The Asymptotic Capacity of Multi-Dimensional Runlength-Limited Constraints and Independent Sets in Hypergraphs

Erik Ordentlich Hewlett-Packard Laboratories 1501 Page Mill Road Palo Alto, CA 94304, USA

eord@hpl.hp.com

Ron M. Roth^∗ Computer Science Department Technion Haifa 32000, Israel

ronny@cs.technion.ac.il

December 16, 2002

Abstract

Let C(n, d) be the Shannon capacity of the n-dimensional (d, ∞)-runlength-limited (RLL) constraint. Denote by I(n, q) the number of independent sets in the Hamming graph with vertices consisting of all n-tuples over an alphabet of size q and edges connecting pairs of vertices with Hamming distance 1. We show that lim_{n→∞} C(n, d) = lim_{n→∞}(d + 1)^{−n} log_2 I(n, d + 1) = 1/(d + 1). Our method also leads to an improvement of a previous bound by Alon on the number of independent sets in regular graphs and to a generalization of this bound to a family of hypergraphs, of which the Hamming graphs can be thought of as a special case.

Keywords: Regular graphs; Hamming graphs; Linear hypergraphs; Multi-dimensional constraints; Runlength-limited constraints.

1 Introduction

For any n-tuple of positive integers m = (m_1, m_2, . . . , m_n) let Γ be an n-dimensional m_1 ×m_2 × . . . × m_n binary array whose entries are indexed by n-tuples of integers j ∈ {0, 1, . . . , m_1−1} × {0, 1, . . . , m_2−1} × . . . × {0, 1, . . . , m_n−1}. We say that Γ satisfies the (d, ∞)-runlength-limited (RLL) constraint if and only if for any two indexes j and j^′ that differ in only one component and differ by less than d + 1 in that

∗Work done while visiting Hewlett-Packard Laboratories, 1501 Page Mill Road, Palo Alto, CA 94304, USA.

component, either Γ(j) = 0 or Γ(j^′) = 0. That is, every one-dimensional sub-array of Γ satisfies the one-dimensional (d, ∞)-RLL constraint. Let A(n, d, m) be the set of all such arrays. The Shannon capacity of the n-dimensional (d, ∞)-RLL constraint is defined by C(n, d) = lim_{i→∞} log_2 |A(n, d, m^{(i)})| ∏_n ℓ=1 m^{(i)}_ℓ (1) = inf_m log_2 |A(n, d, m)| ∏_n ℓ=1 m_ℓ , (2)

where m^{(i)} = (m^{(i)}_1 , m^{(i)}_2 , . . . , m^{(i)}n ) is any sequence of n-tuples of integers satisfying min_ℓ m^{(i)}_ℓ → ∞. That the right-hand side of (1) is independent of how the limit is taken and coincides with (2) follows from sub-additivity arguments; see [4], [6].

The following facts about C(n, d) are known:

1. C(1, d) = log_2 α_d, where α_d is the positive real root of the polynomial x^{d+1} − x^d − 1 [11, p. 65].

2. C(2, d) ∼ (log_2 d)/d (namely, lim_{d→∞} C(2, d) · (d/ log_2 d) = 1) [6].

3. 0.5878911617 ≤ C(2, 1) ≤ 0.5878911619 [3], [9], [13].

4. 0.5225 ≤ C(3, 1) ≤ 0.5269 [9].

5. C(n, d) ≥ 1/(d + 1) for all n [4], [6]. This follows by further constraining the 1’s in Γ to have indexes j_1, j_2, . . . , j_n satisfying j_1 + j_2 + . . . + j_n ≡ 0 (mod (d + 1)).

The last fact, together with the simple observation that C(n, d) is decreasing in n for fixed d (implied by the infimum-based specification of C(n, d) in (2)), raises the possibility that C(n, d) decreases with n all the way down to 1/(d + 1). Our contribution to the emerging picture of C(n, d) is to prove that this is the case.

