally we will permit the indices to be negative as well, for
example, u’jk = (U_p, ... U, ... u). For positive integers ki, ko, and strings s; € A%, let s159
denote the string formed by the concatenation of s; and so.

We define the parameters associated with the universal denoising problem, namely, the channel
transition probabilities, the loss function and relevant classes of denoisers. Let the sequences X",
Z™ e A" respectively denote the noiseless input to and the noisy output from a discrete memoryless
channel whose input and output alphabet are both A. Let the matrix IT = {II(4, ) }; ;c 4

components are indexed by members of A, denote the transition probability matriz of the channel

whose

where I1(7, j) is the probability that the output symbol is 7 when the input symbol is i. Also, for
i € A, m; denotes the ith column of IT. Let M = |A| denote the size of the alphabet and M the
simplex of M-dimensional probability vectors.

The denoiser outputs a reconstruction sequence {Xt}?zl € A". The loss function associated

with the denoising problem is denoted by the loss matriz A = {A(i,7)} whose components are

i,jeA>



also indexed by elements of A, where A(7,j) denotes the loss incurred by a denoiser that outputs
j when the channel input was i. For i € A, let \; denote the ith column of A.

An n-block denoiser is a mapping X" : A" — A". For any 2" € A", let X"(2")[i] denote the ith
term of the sequence X "(z™). For a noiseless input sequence " and the observed output sequence

2", the normalized cumulative loss L, (z",2") of the denoiser X" is
1 n

Lin(@" 2" = =3 A(m X"(z")[z’]).
i=1

Let D,, denote the class of all n-block denoisers. A k-th order sliding window denoiser X" is a

denoiser with the property that for all z" € A", if z“_rl,; = zjfl,z then

X" (=)l = X"l
Thus the denoiser defines a mapping,
[ AP A
so that for all 2" € A"
X™(2")i] = f(zfi,’j), i=k+1,....n—k

Let Si denote the class of kth-order sliding window denoisers. In the sequel we define the best
loss obtainable for a given pair of noiseless and noisy sequences with a k-th order sliding window
denoiser.

For an individual noiseless sequence z" € A™ and a noisy sequence 2" € A", k > 0 and n > 2k,

Dy (z™, 2"™), the k-th order minimum loss of (", 2") is defined to be

no o ny _ : n—k _n
Dy(z™,2") = min LXn<CCk+1,Z )

X"ES}C
1 n—Fk A
= min Z A(xi, f(z;flg)),
AL AT — 2k i=k-+1

the least loss incurred by any k-th order denoiser on the pair (", 2™). Note that we have slightly
modified the definition of normalized cumulative loss to accomodate noiseless and noisy sequences

of differing lengths. For a given channel IT and a noiseless sequence 2" define
Dy(a") < E[Dy(a", 2") (1)

the expected k-th order minimum loss incurred when each random noisy sequence Z" produced
when z™ is input to the channel is denoised by the best k-th order denoiser for the pair (2™, Z™).
This quantity will be one of the benchmarks against which we will compare the loss incurred by
other denoisers.

The compound decision problem [3], as pointed out in [1], can be viewed as a denoising problem

over a binary input channel. In work related to the compound decision problem “denoisers” are



measured against the best 0-th order denoiser that is aware of the noiseless sequence z" but not

tuned to the output sequence. This benchmark has been generalized [4] to

Dy(2™) dof min E {LX,L (mk+1 , Z")]
XneSy
— i+k
= e 2 E[A(s(2)] @

the minimum expected loss incurred by any k-th order sliding window denoiser when the noiseless

sequence is x". Clearly for all z™ € A",

Dp(z") = E < min E[an (;ckﬂ,zn)] — Dy(z™). (3)

min Ly (ac Z”)
Xn k+1> K
+ XneSy

X"GSk

For any n-block denoiser X™ we can define two different regret functions,
A 5 def ~
() g e (15.77)] - e,
and
= 5 def =
() g e (15,27)] - B
to be the additional loss incurred in the worst-case, over the benchmarks defined in (1) and (2)

respectively. From (3) for all n-block denoisers X™

The Discrete Universal Denoiser (DUDE) was proposed in [1] and it was shown that the regret of

on,k . . .
a sequence { X -} of such denoisers converges to zero with n. More precisely

Re(X08) = o< ’“‘f’“)

In this paper we investigate if this is the best possible rate of convergence. To do so we derive lower
bounds on Rk (X ”) and Ry, (X ”) for any n-block denoiser X,

The above definitions measure the performance of a denoiser against the best sliding window

denoisers in a semi-stochastic setting where 2™ is a fixed individual noiseless sequence and Z" is a
random noisy sequence obtained when 2" is transmitted over the channel. One could also judge the
universality of denoisers by considering the setting where the noiseless sequence X" is a random
process generated according to an unknown distribution P from some known class P. Then the
performance of denoisers could be measured against that obtained by a denoiser that knows P.
Formally, let P denote the distribution of the noiseless sequence X", and let

D(P) < Jin B |L g (X", 2")],

LX™F refers to the DUDE with parameter k

univ



denote the minimum expected loss incurred by any n-block denoiser where the expectation is over
all X™ distributed according to P and all Z" that are outputs of the channel when X" is the input.
In this stochastic setting, the regret of an n-block denoiser X" for a class of distributions P is
defined to be

def

Rp (X") < max Bp [L g, (X", 2")] - D(P).
It was shown in [1] that for the collection of all stationary processes the regret of the DUDE
asymptotically tended to zero. In this paper we consider the subclass Z,, of i.i.d. distributions over

A" and derive lower bounds on Rz, (X' "> for any X" € D,,.

3 Main Result

The main result of the paper is that for most discrete memoryless channels and all X" e D,

N N ok

Ry, (X n) > %
where ¢ > 1 is a constant that depends on the channel transition probability matrix IT and the
loss function A. As we show later this applies to all non-trivial (IT, A) pairs. We also derive
similar results for Ry (X ") and Rz, (X "> We consider the special case of Oth order denoisers in
subsection 3.2, move on to the general case of kth order denoisers in subsection 3.3. The case of
R, (X ”) and Rz, (X ”) are handled in subsequent sections. To derive these results we first require
a few preliminary Lemmas on denoisers that minimize expected loss when the noiseless sequence

2™ is drawn according to a known i.¢.d. distribution. These are presented in subsection 3.1

3.1 Bayes Response for i.i.d. Distributions
Given a loss matrix A, the Bayes response (cf., e.g., [5]) #(P) of any P € M is
#(P) = in \J P
(P) = argmin A; P,
and the corresponding Bayes envelope is
U(P) = min \] P.
(P) = min A

Let

X7 Yarg min E[Lg, (X", 2")]
XneDy,

denote the Bayes-optimal denoiser, the n-block denoiser that minimizes the expected loss and let
D, denote the minimum loss. Let Py, .» denote the column vector whose a-th component is
Pr(X; = a|Z™ = 2z™). Then it is easy to see that

X0 ()] = arg min APy v = & (Px, 20), (4)

opt



the Bayes response to Py, .» and the minimum expected loss is

Dy, = % ZE[U(PXZ-\Z")]’ (5)
i—1

the expected value of the corresponding Bayes envelope.

Example 1. Let A= {0,1}. Let

1-6 &
H =
w100

be the transition probability matrix of a binary symmetric channel with crossover probability 9,

and let
0 1
Ao =

represent the Hamming loss function. This example will be reexamined repeatedly in the paper.

The optimal denoiser for this example is the Mazimum Aposteriori Denoiser (MAP) given by

X" (z")[i] = arg max Py, . [7],

z€{0,1}
and the corresponding optimal loss is
1 n
Doz—gEl—maxP.naﬁ. O
pt n — I: 2E{01) Xi|Z [ ]

In the following Lemma we restate the well known fact that if X" is drawn i.7.d. then Xfpt is a

0-th order sliding window denoiser, i.e.,

X (")) = X3, (™))

opt opt

if z; = y;. In other words the denoiser defines a function f : A — A. Recall that the columns of II
are denoted by 7, a € A.

Lemma 1. If X" is drawn 4.i.d. according to P then

5 ) M (Pon,)
X0 (2")]i] = arg min W

)

and
_ SNV
D, = Z;\%ﬁ Az (P Om,).
Example 2. Continuing from Example 1 which deals with the BSC and Hamming loss, let the
noiseless sequence X” be an i.i.d. Bernoulli process with parameter p, namely, P = [1 —p p]’.

Then from Lemma 1 the optimal denoiser is given by

MNP o,
23 (PO ;) = arg max (P ©m,,)[Z].

X,n n\[] — .
(] = are i) =7 se(0.1}

opt

6



This can be further reduced to the following: if z; = 0

0 p<1—9§
X(Z)t(z”)[z] =<1 p>1-—90
either p=1-—9¢

and if z; =1

0 p <9
X (ZN[i] = ¢ 1 p>0
either p =2.

The optimal loss is given by
Dy = Y min(P @ m,)[d].

z€{0,1} e
If 6 < 1/2 then this reduces to
p 0<p<?d
Doy =4 6 d<p<1l-9

l-p 1-6<p<l.
If 6 > 1/2 the loss can be obtained by replacing § with 1 — ¢ in the above expression. O

In the subsequent subsections we employ Lemma 1 to derive lower bounds on Ry, (X ") and

Ry, (X’”) for any X" € D,,.

3.2 Zeroth order

The pair (IT, A), comprising a M x M channel transition probability matrix IT and a M x M
loss matrix A is neutralizable if there exist t,7,j € A such that for some distribution P € M,
P@()\i—)\j)th#O, and

P'Nvom) =PT(\om) = 2111;\1 P\ O m). (6)
€

The distribution P is said to be loss-neutral with respect to (m, Ai, Aj).

