Q)

invent

Blue-Noise Halftoning for Hexagonal Grids

Daniel L. Laut, Robert Ulichney
Imaging Systems Laboratory
HP Laboratories Cambridge

HPL-2004-232

December 22, 2004*

E-mail: dllau@engr.uky.edu, u@hp.com

halftoning,
printing, blue-
noise, green-noise

In this paper, we closely scrutinize the spatial and spectral properties of
aperiodic halftoning schemes on hexagonal sampling grids. Traditionally,
hexagona sampling grids have been shunned due to their inability to
preserve the high frequency components of blue-noise dither patterns at
gray-levels near one-half, but as will be shown, only through the
introduction of diagona correlations between dots can even rectangular
sampling grids preserve these frequencies. And by allowing the sampling
ogrid to constrain the placement of dots, a particular algorithm may
introduce visual artifacts just as disturbing as excess energy below the
principal frequency. If, instead, the algorithm maintains radial symmetry
by introducing a minimum degree of clustering, then that algorithm can
maintain its grid defiance illusion fundamental to the spirit of the blue-
noise model. As such, this paper shows that hexagona grids are
preferrable because they can support gray-levels near one-haf with less
required clustering of minority pixels and a higher principal frequency.
Furthermore, hexagona grids allow for improved radial symmetry in the
size and shape of clusters. Finaly, the world's first blue-noise dither array
for hexagonal grids will be demonstrated.

* Internal Accession Date Only
'Department of Electrical and Computer Engineering, University of Kentucky, Lexington, KY 40506-0046, USA

Approved for External Publication

a Copyright Hewlett-Packard Company 2004



Blue-Noise Halftoning for Hexagonal Grids

Daniel L. Lau
Department of Electrical and Computer Engineering
University of Kentucky
Lexington KY 40506-0046 USA
email: dllau@engr.uky.edu

Robert Ulichney
HP Labs
Hewlett Packard Co.
One Cambridge Center
Cambridge, MA 02142-1612 USA
email: u@hp.com

Abstract— In this paper, we closely scrutinize the spatial and ing process to produce isolated minority pixels consis-
spectral properties of aperiodic halftoning schemes on hexagonal tently. Until recently, these printers have been limited to
sampling grids. Traditionally, hexagonal sampling grids have been . . .
shunned due to their inability to preserve the high frequency com- ordered, CIUStere_d'dm halftonmg algorlthms, \_Nh'Ch pro-
ponents of blue-noise dither patters at gray-levels near one-half, duce a regular grid of round dots that vary in size accord-
but as will be shown, only through the introduction of diagonal cor-  ing to tone. Within the literature, this halftoning is gener-
relations between dots can even rectangular sampling grids preserve 4\, considered an undesirable halftoning technique due
these frequencies. And by allowing the sampling grid to constrain . N . . . . .
the placement of dots, a particular algorithm may introduce visual {0 itS limitations in preserving spatial details and mini-

artifacts just as disturbing as excess energy below the principal fre- mizing halftone visibility (the appearance of artificial tex-

quency. If, instead, the algorithm maintains radial symmetry by tures) [3].

introducing a minimum degree of clustering, then that algorithm

can maintain its grid defiance illusion fundamental to the spirit of A new halftoning approach, green-noise halftoning

the blue-noise model. As such, this paper shows that hexagonal fatp

grids are preferrable because they can support gray-levels near one- prpdupes ,random patterns O,f homogeneously distributed

half with less required clustering of minority pixels and a higher m”_'lor'ty pixel clusters. Studied by Laet al [4], green-

principal frequency. Furthermore, hexagonal grids allow for im-  noise halftone patterns are composed almost exclusively

proved radial symmetry in the size and shape of clusters. Finally, of mid—frequency spectral components. The advantages

the world's first blue-noise dither array for hexagonal grids will be . . Il d d with

demonstrated. to using green-noise are well documented with respect

Keywords-halftoning, printing, blue-noise, green-noise to printer reliability [5] where clustering reduces the

perimeter-to-area ratio of printed dots. In this paper, it
is theorized that green-noise could unlock a host of ad-

|. INTRODUCTION vantages commonly associated with hexagonal sampling

Aperiodic, dispersed-dot halftoning is a technique fgyrids where hexagonal (a.k.a. quincuncigl) grids differ
producing the illusion of continuous tone in binary dis{foM rectangular in that every other row is offset one-
play devices through a random arrangement of isolatBg!f Pixel period. In particular, hexagonal sampling grids
dots. These dots are all of the same size, usually a sin§l&€ Well recognized for allowing a more natural radially
pixel, with their spacing defined according to tone suctymmetric sampling of 2-D space — preserving a circular
that dark shades of gray are produced by closely Spamd—llmlted signal with onl\,86%. of the total number of
dots and light shades by dots placed far apart. RelativeX3MPI€s used by rectangular grids.