Our approach to proving the aforementioned convergence is based on showing that the crude sequence of upper bounds, C(n, d) ≤ log_2 |A(n, d, (d + 1)1)| (d + 1)^n , where 1 denotes the n-tuple consisting of all 1’s, also converges to 1/(d + 1), thereby closing the gap.

2 Statement of results

We first recall some basic terms from graph theory. For an (undirected) graph G, let V_G (respectively, E_G) denote the set of vertices (respectively, edges) of G, where E_G ⊆ {e ⊆ V_G :

|e| = 2}. For a vertex v in V_G, denote by δ_G(v) the degree of v in G, i.e., δ_G(v) is the number edges that are incident on v in G. A graph G is called s-regular if δ_G(v) = s for all v ∈ V_G. A graph G is bipartite if V_G can be partitioned into a ‘left’ set X and a ‘right’ set Y such that |e ∩ X| = |e ∩ Y | = 1 for all e ∈ E_G. An independent set in G is a subset T ⊆ V_G such that |e ∩ T | ≤ 1 for all e ∈ E_G. The number of independent sets in G will be denoted by I(G).

Consider the family of graphs H(n, q) whose vertices are all indexes j ∈ {0, 1, . . . , q−1}^n and two vertices are connected by an edge if and only if they are at Hamming distance 1 apart. The graphs H(n, q) are known in the literature as the Hamming graphs. It is not hard to see that the set of locations of 1’s in any array in A(n, d, (d + 1)1) corresponds to an independent set in the graph H(n, d + 1). The reverse is also true. Thus, |A(n, d, (d + 1)1)| is equal to the number of independent sets in H(n, q) for q = d + 1. We shall henceforth use the shorthand notation I(n, q) for the number of independent sets, I(H(n, q)), in H(n, q). Note that I(n, q) is also the number of codes of length n and minimum Hamming distance ≥ 2 over an alphabet of size q.

The quantity I(n, q) has received some attention in the literature, particularly for the case q = 2 (H(n, 2) is more commonly known as the binary Hamming hypercube). The strongest result for q = 2 is due to Korshunov and Sapozhenko [7] (see also [10]), who show that I(n, 2) ∼ 2 √ e 2^{2n−1} ,

where e is the base of natural logarithms. It readily follows that 2^{−n} log_2 I(n, 2) → 1/2, thus proving our result for d = 1.

The case d = 1 also follows from more general bounds on the number of independent sets in regular graphs with large degree, due to Alon [1], and on the number of independent sets in regular bipartite graphs due to Kahn [5]. For example, [1] shows that the number of independent sets in an s-regular graph G with r vertices satisfies log_2 I(G) r ≤ 1 2 + O(s^{−0.1}). (3)

For H(n, 2) it is easy to see that r = 2^n and s = n, thereby implying the desired convergence result for d = 1. The bound of [5] for bipartite graphs can also be applied since H(n, 2) is a bipartite graph with a left vertex set {j = (j_1, j_2, . . . , j_n) : j_1 + j_2 + . . . + j_n ≡ 0 (mod 2)} and a right vertex set {j : j_1 + j_2 + . . . + j_n ≡ 1 (mod 2)}. This results in a bound similar to (3) except with a smaller error term of O(1/s).

Little seems to be known about I(n, q) for q > 2. Numerical computations of I(n, q) for q = 2, 3, 4 and small n have been carried out [12]. We are not aware of any asymptotic analysis of I(n, q) for q > 2 beyond what we derive here. Specifically, we prove the following.

Theorem 2.1 The number of independent sets I(n, q) in the Hamming graph H(n, q) satisfies log_2 I(n, q) q^n ≤ 1 q + O ( log^2(qn) qn ) , for all q.

Setting q = d + 1 in the last theorem shows that the right-hand side of (1) does indeed converge to 1/(d + 1) as n tends to infinity, thereby proving the following corollary.