Consider a denoiser X” with the property X™(z")[i] = k if z; = t. If X" is drawn i.i.d. according
to P, PT(\; ® 7y) is the average loss incurred by this denoiser in reconstructing the symbols whose
noisy version Z; = t. If (6) is satisfied, then it implies that there are two Bayes optimal denoisers.
One returns ¢ on observing ¢t and the other returns j. The condition P ® (A\; — A;) ® 7, # 0 ensures
that the denoisers differ in a non-trivial fashion. Therefore a loss-neutral distribution is an iid
distribution on the clean sequence that results in at least two distinct Bayes-optimal denoisers.

The class of neutralizable (II, A) pairs is rich enough to accomodate commonly encountered
non-trivial channels and loss functions, e.g., the Binary Symmetric Channel and the Hamming loss

function.



Example 3. The BSC-Hamming loss pair is neutralizable. Indexing columns by elements of
{0,1}, m;=[0 1=, X=[0 1T and Ay =[1 0]7. Choosing P =[1 -6 §]7 we obtain

PT()\O ® 7'('1) = PT()\l ® 7T1) = (1 — 5)(5

Hence (IMpsc, Agan) is neutralizable and P = [1 —6 §]7 is a loss-neutral distribution. Note that if

d # 1/2, the uniform distribution is not loss-neutral. O

In fact, if (IL, A) is not neutralizable then the denoising problem is trivial, i.e., there exists a
symbol-by-symbol denoiser X whose loss incurred is the least possible for all noiseless sequences.
The arguments that justify this claim follow.

Suppose for all ¢, there exists £(t) such that, for all P € M, and all k € A

P (N ©m) <PT (N O m). (7)
Then for all &« € A and any k
Ao, £) (0, 1) < Ao k)TE(a ).

Then the denoiser X*(z")[i] = £(z;) is optimal in a strong sense, namely, for all 2", Z" € A" that

have a non-zero probability, and any X" e D,
L. (2", Z") < L¢, (2™, 2").

This implies that no class of denoisers is rich enough to ensure a positive regret.

We will show that if (IT, A) is not neutralizable, then (7) is satisfied. Observe that if (A\; —\;) ®
7 = 0, then PT(\; © m) = PT(\; ® m;) for all P € M. Therefore, for the subsequent arguments,
it suffices to consider distinct columns A\; ® 7.

For i € M, let

M E(PeM:VEe A PN om) <P (N om)}.

Observe that M; is an intersection of halfspaces and is therefore a convex polytope defined by a

subset of the hyperplanes H; ;, i # j, where
H@j = {SC S RM : xT((AZ - )\j) © 7Tt) = 0}.

Note that, since (II, A) is not neutralizable, none of the hyperplanes that define the boundary of
any polytope M; can intersect the interior of M. Otherwise, (6) will be satisfied for some i, j, and
P in the interior of M. Since P is in the interior, P(a) > 0 for all c, and since \; ® 7, and \; © m
are distinct, P ® (A\; — Aj) ® m # 0, which contradicts the non-neutralizability of (IT, A). Since
U M =M
icA
and none of the hyperplanes that define the boundaries of M; intersect the interior of M, there
exists ip such that M = M;, for some ig. By setting ¢(t) = ig, (7) is satisfied.
Thus, we have shown that the class of non-neutralizable (II, A) pairs poses trivial denoising

problems. We are now in a position to state our theorem



Theorem 2. For any neutralizable pair (IT, A), and any sequence {X’ " € Dy} of denoisers, as n

tends to infinity
VAR c
Ro(X7) > =1+ o)

where ¢ is a positive function of IT, A and a loss-neutral distribution P*. O

In order to provide an intuition we first consider the example of the BSC and Hamming loss
and provide an outline of the proof for that specific case. The more general proof will be presented

after the example.

Example 4. As shown in Example 3, (ITgsc, Agan) is neutralizable and P* = [1 —§ 67 is a
loss-neutral distribution. Observe that for all X™ € D,, and any distribution P on X"

Ro (X") > Ep {E[LXn(Xf, zm)] - f)o(X")}.
This is true in particular for P i.i.d. with marginal distribution P*. Setting p = § in Example 2
Ep-[E[L. (X, Z™)]] = Doy =6, (8)

and the lower bound is achieved by the 0-th order sliding window denoiser

5 0 Zt = 0
XD (Mt =
o ()1 { either 2z =1
where § is assumed to be less than 1/2.
To upper bound Dg(z") = E[Dy(z"™, Z™)] we construct a 0-th order sliding window denoiser.
The normalized Hamming weight dg(z™) of z™ is the fraction of 1s in 2", and the normalized
Hamming distance dg(x",2") between z™ and 2" is the fraction of bit positions in which they

differ. Then for each (2", 2") define X™, a O-th order sliding window denoiser, to be

0 Zt:()

By definition
Do(z",2") < L, (2", 2") = min {dy (2", 2"), dg (™)}

Therefore
Ep- [[)()(X”)] — Ep-[Do(X", Z™)] < Ep-[min {d (X", Z"), dr (X™)}].

It is easy to verify that as n tends to infinity both /n(dg(X™, Z™) —¢) and /n(dg(X™) — ) tend
to independent and identically distributed Gaussian random variables with mean 0 and variance
d(1 —0). Hence

3(1—9)

Ep-[min {dg (X", Z"),dg(X™)}] = 6 — -

c(140(1))



where ¢ is the expected value of the maximum of two independent zero mean Gaussian random

variables with unit variance, and therefore positive. Substituting in (8)

Ro (X") > Ep- [E (L (X7, 27)] — f)o(xn)] > =0 4 o). 0

Now we present a more rigorous version of the argument in the example, that is general enough

to address any neutralizable pair (IT, A). To characterize the benchmark in Ro (X"), namely

f)o(:c”), we require some notation for the frequency of occurrence of symbols in 2" and z". We
employ the following notation that was employed in [1]. For 2", 2" € A" ¢ € A let q(z",2",¢)

denote the M-dimensional column vector whose j-th component, j € A, is
nonoara L . ,
q(z",z2", c)lj] = - Hi:1<i<n,z=cux; =3}

the frequency of the occurrence of ¢ in z™ along with j in the corresponding location in z™. If X™ is

drawn 4.i.d. according to some P € M and Z" represents the noisy output from the channel then
Elq(Z", X", c)] =P O 7. 9)

We express the best 0-th order mimimum loss Dy(2", 2™) for the pair (2™, 2™) in terms of the vectors
q(z",z",c), c € A. Observe that for all 2", z" € A"

Dy(z™,2") = min —ZA xi, f(2)) meZA g, 2)a(z", 2", c)]j]

n
frd—A ceA ]EA

—me)\T 2" x" c). (10)
ceAxEA

To prove Theorem 2 we require the following lemma on the asymptotics of q(Z", X", ¢).

Lemma 3. If X" is generated i.i.d. according to some P in M, then for any column vector
a € RM and any ¢ € A,

i Be [Va(jaTa(Z" X", ¢) — T (P & m)|)] = /2%

n—oo T

where V = (0 ® o) (P ® m.) — (ef(P® 7rc))2.
Proof We first show that when X™ is generated i.i.d. according to some P € M, for any column
vector a € RM | and any ¢ € A, as n tends to infinity, o’ q(Z", X", ¢) suitably normalized converges

in distribution to a Gaussian random variable, namely,
Vi(aTq(Z", X", ¢) — o (P ® 1)) = N(0,V) (11)

where V = (a® )" (P & m,) — (T(P® 7TC))2.

For a given a € RM and ¢ € A we define the sequence Y of random variables as

Vi Y al)1(Xi = 4. Zi = o)

jeA

10



where 1(+) is the indicator function. Then
1 n
- E }/:i:aTq(vaXnvc)
n
i=1

and if the sequence X" is drawn i.i.d. according to P, then the sequence Y” is also i.i.d. and has

finite moments. Hence the central limit theorem applies to it. Therefore
Vn(aTq(Z", X", ¢) — Ep[Yi]) -5 N(0, var[Y;])
where var[Y;] denotes the variance of Y;. Equation (11) follows as

BelYi = S a())Pr(Xi = j, 2 = ) = aT (P O )
jeA

and
BEpY?] =) a(j)’Pr(Xi=j,Zi=c¢)=(a©a) (POm).
JjeA
A straightforward extension yields

Va(laTa(Z2", X", ¢) = a" (P © 7)) = |G

where G ~ N(0,V).
To prove the lemma from this point onwards we use the fact (cf. e.g., Theorem 25.12 [6]) that

if a sequence of random variables A" are uniformly integrable, i.e.,

lim sup/ |Ap|dP =0
(14| >0]

B—oo n
and if A, - A then lim, .o E [A,,] = E[A], where in our case
A, = \/ﬁﬂaTq(Z",X", c)—al(Po 7))

Observe that )
E[|Anl]

/ A, |dP < / Anl )y 1ap = EU4eTT
[[4n|2) p p

var[Y;]

Since

E[|An|2] =n =V,

we obtain

%
lim sup/ |Ap|dP < lim sup — = 0.
14n] 26 fooo n f

B—oo n

Hence A™ is uniformly integrable. Therefore

lim Ep[Vii(jo"a(Z", X", ¢) - a” (P & m.)|)] = Be[ICl] = | 2~ u

n—oo T

11



We are now in a position to prove Theorem 2. As in Example 4, we lower bound Ry (X "), the
extra loss incurred in the worst-case, by the expected extra loss when the noiseless sequence X" is
drawn according an 4.i.d. distribution. This proof technique is similar to the one employed for the
problem of binary prediction in [7]. However choosing a uniform distribution, like in [7], for X"
does not yield the required results - the distribution chosen has to be loss-neutral.