the human visual system, the optimal halftone patterns areadditional advantages to hexagonal sampling grids
composed exclusively of high frequency spectral compever rectangular are their robustness to changes in aspect
nents [1] and are commonly referred to as “blue-noiseratio as illustrated in Fig. 1, which shows an asymmet-
the high frequency component of white-noise. The occuiic 4 x 4 grid with a 3.5 aspect ratio arranged rectangu-
rence of low (red) frequency spectral components givegly and hexagonally. The aspect ratio is the horizontal
binary dither patterns a noisy appearance [2]. period divided by the vertical period, and here, the pixel
Although the preferred technique in inkjet printersshapes shown are defined by the perpendicular bi-sectors
blue-noise is not considered a viable technique in ladeetween neighboring pixels. From Fig. 1, Ulichney de-
printers due to the failure of the electrophotographic prinfines the covering efficiency [2] as the ratio of pixel area
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Fig. 1. Pixel shapes for a (left) x 4 rectangular and a (right) x 4 5 05
hexagonal grid, both with a 3.5 aspect ratio. g
w 04

divided by the circumscribing circle area, which can be 021
quantified and plotted for both types of grids as shown 0.1
in Fig. 2 where the pixel shapes are indicated for selec- 00 ey S
tive aspect ratios. The best case for rectangular grids oc-  °' 0 100

curs for square grids, but what is particularly interesting, Aspect Ratlo

in this figure, is the wide range of aspect ratios wheigg. 2. The covering efficiency of printed dots for rectangular and
hexagonal grids outperform this best case: over an orderhexagonal sampling grids versus the aspect ratio.

of magnitude. This is important because it allows for res-

olution to be increased asymmetrically yet still enjoy Sutéring it will be argued that the new blue-noise model

perior rad_lal symmetry of plxe_l coverage. It.ls very oftean kes an optimal trade-off to acquire a sufficient degree
easier to increase resolution in only one dimension, an o .
of flexibility in where the algorithm chooses to place dots.

using hexagonal grids would allow us to take advantaﬁ]ﬁ order to demonstrate these concepts, this paper will

Ofg]if/lgnthe super-hiah dot addressability of modern di rely on error-diffusion halftoning as well as an iterative
. P Y . y : g{echnique commonly associated with blue-noise dither ar-
tal printers, the implementation of hexagonal grid halfton-

o : L . [ays. In concluding this paper, we will demonstrate the
ing is certainly reasonable for aperiodic screening tech-""", .. . ;
world's first blue-noise dither array for hexagonal sam-

niques, aqd given the general advantages to using hexg I?r'ng grids to illustrate the achievable image fidelity for
nal sampling grids, one may wonder why hexagonal grids :
. . alftones on these grids.
have not received more attention by the research com-
munity with respect to stochastic halftoning. As such,
we hypothesize that much of the detraction of hexago-
nal grids derives from the analysis of blue-noise dithering As Ulichney [2] has shown, the optimal aperiodic,
performed by Ulichney who showed that only on a rectalispersed-dot halftoning schemes are the ones that dis-
gular sampling grid is it possible to isolate minority pixeldribute the minority pixels of a binary dither pattern as
at all gray-levels. In contrast, minority pixels must begimomogeneously as possible, trying to spread the minor-
to cluster as the gray-level approaches 1/2 on a hexagoitalbpixels as far apart as they can in an isotropic manner.
grid, which lead Ulichney to write that hexagonal samFhe resulting patterns are then composed of isolated dots
pling grids do not support blue-noise. Specifically beingeparated by an average distancep$uch that:
forced to cluster pixels, blue-noise isolates dots at some
locations only to cluster at others, creating a wider range ) = { /9 , for0<g<1/2

Il. RECTANGULAR SAMPLING GRIDS

of frequencies in the spectral content of the dither pat- 1/J/T—=g , forl/2<g<1 (1)
tern. This widening of the spectral content is referred to
as “whitening,” and as a pattern becomes more and movlere units are in terms of the pixel period of the display
white, it appears more and more noisy. andg is the average gray-level of the dither pattern. Be-
In this paper, we study the application of blue anithg a stochastic arrangement of dots, the actual distances
green-noise to images sampled along hexagonal griiefween nearest neighbors are not exactly equa) tmut
showing that at a critical coarseness, hexagonal samplingve some variation with variation being too large causing
grids are the preferred sampling technique for stochastite pattern to look noisy while being too small resulting
dithering. In particular, this paper introduces a new modisl patterns appearing periodic.
for blue-noise that emphasizes radial symmetry even inTo reduce the two dimensions of a halftone pattern
cases where radial symmetry requires the clustering mdwer spectrum to one dimension, the metric of radially
minority pixels. As will be shown, the traditional blue-averaged power spectrum (RAPB)(f,) is used where
noise model, by isolating minority pixels, is constrainethe energy within thin concentric annuli is averaged for
by the sampling geometry near gray-leyel= % where this purpose [2]. The original theory of blue noise argued
rectangular grids force patterns into a periodic checkahat the energy of a well formed dither pattern would be of
board pattern that may, in some cases, create visually dise form of Fig. 3 (left) where spectral energy is concen-
turbing artifacts. By allowing a minimum degree of clustrated at the principal frequency,, defined as a function
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(a) Ofb
0
0 RADIAL FREQUENCY 12 Fig. 5. The spectral rings of blue-noise dither patterns with added
diagonal correlation between minority pixels for gray-levels (left)
. g = 10%, (left-center)g = 26%, (right-center),g = 42%, and
©” (right) g = 50%.
1%}
Sl LN e 0 |
(a) lar sampled image is shown. Here, the spectral plane is
o5 12 in units of inverse pixel period and is divided into spec-

RADIAL FREQUENCY tral annuli of radial widthA. Taking the average power
within each annulus and then plotting the average power
S&rsus the center radiyfs creates Ulichney's RAPS mea-
sure. Note that the maximum spectral radius within each
square tile is%. Shown in Fig. 5 is a diagram of the