Corollary 2.2 lim_{n→∞} C(n, d) = 1 d + 1 .

Our method also yields the following improvement over (3) for regular graphs.

Theorem 2.3 For an s-regular graph G with r vertices, log_2 I(G) r ≤ 1 2 + O ( log^2 s s ) . (4)

Unfortunately, (4) is not tight for the widely conjectured worst-case graph consisting of a disjoint union of complete bipartite graphs with degree s [1], [5]. Thus, there is still room for improvement.

Both Theorems 2.1 and 2.3 will follow from Theorem 2.4 below, which provides an upper bound on the number of independent sets in a certain family of hypergraphs (see [2]). For a hypergraph G, let V_G and E_G, respectively, denote the set of vertices and set of hyperedges of G, where E_G ⊆ {e ⊆ V_G : |e| ≥ 2}. For a vertex v in V_G let N_G(v) denote the set of vertices that are adjacent to v in G, namely,

N_G(v) = { v^′ ∈ V_G \ {v} : {v, v^′} ⊆ e for some e ∈ E_G } , and let δ_G(v) = |N_G(v)| be the degree of v in G. Similarly to (ordinary) graphs, we say that T ⊆ V_G is an independent set in G if |e ∩ T | ≤ 1 for all e ∈ E_G, and we denote by I(G) the number of independent sets in G.

A hypergraph G is t-uniform if each hyperedge contains t vertices, and is called s-regular if each vertex is contained in s hyperedges. If the intersection of any two hyperedges of G contains at most one vertex then G is said to be linear.

Theorem 2.4 Let G be a t-uniform s-regular linear hypergraph with r vertices. The number of independent sets I(G) in G satisfies

log_2 I(G) ≤ r t ( 1 + O ( log^2(ts) s )) .

The proof of Theorem 2.4 is given in Section 3. We note that a subset of the Hamming graph H(n, q) is an independent set if and only if it is also an independent set in the q-uniform, n-regular, linear hypergraph with the same vertex set as H(n, q) and with hyperedges being the subsets of vertices of H(n, q) that agree in all but one component. Hence, Theorem 2.1 follows from Theorem 2.4 by setting r = q^n, s = n, and t = q. Theorem 2.3 follows by setting t = 2. The implied constants in the O(·) terms can also be derived for each case by substituting the appropriate values for r, s, and t in our analysis in Section 3.

In Section 4 we present a generalization of Theorem 2.4 to uniform linear hypergraphs that are not necessarily regular.

3 Independent sets in uniform, regular, linear hypergraphs

Given a hypergraph G and a subset Y ⊆ V_G, let G_Y be the induced (i.e., maximally connected) sub-hypergraph of G on the vertices Y , that is,

V_{GY} = Y and E_{GY} = { e ∩ Y : e ∈ E_G, |e ∩ Y | ≥ 2 } . Let S_i(G) be the set of all induced sub-hypergraphs of G on i vertices, namely, S_i(G) = {G_Y : Y ⊆ V_G, |Y | = i}. Define f_i(G) as f_i(G) = max_{H∈Si(G)} I(H). (5)

Note that f_1(G) = 2, f_{|VG|}(G) = I(G), f_i(G) ≥ f_{i−1}(G) for 1 < i ≤ |V_G|, and

f_i(G) ≤ 2^i. (6)

We also define f_0(G) = 1 as standing for the empty independent set in an ‘empty’ subhypergraph. Let S^∗_i (G) denote the subset of sub-hypergraphs in S_i(G) that achieve the maximum in (5). We then have the following simple lemma.