Proof of Theorem 2 Let t,i,j € A and let the distribution P* € M be loss-neutral with
respect to (m¢, A, Aj), so that P* ® (A\; — \j) © m¢ # 0 and

P Niom) =P (N om) = ggﬂ(P*)T()‘k © 7). (12)

By definition
Ro (X”) = max B[Lg. (2, 2")] - Do(a"),
xne n

hence for any 4.i.d. distribution P € M on X™ and for all X" € D,
Ro (X”) > Ep {E[LXn(X{l, zm)] - f)o(X”)}. (13)
In particular this is true for P*. Since X" is generated i.i.d. accroding to P* it follows from

Lemma 1 that for all X" € D,

Ep«[E[L¢n(XT,2™)]] > D,y = 22%‘1 MNP o). (14)

Now we upper bound Ep- {ﬁO(X”)]. From (10)
B[ Do(X")| = Ep-[Do(X", 2")]
= Ep- Zmln)\T (Zz" X", )]
CEA reA
— Fox T n n . : T n n
pe |min Afq(2", X" t) [+ > Pp [%qu(z X" c)
- ceA,c#t

< Ep- To(z™, X" Ep. [\ q(Z", X",

< FEp glelﬂ)\ q(Zz", X" t)| + Z Hgll P P\ q( )]

- cEA,c#t

= Ep- |min Al q(Z2", X", t)| + Z min A (P* © ). (15)

|2€A 1 Aot zeA

In the sequence of inequalities and equalities above, the inequality holds since for any set of real
random variables {X, : a € A}

E[minXa] < min E[X,],
acA acA

and the last equality follows from (9).
Substituting (15) and (14) in (13) we obtain for all X" € D,,

RO(X") >I%12AT(P ©m) — Ep- [g%iﬂ)‘%q(zn,)(n,t) .
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Noting that for any M-dimensional vector P and any a,t € A, PT(\, ®m) = A (P ®7;) and
considering (12)

Ro (X") > A (P* © ) — Ep+[min { X q(2", X", 1), \l'q(Z", X", 1)}].
Since for any z,y € R, 2min {z,y} = (v + y — |z — y|), and since X} (P* © m;) = A?(P* O ),

1
Ep [min {\[q(2", X",1), ATa(2", X", )}] = X[ (P* & m) — 5 (EP* [

Ro (X"> %(Ep [ (i — )\j)Tq(Z",X",t)H).

Applying Lemma 3 with P = P*, ¢ = ¢, and o = \; — A; and observing from (12) that

(N — )\j)Tq(Z”,X”,t)H>.

Therefore

ofPom)=N—-\) P om) =0,

we obtain

(A — )\j)Tq(Z”,X”,t)H = 2V

s

where

V=_((A=-X)oh-\)TP omn).

Note that since P* is a loss-neutral distribution (A\; — A;) © P* ® 7y # 0 and therefore V' > 0. This

proves the theorem. O

3.3 Higher order

Theorem 2 can be extended to Ry (X’ ") There we compare the loss incurred by a denoiser to

Dy, (™), a smaller quantity, and consequently the lower bound that we obtain on Ry, (X "> is larger.
In fact, the lower bound increases exponentially with k. The proof is very much along the lines of
that for Theorem 2 and therefore we refer to it frequently here. As in Theorem 2 we require a few
preliminaries.

Following [1], we extend the definition of q(-) to count the frequency of sequences of length
2k + 1. For 2™, 2" € A", &, € A%FHL let (z " c k) denote the M-dimensional column vector

whose j-th component, j € A, is

1
q(z",x",cﬁk)[j] = — H k+1<i<n-—k, z”llj—ckk,xl—]}‘

the frequency of occurrence of the sequence ¢*

 in 2" along with j in 2™ at the location correspond-
ing to ¢g in 2z". Also note that if X™ is drawn i.i.d. according to some P € M and Z" represents

the noisy output from the channel then Z" is also an i.i.d. sequence and

E {q(Z", X", clik)] (PO me) H Plr,,. (16)
i=—k,i#0

13



We express the best k-th order mimimum loss Dy (z",2") for the pair (z™,2") in terms of the
vectors q(z", x", cljk), c’jk. € A%+l Observe that for all 2", 2" € A"
Dy (2™, 2") = min » A(j, 2 (”,n,lf>'= rAninT(”,n,lf). 1

(2™, 2™) cﬁkezfl%ﬂ xeA; (G, #)q( 2" 2", ") ) ] cﬁkezfl%ﬂ min Az q( =", 2", Xy (17)

To prove Theorem 2, we required a lemma on the asymptotics of q(Z"™, X", cy), which can be
written as a sum of i.i.d. random variables. Note, however, that for k > 1, q(Z”,X”,c’ik) can no
longer be written as a sum of i.i.d. random variables and, therefore, the standard Central Limit
Theorem, which was used in Lemma 3, does not apply. To address this problem, we require a
Central Limit Theorem for dependent random variables such as the one proved by Hoeffding et
al [8]. We state the theorem below. A sequence X" of random variables is m-dependent if for all
s>r+m (X1, Xo,...,X,) and (X, Xgy1,...,X,) are independent.

Theorem 4. [8] For a stationary and m-dependent sequence X" of random variables such that
E[X1] =0, and E[|X;[*] < 0o, as n tends to infinity

n 123" x5 N(0,V)
=1

where
m—+1

V=FE[X]]+2) E[XiX,]. O
=2

Applying this theorem to q(Z noX" R k;) results in the following lemma.

Lemma 5. If X" is generated i.i.d. according to some P € M, then for any column vector
a € RM and any c*, € A% such that of (P © 7)) =0

i e[V oa(zn 0. ) = 2

where V = (0 ® )" (P ® 7¢,) H?:7k7i¢0 PTr,,.

Proof We first show that when X™ is generated i.i.d. according to some P € M, for any col-
umn vector &« € RM | and any c* k€ AL gatisfying o (P ® 7)) = 0, as n tends to infinity,
aTq(Z",X nock k) suitably normalized converges in distribution to a Gaussian random variable,

namely,
\/ﬁ(aTq<Z”,X”,c’ik)) £ N0, V) (18)

where V = (0 © )" (P © 7e,) Ty 10 P e
For a given « € RM and & . € A2Ft1 we define the sequence YkTﬂr_lk of random variables as

VS a@1(Xi=6z =), k+1<i<n—k
leA
Then
1 n—k
n— 2k Z Yi= aTq(Zn’Xn’cli’f)'
i=k+1

14



If the sequence X" is drawn 1.i.d. according to P, Yk”Hk is stationary and since each Yj is a function

of 2k 41 consecutive X;’s, it is easy to verify that Y} +1 is a 2k-dependent sequence. Furthermore

BplYi] =3 a(0)Pr (XZ- — 0,70tk = c) — TP o, H P r, =0
leA i=—k,i#0

where the last equality follows from the choice of o and ¢y. Furthermore the higher moments of Y;

exist, hence Theorem 4 applies and therefore

2k
\/a<aTq(Z”, Xn, clik>) £, N(o, E[VZ.]+2) E[YkHYkHH]) . (19)
i=1
Observe that

BIYVE] = Y olPPr (Yo = 254 =) =V = (@0 af®omy) [ Plr,
leA i=—k,17£0

and we will show that for all 4 > 1
EYy1Ypt14i] = 0.

Substituting these in (19) establishes (18). Define the collection of indicator functions S, : A%¢*! —
{0,1}, 1 <r <2k, as
Sr(c’ik> —1(c; = ciyp forall —k<i<k—r)

that indicate whether the sequence ¢  partially matches a shifted version of itself. For example,
Si(c®,) =1iff ¥, =00...0 0or 11...1, and S»(10101) = 1, S5(10110) = 0 etc. In general S,

indicates if the sequence is periodic with period r. Also define the transformation A, : A%+ —
A2kH1+T o0

k _ k k
A, (C—k) = CkCk—r41s

namely, the concatenation of ck . and the last r symbols of cF i Then for any 1 < 7 < 2k and
cF, € AZHL letting a%““ = A;(c",)) we obtain

2hti+1 24141
Yig1Yiy146 = Si (C k) Z Z (Xk+1 =0, Xjp14i =m, 23 o+l — aj + +’>.
lteAmeA

Since X™ is drawn i.7.d. according to P, for ¢ > 1

2k+i+1

2
E[Yk+1Yk+1+i] = Sz (C]ik;> (Z a(f)PT(X]H_l = f’ Zk+1 = Co)> H PT(Z]' = CLJ')
leA j=1,j#k+1,k+1+1
2k+i+1

2
=5; (c’ik> (aT(P © Tey)) H pT7ra].
j=1,j#k+1k+1+i
=0
where the last equality follows from the fact that o’ (P ® m,,) = 0, by assumption.
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A straightforward extension of (18) yields
\/ﬁ(‘aTq<Z”,X”,clﬁk)D =6

where G ~ N(0,V). Arguments similar to the ones used in Lemma 3 can be used to show that
Vvn(laTq(Z™, X™, % ,)|) is uniformly integrable and therefore

2V
lim Ep [\/ﬁ(‘aTq<Z”,X”,c’jk>‘>} = Bp[|G] = /2L .
n—oo 7T
Using Lemma 5 and arguments similar to those in the proof of Theorem 2 we prove the following.