Fig. 3. The RAPS measure for (top) an ideal blue-noise dither patt
and (bottom) an ideal green-noise dither pattern.

of gray level,g, as: spectral domain for four blue-noise dither patterns with
the black segments marking the principle wavelength.

fy = { V9 , for0<g<1/2 ) ) As originally proposed, Ulichney envisioned the prin-

IT—g , for1/2<g<1 cipal frequency as a circular wavefront eminating from

It is due to this shape that these patterns are referred tot%es spectral DC origin and progressing outward ap-

L . — 1
“blue-noise,” where “blue” refers to the high frequenc proached,. At gray-levelg when the wavefront

. . . 4 -
or blue component to white light and “noise” refers to th¥|rst makes contact with sides of the baseband entering
randomness of the pattern. Looking at eqn. (2), one m

the partial annuli region of Fig. 4, the wave becomes seg-
note our use of the subscriptas opposed to Ulichney's fented into the four corners while still progressing to
use of the subscript as an indication of the frequency’sfb = 1/v2, the maximum radial frequency within the
dependence on the gray-level of the dither pattern. T

gseband of a rectangular sampling grid. In the spatial
subscripth was later introduced by Laet al [4] to differ- main, this pack|_ng of_ene_rgy |n_to the_corners of the
entiatef, from the equivalent parameter for reen-noisgaSEband’ as depicted in Fig. 5, is achieved by adding
which tJ;l;e indicateg ag Wg will use the %ter nota- correlation between minority pixels along the diagonal,
. yr 9 ; . creating a pattern where neighboring minority pixels are
tion but caution readers to note thitis unique to each . ; . .

; : more likely to occur along the diagonal instead of side-
gray-level as just prescribed.

The parametef. is referred to as the princiole WaVe_by-side or above-and-below one another. If a particular
P J.fb . P P .halftoning scheme is especially successful at adding this
length of blue-noise and is the source of controversy wi

. : > " diagonal correlation, then it is possible to create dither
respect to hexagonal sampling. The issue at hand is ali S g b

. : : - tterns at all gray-levels such that no two minority pix-
ing and the unwanted visual artifacts that aliasing creat $e gray yp

An explanation begins with Fig. 4 (lef) where a smal? $ occur adjacent to one another. Such a scheme would

T roduce the familiay = % checkerboard pattern.
area near DC of the infinite spectral plane of a reCtangB'Floyd’s and Steinberg’s [6] error-diffusion is a classic

example of a blue-noise generating halftoning algorithm
that adds such correlation. In error-diffusion, the output
pixel y[n] is determined by adjusting and thresholding the
input pixelz[n] such that

yin] = {1 , it (z[n] +z[n]) >0 3)

PARTIAL ANNULI REGIONS

T LARGEST COMPLETE ANNULUS

0 , else

wherez.[n] is the diffused quantization error accumu-
lated during previous iterations as

M
Ze[n] = Z bi - Ye[n — 4 (4)
Fig. 4. The spectral planes of (left) a rectangular sampled image shown i=1
divided into annular rings of radial widthh and center radiug),, . . .
and (right) a hexagonally sampled image shown divided into annulfith y.[n] = y[n] — (z[n] + z.[n]). The diffusion coef-

rings with center radiug,. ficients b;, which regulate the proportions to which the
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Fig. 6. The blue-noise dither patterns created by error-diffusion using ] ] ]
the Floyd-Steinberg error filter for gray-levels (lefty= 10%, (left-  Fig. 9. T_he spatial blue-n0|_se dither patterns, before and after down-
center)g = 26%, (fight-center)g = 42%, and (right)g = 50%. sampling by 2, representing gray-levels (lgft= 6%, (center)g =

26%, and (right)g = 50%.
LN
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Fig. 7. The power spectra for dither patterns of Fig. 6 for gray-levels . . )
(left) g = 10%, (left-center)g = 26%, (right-center)g = 42%, Fig. 10. The power spectra corresponding to the blue_—n0|se dither
and (right)g = 50%. The superimposed black circles mark the ~ Patterns of Fig. 9 before (top-left) and after (bottom-right) down-

location of the principle frequency (lines have been ommitted for ~Sampling with the principle frequency marked in black. The im-
g = 50%). ages corresponding to after down-sampling were enhanced to better

illustrate the distribution of energy.

gé{

L

26% $ 42% 50%

quantization error at pixeh transfers or diffuses into
neighboring pixels, are such thit:fvil b; = 1. Floyd
and Steinberg specifically chose their 4-filter weights b
cause of their behavior near gray-level= % Shown
in Figs. 6 and 7 are the spatial dither patterns and th
corresponding power spectrag@progresses frori to %
Now while Ulichney originally believed packing en-
ergy into the corners of the power spectrum to be the id

behavior for blue-noise, we ultimately see that adding di-

agqnal correlation,l especially to the degree of .Floyd argq the baseband. Spectral energy from neighboring rings
Stgln.berg’s error—dlffu3|on, y|olates the two bas]c chargwi" then extend into the baseband and, hence, introduce
te”St.'CS. qf que-nmsg._ radial symmetry_ combined WltE\Iias artifacts into the dither pattern. To see the effects of
aperiodicity. Maintaining an average distance betwegp\g aliasing, we can down-sample blue-noise dither pat-