Lemma 3.1 Given a hypergraph G and an integer i in the range 1 ≤ i ≤ |V_G|, let Δ be a nonnegative integer that satisfies Δ ≤ δ_H (v) for some vertex v of some sub-hypergraph H ∈ S^∗_i (G). Then f_i(G) ≤ f_{i−1}(G) + f_{i−Δ−1}(G). (7)

Proof. For any sub-hypergraph H ∈ S^∗_i (G) and any vertex v ∈ V_H , the number of independent sets I(H) = f_i(G) is equal to the sum of the number of independent sets that contain v and the number of independent sets that do not contain v. The latter is I(H_{VH \{v}}) ≤ f_{i−1}(G) and the former is I(H_{VH \({v}∪NH (v))}) ≤ f_{i−δH (v)−1}(G). The lemma follows from the fact that f_i(G) is non-decreasing in i.

The idea behind the proof of Theorem 2.4 is to start the recursion (7) with the bound f_{i0} (G) ≤ 2^{i0} for some i_0 and then proceed by bounding the result of iterating the recursion (7) up to i = |V_G|. The key to obtaining a good final bound is, for each i, to choose H and v to make Δ in (7) as large as possible. The extent to which this can be done depends on the structure of G.

Specializing to uniform, regular, linear hypergraphs, the following lemma provides a lower bound on the largest possible choice for Δ, for each i.

Lemma 3.2 Let G be a t-uniform, s-regular, linear hypergraph with r vertices. Then for every H ∈ S_i(G)

max_{v∈H} δ_H (v) ≥ ⌈ s ( ti r − 1 )⌉ . (8)

Proof. Fix a sub-hypergraph H ∈ S_i(G). We prove the lemma by counting ordered pairs of adjacent vertices in V_H in two different ways. Let P = { (v, v^′) ∈ V_H × V_H : v ≠ v^′ and {v, v^′} ⊆ e for some e ∈ E_G } , and for every e ∈ E_G let β_e = |e∩V_H |. Then |P | = ∑ e∈E_G βe(βe −1); that is, for each hyperedge

in G we count the number of ordered pairs of elements of V_H in that hyperedge and sum this over all hyperedges. By the linearity of G each ordered pair is counted only once. Further, ∑ e∈E_G βe = si since each vertex v ∈ VH contributes to the sum for precisely the s hyperedges

that contain it.

Since the function (β_e)_{e∈EG} → ∑ e∈E_G βe(βe − 1) is Schur convex [8] in the variables βe, its

minimum value subject to the constraint ∑ e∈E_G βe = si is achieved when βe is constant-valued. 1 And, since |E_G| = rs/t, the minimizing β_e is si/(rs/t) = ti/r. Thus,

min_{βe} ∑ e∈E_G β_e(β_e − 1) = rs t ti r ( ti r − 1 )

= si ( ti r − 1 )

≤ |P |. 1We can obtain a tighter bound on maxv∈H δH (v) by not ignoring the fact that βe is integer-valued. In this case, the minimizing βe takes on at most two values that differ by 1. The resulting bound, however, is more complicated and only slightly improves our bounds on the asymptotic number of independent sets.

On the other hand, letting Δ = max_{v∈H} δ_H (v), we clearly have |P | ≤ Δ|V_H | = Δi. Combining the two bounds on |P | and dividing by i gives (8).

We also need the following two elementary propositions.

Proposition 3.3 The equation x^{m+1} = x^m + 1 has only one positive real solution α_m, which is decreasing in m. Further, α_m ≤ m^{1/m} for m ≥ 3.

Proof. Write the equation as x^m(x − 1) = 1. The left-hand side is non-positive for x in the range 0 ≤ x ≤ 1 and monotonically increasing for x ≥ 1, implying that there is only one solution α_m > 1. By definition α^m(α_m − 1) = 1 so that α^{m+1}_m (α_m − 1) > 1, implying, in turn, that α_{m+1} < α_m. Finally, for every m ≥ 3 we have x^m(x − 1)|_{x=m}1/m = m ( m^{1/m} − 1 ) = m ( e^{(loge m)/m} − 1 ) ≥ m · log_e m m = log_e m > 1,

thus implying that α_m ≤ m^{1/m}.