Theorem 6. For any neutralizable pair (I, A), and any sequence {X™ € D, } of denoisers, as n

2k
Ry (X") > % (;4 \/(P*)Twa> (14 0(1))

where P* is any loss-neutral distribution and ¢ is a positive function of (I, A) and P*.
Proof Let t,i,j € A and let the distribution P* € M be loss-neutral with respect to (7, Ai, Aj),
so that P* © (A\; — A\j) © m¢ # 0 and

tends to infinity

P\ om) =P (\orn) = ggﬂ(P*)T()‘k © 7). (20)

As argued in the proof of Theorem 2
R (X7) = Bpe [E[Lg. (X7, 27)] - Di(X")], (21)
and since X" is generated i.i.d. according to P* it follows from Lemma 1 that for all X" eD,

Ep- [B[Lg(XT, 2")]] 2 Doy = > min \[(P* © 7). (22)
z€A

We upper bound the second term in (21), namely, Ep- {f)k(X”)} Applying (17), the fact that
the expectation of the minimum of a collection of random variables is lesser than the minimum of

the expectations, and (16)
Ep- | Dy(X")| =Ep: [Dy(X", 2")]

~Fp-| ) min Ma(z", X", k)

x
ok APk

= Z Ep- [géiﬁ)\gq(Z”,X”,ckkﬂ

c’ik EA2k+1 co=t

+ > Ep- [ggﬁ A;Fq(zn, X",k k)]

c’ik €A%k cqtt

16



IN

S B E%iﬁ qu(zn, X", k)]

ck e AhH1 o=t

COS ez

c’ikEA2k+1,co;ﬁt
- Y e |aa(zn x|
ek eAZRHT o=t v
k
+ Z 5;%1,141 )‘%(P* © Tey) H (P*)Tﬂ-ci
ek €AZRHT et i=—k,i#£0
= > Ep- [miﬁ A;Fq(zn, X" k)] Z min MNP om,). (23
c’ikEA%*‘l,co:t e CO?’ét

The last equality holds as
k

> I ®)r =1

Substituting (23) and (22) in (21), combining with (20), and observing that the minimum over
all & € A is less than the minimum over the set {,j} C A, we obtain for all X € D,

Ry, (X") >N Prorn- Y Ep {min {AZq(Z",X", c’ik),A]Tq(Z",X",clik> }] (24)
c’jkEA%*‘l,co:t

As in the proof of Theorem 2 we write 2 min {:c y} = (z+vy— |r — y|), and note that the expecta-
tions of \7q(Z", X", ¥ ) and )\T q(Z", X", ") are equal to obtain

Z Ep+ [min{)\ZTq(Zn,Xn,ka»A?q(Z”,Xn,Cljk) H

ek €A o=t

= )\ZT(]_:)>k ® 7Tt) - % Z EP* |:

ek, e AT co=t

(N — )\j)Tq(Z”, X", clik> H .

Substituting this in (24)

R (%) >

> el

ck e AZk+1 co=t

(N — )\j)Tq(Z", X", c]ik> H

l\.')lr—l

From (20), (A; — )\j)T(P* ® m¢) = 0 and therefore applying Lemma 5 for each ¢, € A?**! with
cop = t, and choosing P = P* and oo = \; — \; we obtain

2V k
lm N VnBp [ (N — )\j)Tq<Zn,Xn,clik) H - ¥ !
c]ikEAQkJrl,co:t c’ikEAQk*l,co:t T
where Vi = (A =) © (\i = X)) (P* © ) [Ty, o (P*) e, Observe that
2Vk = 2k . 3
)3 Ao me e e Y (TTE )
_A2k+1 ,co=t a%kGAQk =1
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Note that since P* is a loss-neutral distribution (A\; — A;) © P* ® m; # 0, and therefore

(Ni=2) 0N =) Pom) >o0.

s ({iwre) - () D

a2ke A2k \i=1 acA

Also observe that

A vector of dimension greater than 1 is degenerate if at most one of its components is non-zero.

Note that
Z V(P > Z P 'r, =1

acA acA
with equality iff (P*)7TTI is degenerate. Thus, if (P*)7TI is non-degenerate, the lower bound in the
statement of the theorem grows exponentially in k. For many (II, A), e.g., BSC and Hamming loss,

the lower bound grows exponentially in k.

4 Compound Decision

The compound decision problem was first proposed by Robbins [2]. In this problem a sequence
of n hypothesis tests each involving M possible hypothesis are to be solved simultaneously. As
pointed out in [1], this is precisely the problem of denoising a length-n sequence over an alphabet
of size M that has been transmitted over a memoryless channel II. The M distributions in the
hypothesis testing problem correspond to the M rows of II. Robbins measures the performance of
any scheme against a “symbol-by-symbol” decision rule that is aware of the true hypotheses. In
the denoiser setting this corresponds to the best 0-th order denoiser for a given individual noiseless
sequence. The loss of such a denoiser for a given sequence 2™ is precisely Dgy(z™). Therefore the
corresponding regret of any other denoiser X™ is Ry (X ">

Hannan and Van Ryzin [3] derived a scheme for the compond decision problem whose regret
decreases like O(1/y/n). Furthermore, for certain types of hypothesis tests which, in the denoising
setting, correspond to channels with continuous output, they showed that the regret decreases even
faster - O(1/n). The need for a more stringent benchmark for these schemes was recognized by
Johns [4] who considered sliding window denoisers and the corresponding benchmark Dy (z"). In
the denoising setting the regret Ry, (X’ ”k) of the DUDE [1] was upper bounded by c*/\/n where

¢ > 1is a constant. It follows from (3) that this upper bound applies to Ry (Xfﬁ) as well.

We derive lowerbounds on Ry, (X "), for all denoisers and all discrete channels, that scale like

k
%.
implied by [1] for the k-th order regret are tight up to a constant factor. This also shows that

This shows that the upper bounds derived in [3] for O-th order regret and, for fixed k, those

the rate of convergence result in [3] for continuous output channels does not extend to discrete
memoryless channels. The proof for our lowerbound is along the lines of that for Theorems 2
and 6. However, unlike these proofs, to lower bound Ry, (X "), we restrict the comparison of X" to

the class of one-sided k-th order sliding window denoisers. The following preliminaries are required.
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A k-th order one-sided sliding window denoiser X" is a denoiser with the property that for all
2" e A" if 2t k—zj . then
X"z = X" ("))
Thus the denoiser defines a mapping, f : A**!1 — A so that for all 2" € A"
X"z = f(zy), i=k+1,...n

Let S,i denote the class of k-th order one-sided sliding window denoisers. For an individual noiseless

sequence =" € A", let

D™ % min E{L n(m ,Z")]
) min [ (1

denote the minimum expected loss incurred by any k-th order sliding window denoiser when the

noiseless sequence is z". Clearly Skl; C &i and therefore for all 2,
Dy(z") < Di(z™). (25)

For 2" € A", and c” x € ARt et q (w c’ k) denote the M-dimensional column vector whose

j-th component, j € A, is

o ‘ . i |
a' (2", L)) = —5r Benen [{i k+1<i<n—k 2y = & 25 = ]
1 n—k 0
T n—2k i =3) [ MXiyj.¢5)
i=k+1 j=—k

the expected frequency of occurrence of the sequence ¢ i i Z™ along with j in 2™ at the location
corresponding to ¢y in Z™, when z" is transmitted over a discrete memoryless channel II. Also

note that if X" is drawn 4.i.d. according to some P € M, then Z" is also an i.i.d. sequence and

—1
Ela (X",¢)] = (P o) [[ Plr. (20)
i=—k,

We express the minimum expected loss D,i(x") incurred by any k-th order one-sided sliding window
denoiser when the noiseless sequence is 2™, in terms of the vectors g (:c”, @ k.), @ x € AF+1 Observe
that for all 2" € A"

Di(z™) = Z manA], (2", )] = Z géiﬁ)\gql(x”,co,k). (27)
0 e ARt JEA 0 e ARt

To derive a lowerbound on Ry, (X’ ") we require the following lemma on the asymptotics of
qt (X no 0 k) As in the analogous result for q(Z noX" ek k) we invoke Theorem 4.

Lemma 7. If X" is generated i.i.d. according to some P € M, then for any column vector
o € RM and any &, € AL such that of (P ® 7)) = 0

lim Ep[\/_‘ozT 1(X ,c‘lk)\] = &

n—oo T
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where V = (0 ® )T (P ® ey © ey H::lfk. PT (7., ® ).
Proof We first show that when X" is generated i.i.d. according to some P € M, for any column
vector « € RM | and any ch e ARt satisfying al(P®m.) = 0, as n converges to infinity,

a’'q! (X nocd k;) suitably normalized tends in distribution to a Gaussian random variable, namely,
V(o (X7, ) < N(0,V) (28)

where V = (¢ ® @)T (P ® 7ey ® mey) [ PT (700, © 7e).
For a given a € RM and ¢ k€ AFt1 we define the sequence YkTﬂr_lk of random variables as

y; & > aOUX; = O)Pr(Z], = 4 X))

le A
0
=> a(O1(X; =0) [ OXirjrc5),  k+1<i<n—Fk
le A j=—k
Then
1 n—k
—r D Yi=a'q (X" ).
i=k+1
If the sequence X" is drawn i.7.d. according to P, Y,Z:lk is stationary and since each Y; is a function
of k + 1 consecutive X;’s, it is easy to verify that YkT:lk is a k-dependent sequence. Furthermore

—1
BplYi] =Y a)Pr(Xi=0,Z] =) =a" (P omg) [[ P're, =0,
e A i=—k

where the last equality follows from the choice of o and ¢y. Hence Theorem 4 applies and therefore
, k
vn(a'q (X", 2,)) — N (07 E[YZ,] +2 Z E[YkJrlYkJrlJrz’]) : (29)
i=1
Observe that

E[Y2,] =3 a(0?E1(Xps1 = O, co)? ] EM(Xitg,¢5))?
LeA i=—

—1
= (@0 a) (PO, 0 [[ P (e, o)
i=—k

and we will show that for all 4 > 1
EYi41Yri144 = 0.