S N e .
minority pixels O.f Ab, nearg = 3. f'orc.es the minor- 4o s by a factor of two to double the radius of the spectral
ity pixels to lock into a fixed and periodic pattern Whosﬁng

pnly_savmg grace, in terms of wsqal pleaga_mtness, IS .thaLI'he intensity or gray-level of the spatial dither patterns
!ts high spatial frequency makes it less v.|5|ble than SMould not be affected by the down-sampling operation,
!Iar patterns at _Ies;e_r gray-levels. As will be d|scusseaq1d what we see in Figs. 9-10 is that at gray-levels be-
n Sgc. I.”’ malntalnlng a.cut-off frequency qu.' b.y. nd6.25% ink coverage, where the corresponding prin-
aFJdlng directional correla_t|0n, also creates.a S|gn|f|ca}\é- al frequencies overlap neighboring rings (after down-
dilemma for hexagonal grids where the maximum Spatlgllmpling), the resulting dither patterns will exhibit light

-1
frequen.cy occursa;tf 3 o (g = 10%) to moderate { = 26%) and then severe
Looking back at Ulichney’s original definition of blue-,_ _ 50%, not shown) clustering of minority pixels, caus-

noise dither patterns as being radially symmetric whi g the pattern to take on an unpleasant appearance. For

also having some variation in the distance between min(?}-< 6.25%, aliasing will occur due to the high frequency

ity pixels, we begin to wonder if there are alternative bes'pectral contentfl, > f,) characteristic of blue-noise, re-
sulting in a noisy appearance of its own, but this particu-
lar aliasing leads only to the high variation in the distance
between minority pixels that is not so high as to cause mi-
O ( ) i Z nority pixels to touch. Clustering of minority pixels only
seems to occur when the spectral rings intersect.
So under the premise that aliasing of the principal fre-
Fig. 8. The spectral rings of blue-noise dither patterns for gray-leve_qjsuency leads to unwanted CIUStermg of minority plxels

(left) g < 25%, (left-center)g = 25%, (right-center)g = 40%, in the spatial domain, we can now look at specific error-
and (right)g = 50%. diffusion techniques known to exhibit clustering at gray-

haviors for blue-noise, in this gray-level range< g < 3
where the baseband constrains the placement of dots, such
fhat dither patterns can maintain their grid-defiance illu-
sion and not adopt a periodic or textured appearance. As
& Mirst attempt at such a blue-noise model, we can try to
enforce both the principal frequengy, defined accord-

ing to egn. (2), as well as radial symmetry — creating the
ectral behavior depicted in Fig. 8 where,gasxceeds

the principal frequency ring extends beyond the sides
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Fig. 11. The spatial dither patterns created by error-diffusion using t
Jarviset al error filter for10%, 42%, and50% ink coverage.

LN
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Fig. 12. The power spectra for dither patterns of Fig. 11 for gray-levels;:
(left) g = 10%, (left-center)g = 26%, (right-center)g = 42%, B
and (right)g = 50%. The superimposed black circles mark therig. 13. The binary dither patterns for Ulichney’s perturbed filter weight
location of the principle frequency. scheme on a rectangular sampling gridyagansitions from6% to
50% coverage.

levels betweery = 1 and 2 to see if the clustering that PER S RN

these algorithms introduce are, in fact, the product of = | = |

aliasing. We saw a little bit of this behavior in Fig. 7 |_F O (
o~

at gray-levely = 42% using Floyd and Steinberg’s error
filter where there is a clear correlation between the dist™
tribution of energy in the power spectrum and the spec
tral ring atf;,. Looking at the spatial dither patterns and
power spectra produced by error-diffusion using Jarvis
Judice, and Ninke’s [7] 12-weight filter in Figs. 11 and
12, we clearly see this clustering/aliasing behavior as ev
idenced by the strong spectral components o %

shown in perfect alignment with the spetral rings at radia
frequencyf, from neighboring replications of the base-

band frequency.

22%

42% 46% 50%

- . Fig. 14. The power spectra for Ulichney’s perturbed filter weight
A. Perturbed Filter Welghts scheme on a rectangular sampling gridgasansitions from6%

If we now look at the clustering found in Ulichney’s 0 50% coverage.
perturbed filter weight scheme [2] in Figs. 13 and 14,
where the spatial dither patterns and corresponding sP§
tra for g transitioning from6% to 50% coverage is shown,
we see some differences with both Floyd and Steinber
error filter and with Jarviet als. From visual inspec-
tion, one can see that, by perturbing filter weights, the r
sultlng dither patterns better maintain .rad.|al symmgtry_ bé( Void-And-Cluster
moving some of the spectral energy inside the principal
frequency ring through a small, controlled degree of clus- Given the disturbing artifacts created by discontuities
tering. That is, by allowing a small degree of clusterindgn texture, we can look at alternatives to error-diffusion
Ulichney’s perturbed filter scheme is able to reduce thvehere we note that while, in theory, error-diffusion should
principal frequency of the pattern, breaking up some diffuse error in a homogeneous fashion and hence mini-
the periodic textures that would otherwise form due to thaize low-frequency graininess at all gray-levels, Figs. 7-
added diagonal correlation. But given that the observd@ show that not all filters are created equal. Further-
clustering is only slight, we would describe the the pemore, we note that it was a trail and error technique used
turbed filter weight scheme as generally behaving in thy Ulichney to discover a perturbed error filter scheme
manner first prescribed by Ulichney in that it adds diagdhat maintained radial symmetry without aliasing artifacts
nal correlation and packs spectral energy into the cornermsarg = % So for a scheme that generates halftones in
of the baseband aﬁapproache%. If there is a disturb- a more intuitive fashion, we can use Ulichney’s iterative
ing artifact to be found in the patterns of Fig. 13, it is th&bid-and-Cluster initial pattern technique (VACip) where,