Proposition 3.4 Let 0 = m_0 < m_1 < . . . < m_ℓ and 0 = i_{−1} < i_0 < i_1 < . . . < i_ℓ be integers such that i_{j−1} ≥ m_j for j = 1, 2, . . . , ℓ, and suppose that the integer sequence (f_i)^{iℓ}_{i=0} satisfies f_i ≤ f_{i−1} + f_{i−mj −1}, 1 ≤ i ≤ i_ℓ, where j = j(i) is the unique index such that (m_j ≤) i_{j−1} < i ≤ i_j. Let the real sequence (g_i)^{iℓ}_{i=0} be defined recursively by g_0 = f_0 and g_i = α_{mj} g_{i−1}, 1 ≤ i ≤ i_ℓ, where j is such that i_{j−1} < i ≤ i_j and α_{mj} is the positive real solution of x^{mj +1} = x^{mj} + 1. Then f_i ≤ g_i for all 0 ≤ i ≤ i_ℓ.

Proof. We prove by induction on i, where the induction base i = 0 is obvious. Turning to the induction step, suppose that f_i′ ≤ g_i′ holds for all 0 ≤ i^′ < i and let j be such that i_{j−1} < i ≤ i_j. Then f_i ≤ f_{i−1} + f_{i−mj −1} ≤ g_{i−1} + g_{i−mj −1} (9) ≤ (1 + α^{−mj}_{mj} )g_{i−1} (10) = α_{mj} g_{i−1} (11) = g_i, where (9) follows from the induction hypothesis, (10) follows from the definition of g_i and the fact that α_{mj} is decreasing in j (Proposition 3.3), and (11) follows from the definition of α_m.

Proof of Theorem 2.4. Let Δ(i) equal the right-hand side of (8). For j = 0, 1, . . . , ℓ, let m_0 < m_1 < . . . < m_ℓ be the nonnegative values taken on by Δ(i) as i increases from 0 to r; clearly, m_0 = 0 and m_ℓ = s(t − 1). Denote by i_j the largest i for which Δ(i) = m_j. Thus,

i_j = ⌊( m_j s + 1 ) r t ⌋ (12)

and, in particular, i_0 = ⌊r/t⌋ and i_ℓ = r. Since |N_G(v)| ≤ i − 1 for every vertex v in every H ∈ S_i(G) and since |N_G(v)| ≥ m_j for some v when i = i_{j−1} +1, we have i_{j−1} ≥ m_j. Therefore, by Lemma 3.1, the sequence (f_i(G))^{iℓ}_{i=0} with the integers m_j and i_j satisfy the assumptions of Proposition 3.4. Hence,

log_2 f_r(G) = log_2 f_{iℓ} (G)

≤ log_2 f_{i0} (G) + ℓ∑ j=1 (i_j − i_{j−1}) log_2 α_{mj}

≤ i_0 + ℓ∑ j=1 (i_j − i_{j−1}) log_2 α_{mj} , (13)

where α_{mj} is the positive real solution of x^{mj +1} = x^{mj} + 1 and (13) follows from (6). Incorporating i_j − i_{j−1} ≤ (m_j − m_{j−1})r/(ts) + 1 (from (12)) and i_0 ≤ r/t into (13) yields

log_2 f_r(G) ≤ r t + ℓ∑ j=1 ( (m_j − m_{j−1}) r ts + 1 ) log_2 α_{mj}

≤ r t + m_ℓ∑ m=1 ( r ts + 1 ) log_2 α_m (14) ≤ r t + ( r ts + 1 ) ( 2 + m_ℓ∑ m=3 log_2 m m ) (15) ≤ r t + ( r ts + 1 ) ( 2 + log^2(s(t − 1))

log_2 e ) (16) ≤ r t ( 1 + O ( log^2(ts) s )) , (17)

where (14) follows since α_m is decreasing in m, (15) follows since α_2 < α_1 < 2 and log_2 α_m ≤ (1/m) log_2 m for m ≥ 3 (Proposition 3.3), and (16) follows from the fact that ∑_{mℓ} m=3 1/m ≤ log_e m_ℓ = log_e s(t − 1). The bound r ≥ m_ℓ = s(t − 1) justifies (17). The proof is completed by noting that I(G) = f_r(G).