Substituting these in (29) establishes (28). Observe that

Vit Yepiri = a(O)1(Xpp1 = OT(L, co)TI( c3) Y a(m)1(Xpey145 = m)TI(m, co)

le A meA

—k+i—1 —1 i—1

IT TXirgoe) ] T Xeras, )M X1, ¢-0) [ [ T Xkr145,¢5-0)-
j=—k j=—k+i j=1
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Since X" is drawn i.i.d. according to P, for i > 1

—k+i—1

EYi1 Ve =(0" (POme, 0w ) (@' (POmy) [] EM(Xeii4)))]
j=—k
-1 i—1
[T BO(Xkiigg, o) (X1, ¢5-0) [ ] B (X kg1, ¢5-0)].
j=—k+i J=1

=0

where the last equality follows from the fact that o (P ® m,,) = 0.
A straightforward extension of (28) yields

Vin(|a'a' (X", &)]) = (6]

where G ~ N (0,V). Following arguments similar to the ones in Lemmas 3 and 5 we obtain

) _ 2V
nh_)n;oEp[\/ﬁ(‘aqu(X”,cgk)m = Ep||G|] = \/7. O
Using Lemma 7 and arguments similar to those in the proof of Theorem 6 we prove the following

theorem.

Theorem 8.  For any neutralizable pair (IT, A), and any sequence {X " € D, } of denoisers, as n

tends to infinity

k
By (X7) > = (;4 Ve (0 m) (1+0(1)

where P* is any loss-neutral distribution and ¢ is a positive function of (I, A) and P*.
Proof Let t,i,j € A and let the distribution P* € M be loss-neutral with respect to (7, Ai, Aj),
so that P* © (\; — A\j) © m¢ # 0 and

P N om) = @) (N om) = %{{(P*)T(Ak © ). (30)

As argued in the proofs of Theorems 2 and 6

> Ep+[E[L . (X}, Z™)] — DL(X™)] (31)

where we have used (25).

Following the proof of Theorem 6, with R}, replaced by Ry and q(-) replaced by q'(-) we obtain

Ry (Xn) = % >, Ee [ (A= A" (Xn’cgk;)u'

9 eARH o=t

From (30), (\; — )\j)T(P* ® m¢) = 0 and therefore applying Lemma 7 for each ¢?, € A**! with

cop = t, and choosing P = P* and oo = \; — \; we obtain

2o,

lim Z VnEp- [

n—oo

=) at (X7, 2y) H = >

T
0 €ARFT o=t AV eARFT o=t
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where Vo = (A = A7) ® (i = A)T (P* © ey © ) T (P*)7 (1 @ c,).
Note that since P* is a loss-neutral distribution P* ® (A; — \j) ® m; # 0 and therefore

(()\z — )\]) ® ()\Z — )\J))T(P* O ® 7Tt) > 0.
Now, observe that

2V K :
> :\/g\/(w—AJ)G(M—AJ))T(P*GW@W > <H<P*>T<Wai®%>> :
cngAkJ"la

akeAk \i=l1

co=t

It can be easily verified that

k 3 k
Z <H (P*)T(ﬂai © Wai)) = (Z \/(P*)T(Wa © Wa)) . o

akeAk \i=1 acA

By Jensen’s inequality

S VP (rom) > Y () =1

acA acA
with equality only if for all a € A, all the non-zero entries of P* ® 7w, are equal. Note that if they
are unequal for some a, the lower bound in the statement of the theorem grows exponentially in
k, and this is indeed the case for many (II, A), e.g., BSC and Hamming loss. However, using Dl};
instead of Dy, in the proof cost us a factor of two in the exponent.

Instead of characterizing D,i()z' ™) we could have directly tried to characterize Dp(X ™). In that

case q*(-) would have to be replaced by q(-) where for 2™ € A", and c*, € AZ+!

_ . 1 ) . ; )
q(w",clik)[]] == QkEP(Zn‘xn) H{z k+1<i<n-—k, fo,lj =c*, :j}H.
This can be written as a sum of Y;’s where

def

Y, S ) a0U(X; = O TN(X j,¢),  k+1<i<n—k

le A
This sequence is 2k-dependent and therefore Theorem 4 applies. However, unlike in Lemmas 5
and 7, the Y;’s are not uncorrelated and therefore the expression for the asymptotic variance of
\/ﬁ(aT(](X nock k;)) turns out to be cumbersome to handle in general. For (Ilgsc, Ayam), however,

it can be shown that

2k
R(X7) > % (; V@ (0 na)> (1+0(1))

where c is different from Theorem 8. We conjecture that this is true for all neutralizable (II, A).
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5 Discussion

We derived lower bounds for Rk(X' ") and Rk(X' ™). These results imply that for all X" € D, there
exists at least one individual noiseless sequence z™ for which the excess loss when compared to
the best k-th order sliding window denoiser can be lower bounded by Q(c*//n). But, from the
proofs, it is clear that this result can be strengthened slightly to apply to not just the worst-case
sequence but also when averaging over noiseless sequences X" when they are drawn according to a
loss-neutral distribution.

Theorem 6 applied to the case where k was fixed and n tended to infinity. This result can be
strengthened by deriving lower bounds for Rk(X' ™) when both k£ and n tend to infinity. For this
purpose we require a result analogous to Lemma 5 that applies when k& grows with n. To that end

we prove the following lemma in the Appendix.

Lemma 9. If X" is generated i.i.d. according to some P € M, then for any column vector
a € RM and any sequence of integers {k,} and contexts {c]i"kn} € A%nt1 such that n > 2k, and
aT(P ® ) =0, as n tends to infinity, if k, = o(Inn)

Bo [Vit|o"a(z xm. )] = /220 +01)
n T
where V;, = (a ® a)T (P © m,) Hfgfkmi?éo PTr... O

Following the steps in the proof of Theorem 6 with Lemma 5 replaced by the above lemma we

obtain the following.
Theorem 10. For any neutralizable pair (IT, A), any sequence {X’ " € D, } of denoisers, and any
sequence {ky,}, as n tends to infinity, if k, = o(Inn)

2kn
(

Ry, (X7) = % (;4 \/(P*)Twa> 1+ o(1))

where P* is any loss-neutral distribution and ¢ is a positive function of (I, A) and P*. O

Rkn (ankv) =0 (\/ k”j\gl> .

We pointed out in the introduction that this, in conjunction with Theorem 6, implies that asymp-
totically, for fixed k the regret of the DUDE is within a constant factor of the best possible. In light
of the above theorem, a more general statement can be made for some (II, A) pairs. If a loss-neutral
distribution P* induces a uniform distribution at the output of I, i.e., the distribution (P*)7TI is

uniform, then the above theorem reduces to

It was shown in [1] that

Ry, (X7) = %M’“”(l +o(1)).
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In this case asymptotically, when k, = o(Inn), the regret of the DUDE is within a factor of /ky,
of the best possible. (We believe that the upper bound on the DUDE can be further strengthened
to drop the v/k,, term, by employing results for k-dependent processes.) It is possible to construct

(I1, A) pairs for which (P*)”TI is uniform. For example, consider a Z-channel with

1 0
3 3

and Hamming loss, i.e., A = Ay,,,. Then it can be easily verified that P* = |

distribution and (P*)TII =[5 3].

Further strengthening Theorems 6 and 8 to obtain a Rissanen-style [9, 10] lower bound that

2 2] is aloss-neutral

applies to “most” individual sequences is not possible. This situation is similar to the one en-
countered in prediction problems [7]. To observe this, consider a binary symmetric channel with
crossover probability  and the Hamming loss function. If the Hamming weight of 2", the noiseless
sequence, is between § and 1 — 4, then with high probability the best 0-th order sliding window
denoiser for the pair (2™, Z™) where Z" is the noisy output of the channel when z" is the input, is
the “say-what-you-see” denoiser. For this denoiser X™ and a non-zero fraction of types of noiseless
sequences, E[L ¢, (z", Z™)] — Dy (z™) decays exponentially in n and E[L . (2", Z™)] — Di(a™) is

zero. Hence the lower bound we derived cannot apply to most individual sequences.

6 Extensions

In this section we extend the results to more general classes of sliding window denoisers as well as

to multi-dimensionally indexed data. The results obtained here are of a similar nature.

6.1 Sliding window denoisers with arbitrary context

In Sections 3 and 4 we compared a given denoiser to the best loss obtainable with the class of
k-th order sliding window denoisers. This comparison class can be generalized to sliding window
denoisers where each symbol z; is denoised based on its context where the context, unlike in the
sliding window denoiser case, does not have to be all the k symbols to the left and right of z;. In
this section we derive lower bounds on the excess loss incurred by any denoiser when compared
to the best sliding window denoiser that is based on a given context set. We begin with some
preliminary definitions.

Bi-directional contexts have been defined and considered before in [11]. We present the defi-
nitions here for completeness. For a given alphabet A, let A* denote the set of all finite length
strings over A. For any string z € A* let |x| denote the length of = and for any positive integer ¢,
let z* denote the f-symbol prefix of z. Consider a finite collection C C A* x A* of ordered pairs.
Let k be the maximum length of any string in any of the ordered pairs in C. The prefix set P(s) of
any s = (s1,s2) € C is given by

Pls) = {(x,y) € AP x AR glsl = g ylo2l = 32},
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the set of all ordered pairs of length-£ strings whose prefixes are s; and so. The set C is exhaustive
if
U P(s) = AP x AF
seC
and is disjoint if for all s # s’ € C
P(s)NP(s") = .

A collection C C A* x A* is a context set iff it is exhaustive and disjoint.