Kcontuities in texture created by clusters within an oth-
erwise periodic texture — leading us to wonder if it is the

%ﬁjstering or the periodic textures that are most to blame
fé)_r the noisy appearance.
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ters, we expect VACip to maintain radial symmetry while
minimizing low-frequency graininess for any gray-level.
In this regard using a Gaussian low-pass filter with vari-
ances? = (.32, Figs. 15 and 16 show the spatial dither
patterns and corresponding spectragdsansitions from
6% to 50% coverage where, from visual inspection, it is
confirmed that VACip behaves very similar to the per-
turbed filter weight scheme of Figs. 13 and 14 in that
it allows some spectral energy to exist inside the princi-
pal frequency ring for gray-levels beyond= . What
VACip does, beyond perturbed filter weights, is achieve
much better radial symmetry given the lack of a deter-
ministic raster path.

Now even though the amount of clustering is only
Fig. 15. The binary dither patterns for Void-and-Cluster initial pattern§light, the resulting patterns from VACip and from Ulich-

on a rectangular sampling grid gstransitions from6% to 50%  ney’s perturbed filter scheme offer some evidence that,

coverage. perhaps, clustering of minority pixels will have desirable
properties for halftoning if not done to too much of an
extreme. In particular, these algorithms move spectral
energy inside the radial frequengy creating what Lau
et al [4, 8] referred to as green-noise where the optimal
halftoning schemes distribute minority pixelustersas
homogeneously as possible. Doing so creates a pattern
where clusters of average siZé pixels are separated
(centroid-to-centroid) by an average distancapivhere:

) :{ 1/\/(g/M),  for0<g<1/2 5)
g 1/3/((1—g)/M), for1/2<g<1 ~

The name “green-noise” derives from the predominantly
mid-frequency content of the corresponding RAPS metric
as illustrated in Fig. 3 (right) where increased clustering
Fig. 16. The power s_pectr:_i for Void—_a_nd—CIuster initial patterns on jaads to a transition from the Iimiting case of blue-noise
;egcé.angular sampling grid astransitions from6% to 50% cover- (M _ 1) to t_he mid-frequenc_y onIy band of coarse pat.-
terns (black line). Here the primary spectral component is

in this iterative algorithm, a white-noise dither pattern Qfentered around the green_noise princip|e freque‘f}py,
appropriate gray-level is filtered using a low-pass FIR filyhere:

ter to obtain a measure of minority pixel density. The
minority pixel with the highest corresponding density is V(g/M), for0 <g<1/2
replaced with a majority pixel, and the dither pattern is fo= { Y. )
. V(1 =g)/M), for1/2<g<1

then filtered again by the same low-pass filter to obtain
an updated measure of minority pixel density. The mainlike blue-noise where the randomness in the pattern
jority pixel with the lowest corresponding density is theis derived from variations in the separation between mi-
replaced with a minority pixel, returning the dither patnority pixels, green-noise also exhibits variation in the
tern to the proper ratio of minority to majority pixels assize/shape of clusters. Too much variation in either pa-
defined by the gray-level. The process is then repeatedameter leads to spectral whitening with excessively large
until, during a particular iteration, the majority pixel withclusters leading to low-frequency artifacts and exces-
the lowest density is the same pixel as the previous mingively small clusters leading to high.
ity pixel with the highest density. If this is the case, the Now while perturbed filter weights and VACip only
algorithm has converged, and the process is complete.introduced a small degree of clustering, the green-noise

Because VACIp iteratively swaps pixels according tamodel tells us that it is possible to eliminate diagonal cor-
an analysis of the entire local neighborhood around a sutelation without introducing unwanted aliasing artifacts
ject pixel, and not just from half of the local neigborhoodnd, hence, maintain radial symmetry at all gray-levels.
as in error-diffusion, VACip can more readily guarante8pecifically, aliasing can be eliminated if the amount of
spatial homogeniety. And using appropriate low-pass fitlustering, at gray—level§ < g < 3, is sufficiently high

2 .
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propose a new model for blue-noise that places an in-
creased emphasis on the need for maintaining radial sym-
metry and avoiding periodic textures by modifying the
notion of the blue-noise principal frequency from being
a wavefront progressing into the corners of the baseband
to, instead, a wave progressing outward until gray-level
g = i. Beyondg = i, the wavefront stops its progres-
sion as a complete, unbroken ring. This new model char-
acterizes the ideal blue-noise dither patterns as having a
principal frequency defined as:

Vg, foro<g<i
fo = 1/2, fori<g<? (7)
VI=g, ford<g<i

Fig. 17. The binary dither patterns for Void-and-Cluster initial patterns

with 0_2 optimized to maintain radial symmetry on a rectangulagsjyen the above property, we note that the patterns of

sampling grid ag transitions fromG% to 50% coverage. Fig. 17 succeed at modeling ideal blue-noise, and while
one may note that these patterns are not visually optimal,
we respond by saying that the blue-noise model was never
meant to define theisually optimaldistribution of dots.
Instead, blue-noise was meant only to characterize the sta-
tistical properties of error-diffusion patterns that, in 1988,
made these patterns visually more appealing than those
produced by periodic techniques. To characterize true vi-
sual supremacy, one needs to take into account properties
of the human visual system such as its reduced sensitiv-
ity to diagonal correlation. Results of such studies have
since lead us to model-based halftoning techniques such
as direct binary search [9].