4 Irregular hypergraphs

In this section, we generalize Theorem 2.4 to uniform linear hypergraphs that are not necessarily regular.

Given a hypergraph G, let v_1, v_2, . . . , v_{|VG|} be a labeling of the vertices of G satisfying δ_G(v_1) ≤ δ_G(v_2) ≤ . . . ≤ δ_G(v_{|VG|}). For i = 1, 2, . . . , |V_G| define

σ_G(i) = 1 i i∑ j=1 δ_G(v_j). That is, σ_G(i) is the average degree among the i vertices with smallest degrees in G.

Following is a version of Lemma 3.2 for irregular hypergraphs.

Lemma 4.1 Let G be a t-uniform linear hypergraph with r vertices. Then for all H ∈ S_i(G) max v∈V_H δ_H (v) ≥ ⌈ σ(i) ( ti r σ(i) σ(r) − 1 )⌉ , (18)

where σ(i) = σ_G(i).

Proof. Replace ∑ e∈E_G βe = si with ∑ e∈E_G βe ≥ iσ(i) and |EG| = rs/t with |EG| = rσ(r)/t in the proof of Lemma 3.2.

For the case of s-regular hypergraphs σ_G(i) = s, so Lemma 3.2 is a special case of Lemma 4.1.

Next we combine Lemma 4.1 with Lemma 3.1, to obtain the following irregular counterpart of Theorem 2.4.

Theorem 4.2 Let G be a t-uniform linear hypergraph with r vertices. The number of independent sets I(G) in G satisfies

log_2 I(G) ≤ i_0 + r t · O ( log^2(ts) s^2_1/s ) (19) ≤ r t · s s_0 · ( 1 + O ( log^2(ts) s_1 )) (20) ≤ r t · s s_0 · ( 1 + O ( t log^2(ts) s )) , (21)

where s = σ_G(r) is the average degree in G, i_0 is the largest i for which iσ_G(i) ≤ rs/t, s_0 = σ_G(i_0), and s_1 = σ_G(i_0 + 1).

Proof. We proceed as in the proof of Theorem 2.4, but this time we let Δ(i) equal the right-hand side of (18). Also, let 0 = m_0 < m_1 < . . . < m_ℓ = s(t − 1) be the nonnegative values taken on by Δ(i) as i ranges from 0 to r.

Denote by i_j the largest i for which Δ(i) = m_j; in particular, for j = 0 we get that i_0 is indeed the largest i for which iσ_G(i) ≤ rs/t, and for j = ℓ we get i_ℓ = r. We note that σ(i) = σ_G(i) is non-decreasing in i and hence so is σ(i)(tiσ(i)/(rs) − 1). Therefore, i_j is the largest integer i satisfying σ(i) ( ti r σ(i) s − 1 ) ≤ m_j or, equivalently, the largest integer i satisfying i ≤ ( m_j σ(i) + 1 ) rs tσ(i) . (22)

This characterization of i_j implies that i_j > ( m_j σ(i_j + 1) + 1 ) rs tσ(i_j + 1)

− 1. (23)

By (22) and (23) we have, for j ≥ 1, i_j − i_{j−1} ≤ rs t ( m_j (σ(i_j ))^2 − m_{j−1} (σ(i_{j−1} + 1))^2 + 1 σ(i_j ) − 1 σ(i_{j−1} + 1) ) + 1 ≤ rs t(σ(i_j ))^2

(m_j − m_{j−1}) + 1 (24) ≤ rs t(σ(i_0 + 1))^2

(m_j − m_{j−1}) + 1 (25) = rs ts^2_1

(m_j − m_{j−1}) + 1, (26)

where (24) and (25) follow from the fact that σ(i) is non-decreasing in i and that i_0 + 1 ≤ i_{j−1} + 1 ≤ i_j.