Based on the given bidirectional context set one can define a class of context-based sliding
window denoisers. Formally let C C A* x A* be a bidirectional context set and k the maximum
length of any string in any of the ordered pairs in C. Given a sequence 2", the left context zf
of the symbol z; is the sequence (zj_1,%i—2,...) and the right context z] of z; is the sequence

(2it1, Zit2, - -.). Then z; is associated with a context pair (si,s2) € C if
(zHll = 51 and ()12 = s,

The definition of C guarantees that for k +1 < i < n — k every z; is associated with exactly one
context pair. A C-based sliding window denoiser X" is a denoiser with the property that for all
2" € A", if both z; and z; are associated with (s1, s2) € C then

X" ("] = X" ("))

Thus the denoiser defines a mapping,

f:C— A

so that for all 2" € A"
X"z = f(s), i=k+1,....n—k.

where s € C is the unique context associated with z;. Let S¢ denote the class of C-based sliding
window denoisers. As in the case of k-th order sliding window denoisers we can define the best loss
obtainable for a given pair of noiseless and noisy sequences with a C-based sliding window denoiser.
For an individual noiseless sequence ™ € A™ and a noisy sequence z" € A" k > 0 and n > 2k,
De¢(x™, 2™), the C-based minimum loss of (z™,2") is defined to be
DC(IETL, Zn) = Amin LX" (xz_;lf, Z")
XneSe

and for a given channel IT and a noiseless sequence =" define the expected C-based minimum loss
to be

a ny def n rrn

De(a™)  ElDc(a", 27).

As in the case of k-th order sliding window denoisers, the regret of any denoiser X" € D,, is defined
to be

Re (X”) def gglgfl(" E |:LXn (:cZI_lf, Z”)] — ﬁc(:c”)
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Since the maximum length of any string in any ordered pair in C is k, S¢ C Si and therefore for
all " € A™

A

De(x™)

Y

Dy (2")
and hence for all X" € D,
Re(X") < Ry(X™).

In the following theorem we state a lower bound on Re (X "> We omit the proof since it is
identical to that of Theorem 6.

Theorem 11.  For any neutralizable pair (IT, A), and any sequence {X™ € D, } of denoisers, as

n tends to infinity

|a 18| 2
» % C * *
Be(x7) 2 o= 30 [ TT®) e | [ TI® | | (1 0(1)
(,B)eC \ \i=1 =1
where P* is any loss-neutral distribution and ¢ is a positive function of (I, A) and P*. O

This is a generalization of Theorem 6 in that the latter can be recovered from this result by
setting C = A" x A,

6.2 Two-dimensionally indexed data

So far, we considered denoising one-dimensionally indexed data. In this section, we extend some
of the results to multi-dimensionally indexed data. Im many common applications, e.g., image de-
noising, the data is multi-dimensional. For such data, we define a class of sliding window denoisers,
and derive lower bounds on the regret with respect to this class. For ease of exposition we present
the results for two-dimensionally indexed data and a specific class of sliding window denoisers. But
the results can be easily generalized to other classes as well.

Let A™*™ denote the set of all two-dimensional arrays with m rows and n columns whose

n

elements take values in A. For any array a™*" in A"™*" we denote the entry in the ith row and

Jjth column by a; ; or sometimes by a[i, j]. Further, for i1 < iy and j; < jo, let aEZiﬁ; denote the

rectangular array comprising of the elements {a;; : i1 <i <ig,j1 <j < jo}. Let 2™*™ € AT

denote the two-dimensional noiseless array that is input to a memoryless channel IT and z"*" €
AX™ the noisy output. Further let x; ; and z; j respectively denote the symbol in the ith row and
the j th column of the noiseless and noisy arrays.

An (m,n)-block denoiser is a mapping Xmxn . gmxn _, gmxn_ For g given loss function A,
a noiseless input array £™*™ and the observed output sequence z™*", the normalized cumulative

1088 L g s (277, 2%™) of the denoiser X" is

m n

1 A
Lmen(xmxn’zmxn) _ % ZZA<xi,j7men(zmxn)[i7j])-
i=1 j=1
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Let Dy,xn denote the class of all (m,n)-block denoisers. A k-th order sliding window denoiser
Xm*n ig a denoiser with the property that for all z™*" € A™*" if

(i1+k,j1+k) _ _(io+k,jo+k)
(t1—kji—k) = “(ia—k,jo—k)

then
men(zmxn)[il,jl] _ men(zmxn)[ig,jg].

Thus the denoiser defines a mapping,

J AP 4

so that for all z™m*" ¢ 4mxn

Xmxn(gmxny[; 4] = f( j*,’jj*’,jj) ij=k+1,...n—k
Let Sp«ir denote the class of sliding window denoisers. In the sequel we define the best loss
obtainable for a given pair of noiseless and noisy sequences with a k-th order sliding window
denoiser.
For an individual noiseless array x™*" € A™*™ and a noisy array z"*" € A™*" k > 0 and

m,n > 2k, Di(x™*™ z™*") the k-th order minimum loss of (x"™*™ 2™*™) is defined to be

mxn _mxn\ __ . . (n—k,n—k) _mxn
Dy (™™, 2™ ") = mef}lergm L g mxn (x(k;+1,k+1) ) 2 )
n—k n—k
i+k,j+k
= min Z ZA(:C”,f( Zk k))
f: ARK+D2 A MmN — 2k(m +n— 2](5 b ekt J—k)

mxn Zmxn) - Note that we have

slightly modified the definition of normalized cumulative loss to accomodate noiseless and noisy

the least loss incurred by any k-th order denoiser on the pair (x

arrays of differing dimensions. For a given channel IT and a noiseless array x™*" define
bk(xmxn) déf E[Dk(xmxn’ men)]
the expected k-th order minimum loss incurred when each random noisy array Z™*" produced when

2™*™ is input to the channel is denoised by the best k-th order denoiser for the pair (z™*", Z™*™").

As for the one-dimensional case, for any (m,n)-block denoiser XX we define the regret function
A S def (n—k,n—k) ~
R S g (2] - D,
Then we have the following lower bound on the regret.

Theorem 12.  For any neutralizable pair (IT, A), and any sequence { X" & D,,,,., } of denoisers,

(2k+1)2-1
< \/<P*>Tm> (1+0(1))

where P* is any loss-neutral distribution and ¢ is a positive function of (II,A) and P*. O

as n tends to infinity

The proof of the theorem is identical to that of Theorem 6 except for the fact that we use a
Central Limit Theorem for two-dimensionally indexed k-dependent random variables (e.g., [12])

that lets us derive a lemma analogous to Lemma 5.
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7 Stochastic Setting

So far, we dealt with the performance of universal denoisers in semi-stochastic settings, namely,
compared their performance to denoisers tuned to the noiseless sequence that is input to the channel.
In this section we try to derive similar lower bounds for universal denoisers in the stochastic setting.
Recall that D(P) denotes the minimum expected loss incurred by any n-block denoiser where the
expectation is over all X™ distributed according to P and all channel relaizations and that the
regret of an n-block denoiser X" for a class of distributions P is defined to be
Rp (X") = max E[Lg. (X", 2")] - D(P).
PeP

It was shown in [1] that for the collection of all stationary processes, the regret of the DUDE
asymptotically tends to zero. We consider the subclass Z,, of i.i.d. distributions over A" and derive
lower bounds on Rz, (X ”) for any X" € D, in Theorem 15. To do so we require a few preliminary

results.

Lemma 13. Let P* € M and let the sequences of distributions {P" € M} and {Q" € M}

be such that for all a € A, both |P"[a] — P*[a]| < ﬁ, and |Q"[a] — P*[a]| < ﬁ where ¢ > 0.

Also if the subset of A where P*[a] > 0 is identical to that of both P"[a] and Q"[a], then for all
81,82 € A™ such that S;|JS2 = A", as n tends to infinity

Y IIPad+ > [1Q"al = 0.

aneSy i=1 an €Sy i=1

Proof See Appendix I1 O
Next we require a result on the nature of loss-neutral distributions.

Lemma 14. For any neutralizable (II, A), there exists some distribution P*, and some ¢ € A,
and ¢ # j € A, such that P* is loss-neutral with respect to (¢,4,j) and the following is true for
some v € RM. For all a € A, P*[a] = 0 implies that v[a] = 0 and for all sufficiently small ¢ > 0,
P* + ev,P* — ev € M. For all sufficiently small ¢ > 0 and all k € A

P +ev) M Om) > (P +ev) (N Om) (32)
with equality iff P* ® (A; — A\p) @ 1 =0, and for all k € A

P —ev) M om) > (P —ev) (N om) (33)
with equality iff P* © (A\; — A\y) © 7 = 0. O

The optimal denoiser when the noiseless sequence X" is drawn according to an i.i.d. distribution
is a zeroth order sliding window denoiser. Here we derive the optimal denoiser when X" is drawn

according to a mixture of i.i.d. distributions. Let P1,Py € 7,, and P be the mixture distribution
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obtained by selecting one of Py, Py uniformly. Formally let I be drawn uniformly from {1, 2} and
X™ be drawn 4.7.d. according to Pr. Then

R 11
Pr(X"=a") =3 [Pl + 3 [Pl
i=1 i=1

We are interested in
X’I’L

opt

aef arg min E[Lg, (X", Z")],
XnreD,

the n-block denoiser that minimizes the expected loss, and D,,,, the minimum loss. Conditioned
on I', Xq,Xs,...,X,, are drawn i.i.d. and since the channel is memoryless, for all ™, 2" € A",
vye{l,2},andall 1 <t <n

Pr( Xy =oZ" =2"T =) = Pr(X; = x| Zy = 2, T = ). (34)

Recall that P, .» denotes the column vector whose a-th component is Pr(X; = a|Z" = 2"). Then
from (34)