Ill. HEXAGONAL SAMPLING GRIDS

As depicted in Fig. 1, a regular hexagonal sampling lat-

Fig. 18. The power spectra for Void-and-Cluster initial patterns with tice is characterized by samples placed a horizontal dis-
optimized to maintain radial symmetry on a rectangular sampli

"t tequal t le pefipdand a vertical
grid asg transitions from6% to 50% coverage. The black lines nce apart equal 1o some sample pe nd a vertica
indicate the principal frequencies progress according to eqn. (2) giistance apart O§Dz- By shifting every second row of

{0 227% and then remain constant upao%. the lattice by half a pixel«%), a sample pointis separated

as to reduce the principal frequency to that for gray-lev8om its six neighboring samples by an equal distabge
g = 1, where the principal frequency ring is the largedf order to sample an image using hexagonal grids with
complete ring that can fit inside the baseband. So in & same number of samples per unit area as a rectangular
attempt to see the effects of adding this clustering, we c@Fid, the spacing), should be equal t¢-%)= D, where
repeat the experiment of Figs. 15 and 16 using VACip bu?, is the sample period for the rectangular grid. For dis-
where the variance of the low-pass Gaussian filter is dgtay purposes, an ideal printing device would print each
fined aso? = 0.6. In this manner, we expect to see @ixel as a regular hexagon, but because this paper will be
cut-off frequency that increases with as prescribed by printed on a traditional rectangular grid device, we will
eqn. (2) for0 < g < i, but that levels off to a constantup-sample our hexagonal grid halftones by a factor of two
for 1 < g < 2. Shown in Figs. 17 and 18 are the corusing nearest-neighbor interpolation and print these dither
responding spatial and spectral dither patterns that cleaplgtterns on a rectangular grid, shifting each other pair of
show this behaviour with power spectra almost identicebws by a single pixel. The images will then be further
for § < g < }. Visual inspection will show that while scaled along the vertical axis by a factor§t to create a
patterns are coarser than before, the lack of periodic tegmmetric sampling grid.
ture components neay = 1 eliminates the disturbing ~ Now as described by Ulichney [2], a well formed blue-
artifacts created by discontinuities in texture found in prewoise dither pattern will be such that minority pixels will
vious figures. be separated by an average distangeas defined in

In light of the results demonstrated in Figs. 13-18, weqgn. (1). For reasons relating to the derivation of the
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Fig. 19. The principal frequency;, versus gray-levelg, for (top) rectangular and (bottom) hexagonal for both the (gray) old and (black) new
models.

Fourier transform of a regular hexagonal sampling latticeymmetry at all gray-levels. This new definition is illus-
the principal frequency,, of a blue-noise pattern will be trated by the black line relationship betwegnandg in

defined according to: Fig. 19, which levels off at the maximum complete annuli
that fits inside the baseband.
- %\/g, for0 <g<1/2 3 A particularly elegant property of our new blue-noise
fo = %\/1 —g, for1/2<g<1 ) model is that if we setlf, equal to% and solve forg,

we see that the spectral ring first contacts the limits of the
Noting from Fig. 4 (right) that the maximum radial fre-hexagonal baseband at gray-leyel= 1, exactly where
guency that fits within the bounds of the baseband occu¥gccured for rectangular sampling grids!!! The impli-
at f, = 2 when the gray-level reachgs= 1, it is not cations of this fact are enormous. First, it implies that
possible to have a dither pattern adhering to the blue-noi@er new blue-noise model of eqn. (7) applies to hexago-
RAPS of Fig. 3 (left) on a hexagonal sampling gird in theal grids without modification except for the previously
range of; < g < 2. This is, perhaps, better iIIustratednentioned@ factor such that:
in Fig. 19 where the principal frequency is shown plot-

ted versus gray-level for both rectangular and hexagonal %\/g, for0<g< i
sampling grids. B o 1 3

For both grid geometries, Fig. 19 shows the relation- fo= \/5(1/2)’ forg<g=i . ©)
ship betweenf, and g where the gray lines indicate %\/1 —g, for2 <g<1

the original relationship proposed by Ulichney in 1988.
Looking specifically at hexagonal grids shows that, fd8econd and more importantly, it implies that, in the range
gray levels betwees and 2, f, exceeds the maximumfromg = 0to ;, blue-noise dither patterns on a hexagonal
radial frequency that fits inside the baseband and wagid have al15.47% higher cut-off frequency than those
hence, undefined by Ulichney is this so-called, “unsugorresponding to rectangular grids with the same number
ported region.” Based upon trial-and-error experiments samples per unit area. As such, blue-noise dither pat-
with error-diffusion, Ulichney further theorized that beterns, on hexagonal grids, are less visible than those on
cause stochastic dither patterns would always have sigetangular grids for these gray-levels and, if we use the
nificant energy belowy; in this region, patterns would al- new blue-noise model, at all gray-levels. Finally in sit-
ways have excessively large variations in the spacing hetions where clustering does occur, either purposely for
tween dots, and under no circumstances, would pattemgimizing the effects of printer distortions or forcibly
not look noisy and uncorrelated. near gray-levely = 3, hexagonal sampling grids can
We now see that Ulichney’s theory was wrong, and th&rm pixel pairs in three directions as opposed to two,
if we apply the notion of an expanding spectral ring thatllowing for improved radial symmetry in the size and
stalls its growth at the point where the ring first contacaistribution of minority pixel clusters. Coarse halftone
the limits of the baseband, our new model says that hgatterns should, therefore, form smoother visual textures
yond the point of first contact, the sampling grid restrictsn hexagonal grids than rectangular.
the placement of dots and can, therefore, introduce arti-So assuming that hexagonal is the preferred sampling
facts just as disturbing as any excess energy bgloun geometry, we are in the familiar position of trying to find a
response, we are defininfg according to eqn. (7) as themeans by which to generate optimal dot distributions and
optimal trade-off between pattern coarseness and samgglelo so in a computationally efficient manner. Looking
grid dot placement where we allow the pattern to exhibitat the first published study of error-diffusion on hexago-
minimum degree of clustering in order to maintain radialal sampling grids, Figs. 20 and 21 show the spatial dither
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Fig. 20. The binary dither patterns for error-diffusion using the Steveifrig. 22. The binary dither patterns for Ulichney’s perturbed filter weight
son and Arce filter on a hexagonal sampling gridgasansitions scheme on a hexagonal sampling gridgasansitions from6% to
from 6% to 50% coverage. 50% coverage.

10% st 14% 18%

2% \26% 34%

42% 46% 50%

Fig. 21. The power spectra for error-diffusion using the Stevenson aRd). 23. The power spectra for Ulichney’s perturbed filter weight
Arce filter on a hexagonal sampling grid @dransitions from6% scheme on a hexagonal sampling gridgasansitions from6% to
to 50% coverage. 50% coverage.

patterns and power spectral densities corresponding to #rel 14. Shown in Fig. 22 and 23 are the binary dither pat-
Stevenson and Arce [10] error filter. From visual inspeterns and corresponding power spectra for this technique
tion, one sees a consistent blue-noise appearance for g@y-hexagonal sampling grids. Like the Stevenson and
levels belowg = % but strong vertical artifacts, deriving Arce filter, the perturbed filter scheme produces visually
from the raster scan, seem to dominate @ear%. Look- pleasing patterns below gray-levek= % but is forced to
ing specifically at the power spectra, one sees the spetuster pixels ag approachesi;. While it clearly does a
tral lines running vertically that intersect the limits of thévetter job in this range, the deterministic raster leads to
baseband at the same points where the spectral rings mstkeng vertical artifacts very similar to those produced by
first contact ay = %. Furthermore, these lines of energyhe Stevenson and Arce filter.
do not seem to become prominant components until af-
ter gray-levely = 1, adding credence to our claim that itB. Void-And-Cluster
is these gray-levels where the sampling lattice begins oG en the poor performance of error-diffusion, we can
constrain the distribution of dots. attempt to create dither patterns using VACip where we
) . expect to achieve the preferred behavoir of only introduc-
A. Perturbed Filter Weights ing clustering when necessary as to avoid aliasing. Like
Noting the relatively poor performance of the Steverthe discrete Fourier transform, convolution of a binary
son and Arce filter, Ulichney proposed using the santither pattern with a linear, FIR filter can be achieved
perturbed filter weight scheme demonstrated in Figs. 18ing techniques for matrices from rectangular sampling
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creates a smooth, almost invisible texture. We would fur-
ther note that the worm patterns found here are far less
objectionable than the strong directional patterns created
by error-diffusion in either Fig. 20 or 22. In fact, see-
ing Fig. 24 finally offers some insight into what the
sually optimal stochastic dither pattern may look like for
gray-levelg = % on a hexagonal sampling grid — some-
thing that has yet to be determined. In seeing Fig. 24, itis
hoped that deriving optimal halftoning schemes for these
grids will be easier to do.

C. Dither Arrays

Fig. 24. The binary dither patterns for Void-and-Cluster initial patterns Noting the succesful conversion of the VACip algo—
on a hexagonal sampling grid gstransitions from6% to 50%

coverage. rithm to hexagonal grids in this paper, we have taken
the added time to generate the hexagonal dither array
shown in Fig. 26 and demonstrated versus a similar ar-
ray on a rectangular grid in Fig. 27. Dither arrays re-
fer to a halftoning technique where a continuous-tone im-
age is converted to binary by a pixelwise comparison with
thresholds stored in a dither array matrix or screen. Input
pixels with intensity values greater than the corresponding
threshold value are set to one while pixels below are set to
zero. For large images, dither arrays are tiled end-to-end
until all input pixels have a corresponding pair within the
screen. In order to avoid discontinuities in the halftone
texture near boundaries of the screen, dither arrays are
designed to satisfy a wrap-around property. For a thor-
ough description of the construction algorithms used for
building these screens, we refer the reader to the original
works by Mitsa and Parker [11] and Ulichney [3].