1 n T
32y Py Omey [y 0 Py

PX n —
il 52, [I= P,
From (4)
S APy O ) [Ty P,
X7 (V] = 3P ) = APy, = in == T
o (Z)[t] = (P, o) AE MR e & Xl = ATE T > [Timy Pom,

Observe that N
1
n o__ . n\ __ T
Pr(Z" = >—§;Hle,
1=

and therefore the optimal expected loss incurred in denoising X; is

AN@P,on n.o Py,
E[U(th‘zn)] = F mlﬂ Z’Y :)3( Z HZt)I];[; Ligt T Z;
e i=1 TZ;

== g min )\ P,0o Tz) | | Pzﬂzi
zeA . .
zneAn =117t

n—1
:% Z Zmln Z AL @WZ)HPT,Wzi
i=1

2n—leAn—1 zc A 7—12

which does not depend on the index t. Therefore by (5)

-1
1 T 1 T
UL LS B S D SO SUCEIS) | LA
n-leAn—lzeA i=1
(35)
In the following theorem, we derive a lower bound on Rz, (X’ ") for any X" e D, using these

preliminary results.
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Theorem 15. For any neutralizable pair (I, A), and any sequence {X " € D, } of denoisers, as

R, () = 0(n}).
Proof Lett,i,je A P*c M,veRM and € > 0 be as in the statement of Lemma 14.
For any two 4.i.d. distributions P1, Py

n tends to infinity

Rz, (X”) > max Fp, [L.(X{, 2")] - D(P,)

> % > (Bp,[Lg.(XT,ZM)] —D(P,)). (36)
v=1,2

Observe that if a random variable I' is selected according to a uniform distribution over {1,2} and

X™ is generated i.i.d. according to Pr, then the expected loss incurred by X" s

Er[Ep[Len (X", 2™)]] :% > Ep, [Lga(X7,27)].

v=1,2
From (35) this can be lower bounded as follows
1 1 n—1
5 > Bp,[Lga(X],Z2")] > D,y = 3 > me dox®,om) [[PIr.,.  (37)
y=1,2 n—le An—1z€ A v=1,2 i=1

From Lemma 1

n—1
D(P Z mm MNP, o) Z mln MNP, o) Z H Pngi (38)
zEA, ZGA zn—lg An—1 =1
where the last equality holds as the extra term is merely the probability of all length-n —1 sequences
over A and therefore 1. Substituting (38) and (37) in (36) we get for all 7.i.d. distributions Py and
P

R (£7)25 X e (39)

n le_An 1
where
n—1 n—1
g(z”_l) Z mlﬁ Z )\ 4 OT,) H Pzﬂzi — Z {niﬂ )\QZT(P7 O T,) H Pzwzi
vea \ 2T =1 N=1.2 "€ i=1
e
T
> gél};‘l 1 2)\ 5 O T H PT o P Z gém)\ N © ) H P, (40)
=14 ’77 =

where we justify the inequality as follows. The minimum of a sum of functions is greater then the
sum of the minimum values, hence each of the terms in the summation over z is non-negative and
therefore dropping all the terms except the one correponding to z = ¢ gives a valid lower bound.
Let A* be a subset of A that contains i and j and has the property that if a1 # ay € A*, then
P*® (A, — Aay) @ # 0. Furthermore let A* be maximal, i.e., for all b € A/ A*, there exists some
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a € A* such that P* ® (A, — \y) © 1, = 0. Note that in that case the minimizations in (40) can be
restricted to A* instead of A. If we choose P; = P* + ev and Py = P* — ev, with € satisfying (32)
and (33), we obtain that

m;{l M@®yon) = (P,om), and mi{l MNPey,omn) = A?(Pg O ). (41)
zeA* zeA*

For a € A*, let

n—1
def _
So = { 2" ! argmin Z )\ N O ) H Pzwzr =«
seA T r=1

where the ties in the minimization are broken according to some fixed rule. The S,’s partition the
space A"~1. Using this fact and (40), (41), we can reduce (39) to

Re, (1) 2} 3 (oA ®iom) 3 TP

acA*, n—leS, r=1
ai
+3 2 G A Prom) Y HPW
aeA* n—le§, r=1
a#j

The choice of P; and Py ensures that each term in both the summations over o € A* are positive

and therefore letting S, denote the set A"~1/S,, we obtain

Rz, (X") Z% min { min {()\a - Pe e Wt)}, min {()\a - )\j)T(PQ ® wt)}}

a€A* a1 acA* a#j
> HPN@W > HPQWZT . (42)
n—1e§; = 1 an— 163 r=1

Let e = n~3 for some sufficiently large n. For all a € A* a # i, from (32)
Mo = M) TPLO™) = A=A P Om) +n 20— M) (vom) >0

Observe that (A, — ;)T (P* ® m;) is non-negative for all a. If it is positive, then, as n tends to
infinity, the quantity on the right hand side of the above equation is (1) and if it is 0, then

(Ao — )\z‘)T(Pl Om) = Q<n7%>
The same is true for (Ao — Aj)T (P2 ® 7). Therefore

min {min {()\a WP e m)}, min {()\a -3 Py o m)}} - Q(n—%). (43)

a#i

Let QF' = PTII and QT = PITI be the distributions induced by Py and P; respectively at the

output of the channel. Since € = n*%, foralla € A,

|Q1a] — Qz[a]| <

Sl
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for some constant c. Also note that S;|JS; = A", Then, letting n tend to infinity, and applying
Lemma 13 to the distributions P*IT, Q; and Qs we obtain

n—1 n—1
Z HP2T7TZT—I— Z HPF{WZT =Q(1).

on1e8, r=1 n—1eg, r=1
Substituting this and (43) in (42) gives us the result. O
Acknowledgements

The authors would like to thank Gadiel Seroussi, Sergio Verdu, Marcelo Weinberger, and Tsachy

Weissman for fruitful discussions and valuable comments.

References

1]

T. Weissman, E. Ordentlich, G. Seroussi, S. Verdu, and M. J. Weinberger. Universal discrete
denoising: Known channel. IEEE Transactions on Information Theory, 51(1):5-28, 2005.

J. F. Hannan and H. Robbins. Asymptotic solutions of the compound decision problem for
two completely specified distributions. Annals of Mathematical Statistics, 26:37-51, 1955.

J. F. Hannan and J.R. Van Ryzin. Rate of convergence in the compound decision problem for
two completely specified distributions. Annals of Mathematical Statistics, 36:1743-1752, 1965.

M. V. Johns Jr. Two-action compound decision problems. In Proc. 5th Berkeley Symposium
on Mathematical and Statistical Probability, pages 463—478, 1967.

J. Hannan. Approximation to baye’s risk in repeated play. In Contributions to the theory of

games, volume 3, pages 97-139. Princeton University Press, Princeton, 1957.
P. Billingsley. Probability and Measure. John Wiley and sons., 1986.

T. M. Cover. Behaviour of sequential predictors of binary sequences. In Trans. of the 4th
Prague Conference on Information Theory, Statistical Decision functions, Random Processes,
1965.

W. Hoeffding and H. Robbins. The central limit theorem for dependent random variables.
Duke Math. Journal, 15(3):773-780, 1948.

J. Rissanen. Universal coding, information, prediction and estimation. IEEFE Transactions on
Information Theory, 30(4):629-636, 1984.

M. J. Weinberger, N. Merhav, and M. Feder. Optimal sequential probability assignment for
individual sequences. IEEE Transactions on Information Theory, 40(2):384-396, 1994.

32



[11] E. Ordentlich, M. Weinberger, and T. Weissman. Multi-directional context sets with ap-
plications to universal denoising and compression. In Proceedings of IEEE Symposium on
Information Theory, pages 1270-1274, 2005.

[12] L. Heinrich. Stable limit theorems for sums of multiply indexed m-dependent ranom variables.
Math. Nachr., 127:193-210, 1986.

[13] V. V. Shergin. The central limit theorem for finitely dependent random variables. In Proc. 5th
Vilnius conference on Probability Theory and Mathematical Statistics, pages 424-431, 1990.

[14] W. J. Hoeffding. Probability inequalities for sums of bounded random variables. Journal of
the American Statistical Association, 58:713-721, 1963.

[15] T. M. Cover and J. A. Thomas. Elements of Information Theory. Wiley-Interscience Publi-
cation, 1991.

Appendix I: Stronger version of Lemma 5

To strengthen Lemma 5 in a way that it applies not just to fixed k, but also to a sequence {k,}
that increases with n, we require a version of the Berry-Esseen inequality for m-dependent random
variables.

Let X1, Xo,...,X, be a sequence of m-dependent random variables with zero means and finite

variances. If the sequence is stationary then

n 2 m
def .
VEE (Z XZ-> =nE[X7] +2) (n— j)E[X1X14,].
i=1 j=1
Suppose
S déf i iX
n \/V — K3
and ®(z) is the normal cdf, namely,
1 x u2
O(x) = (2#)2/ e 2 du.
—00

Then it follows from the more general result by Shergin [13] that, under the finiteness of the sth
absolute moment of X7, 2 < s < 3,

sgp |Pr(S, <z)—®(x)] < c(m+ 1)8_1nEHX1\S]V_§ (44)

where ¢ is a constant.

Using this inequality the following lemma may be obtained.
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Lemma 16. If X" is generated i.i.d. according to some P € M, then for any column vector
a € RM and any sequence of integers {k,} and contexts {cli”kn} € A%nt1 such that n > 2k, and
ol (P ®m) = 0, as n tends to infinity, if k, = o(Inn)

Ep {\/ﬁ ‘aTq<Z”,X”, clj"kn> H = @(1 +o(1))

where V, = (@ ® ) (P @ m) Ty, 0 PT e,
Proof As in the proof of Lemma 5, for a given o € RM and clj”kn € A%+l we define the sequence

Y* ¥ of random variables as

kn+1
VS a1(Xi =020 =), ket 1<i<n— k.
leA
Then i
1 '
Y; = ol (Z"X" o ) 45
n — 2k, z'—kZJrl AT o

If the sequence X™ is drawn i.i.d. according to P, Y,Z;li” is stationary and since each Y; is a function

of 2k,, + 1 consecutive X;’s, it is easy to verify that Y,;;:_kl" is a 2k,-dependent sequence. It may be

recalled from the proof of Lemma 5 that

kn,
n n T
BV2.) = > al0?Pr(Xpo1 = 6,28 =& Y =V = (@0 o) (Pom,) [ Pm,
teA i=—Fkn,i#0

and that for all 7 > 1
ElYp,41Yk,+144] = 0.

So the Lemma is trivially true if V,, = 0 and therefore we consider V,, > 0. Also note that

kn
EllYi, 1) = Yl Pr(Xpn = 6,285 = Y =l (Pom,) [ P'm,
teA i=—Fkn,i#0

where as(0) = |a(f)]* for all £ € A. Therefore from (44)

In — 2k,
Pr( n V aTq(Zn’ancljnkn> < IL'> — (I)((L')

where ¢ is a constant that depends on «, P and II. For all positive random variables X whose

sup < c(2k, + 1)3—1‘/7:3 (n—2k,)~ 7Y (46)

T

expectation is finite
oo
E[X] :/ Pr(X > z)dx.
0

Applying this to S, def (n— 2kn)anl\aTq<Z", X", clj"kn>\ and comparing the expectation with

the expected absolute value of a unit normal random variable, we obtain for any 7,, > 0

‘Ep[sn] - 2/000(1 — ®(x))dz

S/o |Pr(Sy, >x) —2(1 — ®(x))| dx

+ /OO Pr(S, > z)dx + /OO 2(1 — ®(x))dx (47)
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From (46)
/ PS> ) — 2(1 — B(x))| de < 2rne(2hn + 1) Vi 2 (n — 2k,) "G, (48)
0

Observe from (45) that

n—kn
Pr(S, >z) = Pr Z Yi| > z\/(n — 2k,)V,
i=kn+1
2kn n—=kn
= Pr Z Z Yil > x/(n — 2k,)V,
1=0  i=kn+1,
i mod 2k,+1=(
2k n—~k
- U xy/(n — 2k,)V,
< P Y
- Z " ‘ Z il = 2k, + 1
=0 i=kn+1,

7 mod 2k, +1=¢

Since for each 0 < ¢ < 2k, {Y; : i mod 2k, + 1 = ¢} is a collection of iid random variables with

zero mean, we can apply Hoeffding’s inequality [14] to obtain

)27 = 2ha)Va 2kt )2 ([5528 je 2V (et

—1
Pr(S, > z) < 2(2k, + 1 D < 2(2kn + 1)e (D 2kn+1)

Therefore
v (i)
0 SO 2 n—2kn 2k 1 n\ (n+1)(2kn+1)
/ Pr(S, > z)dz < 2(2kn+1)/ o~ 2Vor? (Gtiiern ) gy < (Pin £ 1)e " 49)
N—2zRkn

where we have used the fact that

Also

2 72
1 2 © [9¢e7% 2¢e 3
2(1-9 de = 2 Trdt < — dr <4/ — . 20
~/7'n ( (x)) . /Tn /2? vV 27'('6 ’ o ~/7'n \/; x T \/; TTQL ( )

Since V,, > 0 observe that

kn
Vo=(aoa) (Pom,) [[ P'm =gy
i=—kn,i£0
where § = (a® a)T(P © Te,) and
v = min Pl r,.
acA:PT7,>0
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Substituting the above inequality and (48), (49), and (50) into (47) and setting 7, to be k,y " Inn

and we obtain

<20672 (2kn + 1) M kpy Rt (n — 2k,) "GV nn

Ep[S,] — 2/000(1 — ®(x))dz

n—2kn *kn)Q

+ (2k, + 1) 2 nn)? (i) \/56—%
28 nk, lnn<wff)’(7§£:_i_l)) 7 (bn Ty )2

It is easy to verify that when n tends to infinity and &, = o(lnn), the terms on the right hand side

tend to zero. The proof is complete on observing that

o 2
2/0 (1—®(z))dz =1/ —. O

s

Appendix II: Proof of Lemma 13

Lemma. Let P* € M and let the sequences of distributions {P™ € M} and {Q"™ € M} be such
that for all a € A, both [P"[a] — P*[a]| < =, and |Q"[a] — P*[a]| < ﬁ where ¢ > 0. Also if the
subset of A where P*[a] > 0 is identical to that of both P"[a] and Q"[a], then for all S;,S; C A"

such that S; J S, = A", as n tends to infinity

S IIPwl+ S []Qad = 2.

a”eSy i=1 a”e€Ss 1=1

Proof Since the sum on the left hand side is minimum when Sy = A/S;, it suffices to consider
that case. Observe that

1-— Z HP”[ai]—l— Z HQ”[%] = Z HQ”[ai]— Z HPn[ai]

anreSy i=1 a"EA"/Sl =1 a”eSy i=1 a”eSy i=1
n n
< [ 3 ool 3 [P
n
1= anesy i=1 anesy i=1

are A" [i=1 i=1
n
S% > (I]P"lail - HP*[az]
anreA™ |i=1 i=1
1 n n
F 23 P el - T Qa
ane A" |i=1 i=1

< (1) (VDB + B
1
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where D(-) is the Kullback-Leibler distance and we have used Pinsker’s inequality (see e.g., Lemma
12.6.1 in [15]).

Let P*[a] > 0 for k values of a and let K denote the set of k-dimensional probability distributions.
Then we define the function f: K — R to be

P*
[P =DE@P) = S Plallog P[Ejﬂ.
acA:P*[a]>0
Applying Taylor’s formula about P*, we get
f(P)=f(P) + [P (P —P") + %(P - P f"(P)(P — PY) (52)

where P = AP* 4 (1 — \)P for some A € (0,1), and where f/(P) is the column vector whose ith

term is

0
F®) =
and f”(P) is the square matrix whose (i, j)th entry is
iy g O f(P)
PPl = ot

where the indices ¢ and j run over the set {a € A:P*[a] > 0}. Let P = P" in (52). Note that
f(P*) =0 and that f'(P*)(P™ — P*) = 0. It can be verified that
(P"[a] — P*[a])?

(P[a])?

(" — P ()P P = 3

a€ell

Since P is in the interior of K, for all a € K, P[a] can be lower bounded by a constant independent

of n. Combining this with the fact that |P*[a] — P"[a]| < ﬁ for all a € K,
(Pn . P*)Tf//(f))(Pn _ P*) — (’)(nil).

Therefore (52) can be reduced to f(P") = O(n™!). Similarly f(Q") = O(n~'). Combining these
with (51), we obtain the Lemma. O

Appendix III: Proof of Lemma 14

Lemma. For any neutralizable (IT, A), there exists some distribution P*, and some ¢t € A, and
i # j € A, such that P* is loss-neutral with respect to (t,4,j) and the following is true for some
v € RM. For all a € A, P*[a] = 0 implies that v[a] = 0 and for all sufficiently small ¢ > 0,
P* + ev,P* — ev € M. For all sufficiently small ¢ > 0 and all k € A

P +ev) TNy om) > P +ev) (N Om)
with equality iff P* ® (A\; — Ap) @1 =0, and for all k € A

(P —ev) (M om) > (P —ev) (N ©m)
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with equality iff P* ® (\; — A\y) @ 7 = 0.
Proof Let i # j besuch that P* is loss-neutral with respect to (¢,4,7). Let Z, = {a € A: P* > 0}
denote the set of all symbols which are not assigned 0 probability by P* and let

K= {V eRM :Va ¢ I, v[a= O,Zv[a] = 1}.
For all o # 3 € A let
Hapg={veK : v ((Aa—Ag) @m) =0}.

For all ¢/, j’ such that P* is loss-neutral with respect to (¢,4',5’), the dimension of the affine space

H;r o is at least one less than the dimension of the space K. Hence, if
def .o 2 . . % . . ..
Lp«; = {(’L,j) € A% :i#j, P is loss-neutral with respect to (t,z,])},
there exists v, such that P* +v € M N K and

P +evéd U H;

(4,5)ELP* 4

for all sufficiently small non-zero € € R. For any (4,j) ¢ Lp~; such that P* © (A\; — A\j) © m # 0,
(P ((\i = Aj) ©m) #0,

and hence for all sufficiently small €, P* + ev ¢ H; ;. Therefore for all 7,7, such that P* ® (\; —
Nj) ©m # 0, (P*+ev)T((\; — \j) ®m) is either strictly positive or negative and therefore there
exists an ig(e) that satisfies for all k € A

P +ev) Ny om) > P +ev)’ (Nig(e) © ) (53)

with equality iff P* © (Ajj) — A) © 1 = 0. Clearly, for all sufficiently small € > 0, dg(e) is a

constant, say ig. In particular

ggg(P*)T(/\k Om) = (P (A ©m). (54)

Since P* is loss-neutral, it is not hard to see that there exists a j that achieves the above minimum
and P* © (A, — Aj) © 1y # 0. Note that for all € >0

P* —ev)T(Nj = Nig) @) = —evI (Aj — Nig) © ) < 0.

Therefore, for all sufficiently small € > 0, the io(—e) that satisfies (53) when P* + ev is replaced
by P* — ev, is a constant jy satisfying P* ©® (Xj; — Ajy) © m¢ # 0. In particular, like ig, jo also
satisfies (54). Therefore P* is loss-neutral with respect to (¢, g, jo). O
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