In Fig. 26, we show just &28 x 128 cropped section of

X i i i -
Fig. 25. The power spectra for Void-and-Cluster initial patterns on %256 256 mask along with the magnitude of the its cor

hexagonal sampling grid aaransitions from6% to 50% coverage. 'esponding Fourier transform, .ShOWing the Uni_quely high
frequency components of the dither array. In Fig. 27, both

screens were generated using VAC with identical low-
grids if the subject matrices store the skewed versions jpdss filter variances ef? = 0.32, and the gray-scale im-
the hexagonal sampled data [2]. Shown in Figs. 24 aages used were the same as that used by Ulichney [2] to
25 are the binary dither patterns and corresponding powemonstrate the effects of high-pass filtering an original
spectra generated by VACip using Gaussian low-pass fijray-scale image prior to dithering. To present a fair com-
ters wheres? = 0.32 asg transitions from6% to 50%. parison, both images in this figure have the same number
In the case of Figs. 15 and 16, this same filter varianoé pixels per unit area. As we are using a regular (square)
resulted in dither patterns with significant energy packeeéctangular grid and a regular hexagonal grid, the number
into the corners of the baseband on a rectangular samfivows and columns will not be the same. The rectangu-
pling grid. But here, results show identical spectral didar grid has an aspect ratio of 1, and the hexagonal grid
tributions beyondy = i where there is no room in thehas an aspect ratio &/+/3. To maintain our constant
corners of the baseband as there was for rectangular grigigel density constraint, the horizontal period used for the
From visual inspectrion, it is clear that these spectral disexagonal case i€/+/3)* that of the rectangular case.
tributions are achieved through the clustering of minority From visual inspection, we would argue that the hexag-
pixels in the spatial domain that, near gray-leyek % onal grid dither array is far superior to any hexagonal grid
create worm patterns. halftoning scheme that we are aware in terms of maintain-
While worm textures/patterns are traditionally thougting radial symmetry while simultaneously spreading mi-
of as disturbing artifacts, we note that the radial symmority pixels as homogenuously as possible. Seeing both
metry of these particular patterns creates a twisting atite rectangular and hexagonal grid dither arrays side-by-
turning path from pixel to pixel. This constant spiralingside, it should also be clear from visual inspection that
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Based on observations made in previous papers [5,12],
many printing devices are unable to produce blue-noise
dither patterns without introducing severe tonal distortion
and without introducing strong spatial variations in DC
regions. These devices are, therefore, incapable of attain-
ing the high spatial frequencies found only in rectangular
sampling grids, not hexagonal. So the argument, under
the previous model, that rectangular sampling grids are

: preferable to hexagonal because only they support blue-
Fig. 26. The (left) blue-noise dither array for hexagonal sampling gri(ﬂmse’ '? Inva“d_ for man_y printing dewces._ The overa_lll
along with (right) the corresponding magnitude of its Fourier trangonclusion of this paper is, therefore, that since clustering
form. algorithms may, in many cases, be the only way to pro-

the hexagonal mask clearly creates the all important grigUce reliably printed, stochastic dither patterns, there is

defiance illusion as one cannot, without very close insped@ conclusive reason for using rectangular sampling grids
tion, determine which of the images is printed on a hexatjiStead of hexagonal.

onal sampling grid. Going into the future, one would hope that the results
presented here will reinvigorate members of the research
IV. CONCLUSIONS community into looking again at the problem of halfton-

. ) ) ) ing on hexagonal sampling grids as there are significant
By introducing a means by which dither patterns coulghajienges to overcome. In particular, we are now back
be quantitatively evaluated, Ulichney’s blue-noise modg 5 state faced for rectangular sampling grids in the early
has played a fundamental role in halftoning research, apggos where the challenge was to derive the optimal dis-
itis, perhaps, one“of the m_ostnoften cited works in halftoRipytion of dots in a computationally efficient manner.
ing as the term, “blue-noise,” has become synonomoge sych result of that work was the creation of blue-
with visually pleasing. But the model is not without itssise dither arrays. As is the case for dither arrays [3,11],
short-comings. In particular, Ulichney argued that hexagye expect that the solutions to the various problems will
onal sampling grids were inferior to rectangular for disge the same as those proposed for rectangular sampling
playing visually pleasing stochastic dither patterns INSPitfids and that the bulk of the work will focus on tuning
of the fact that there are numerous advantages 10 YSrious halftoning parameters. In particular, Pappas and
ing hexagonal grids for other image processing purpoS@fahoff's model-based error-diffusion [13] will require
Specifically, Ulichney determined that it was not possiblg,yified printer models that take into account the new
fco generate dither patterns at a_lll gray-levells asa pa;[te“b‘éfometry, and Allebach’s direct binary search [9] will,
isolated dots on hexagonal grids and thag at g < 3,  of course, require a new low-pass filter to model the hu-
minority pixels would be forced to occur in clusters. Thig,an visual system. The list can, of course, go on, but it
clustering, Ulichney thought, would always lead to alargg oy desire, in presenting this work, to see these many
variation in the spacing between dots, resulting in a noigyyoblems solved sooner rather than later as it has been
uncorrelated appearance. o _ 19 years since Stevenson and Arce published their paper
Under the green-noise model, it is possible to creag the subject and 16 years since Ulichney presented his

visually pleasing dither patterns when the halftoning alnaysis. Yet little has transpired otherwise.
gorithm intentionally clusters pixels, and in fact, a small
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