Inequality (13) from the proof of Theorem 2.4 applies verbatim here, and incorporating the bound (26) on i_j − i_{j−1} yields

log_2 f_r(G) ≤ i_0 + ℓ∑ j=1 ( (m_j − m_{j−1}) rs ts^2_1 + 1 ) log_2 α_{mj}

≤ i_0 + r t · O ( log^2(ts) s^2_1/s ) , (27)

where (27) follows from the same reasoning used to obtain (17): the only difference is that here r ≥ m_ℓ = (t − 1)s ≥ (t − 1)s^2_1/s, which we need to assert that rs/(ts^2_1) is bounded away from 0.

Turning to (20), by the definition of i_0 we get that i_0s_0 = i_0σ(i_0) ≤ rs/t, i.e., i_0 ≤ (r/t)(s/s_0). In addition, since σ(i) is non-decreasing in i we have s_0s_1 ≤ s^2_1. Combining these two observations with (19) yields (20). Finally, the definition of i_0 also implies that rs_1 ≥ (i_0 + 1)s_1 > rs/t; so, s_1 > s/t, which readily leads to (21).

In general, if more is known about the behavior of σ_G(i) for i > i_0, the O(·) term in (19) can be improved. We obtained (19) by using the pessimistic bound of σ_G(i) ≥ σ_G(i_0 + 1) for i > i_0. We do note, however, that (19) is tight to first order (the i_0 term) for a bipartite graph G in which the degree of any left vertex is smaller than the degree of any right vertex. In such a graph, there are necessarily more left vertices than right vertices and i_0 is easily seen to be the number of left vertices, which in turn is smaller than log_2 I(G).

References

[1] N. Alon, Independent sets in regular graphs and sum-free subsets of finite groups, Isr. J.

Math., 73 (1991), 247–256.

[2] C. Berge, Hypergraphs: Combinatorics of Finite Sets, North Holland, Amsterdam, 1989.

[3] N.J. Calkin, H.S. Wilf, The number of independent sets in a grid graph, SIAM J.

Discr. Math., 11 (1998), 54–60.

[4] H. Ito, A. Kato, A. Nagy, K. Zeger, Zero capacity region of multidimensional run length constraints, Electr. J. Combinatorics, 6 (1999), R33.

[5] J. Kahn, An entropy approach to the hard-core model on bipartite graphs, Combin.

Probab. Comput., 10 (2001), 219–237.

[6] A. Kato, K. Zeger, On the capacity of two-dimensional run-length constrained channels, IEEE Trans. Inform. Theory, 45 (1999), 1527–1540.

[7] A.D. Korshunov, A.A. Sapozhenko, The number of binary codes with distance 2, Problem. Kibernet., 40 (1983), 111–130 (Russian).

[8] A.W. Marshall, I. Olkin, Inequalities: Theory of Majorization and Its Applications, Vol. 143 of Mathematics in Science and Engineering, Academic Press, London, 1979.

[9] Z. Nagy, K. Zeger, Capacity bounds for the three-dimensional (0, 1) run length limited channel, IEEE Trans. Inform. Theory, 46 (2000), 1030–1033.

[10] A.A. Sapozhenko, The number of antichains in ranked partially ordered sets, Diskret.

Math. 1 (1989), 74–93 (Russian; translation by author in Discrete Math. Appl., 1 (1991), 35–58).

[11] K.A. Schouhamer Immink, Codes for Mass Data Storage Systems, Shannon Foundation Publishers, Eindhoven, The Netherlands, 1999.

[12] N.J.A. Sloane, The On-Line Encyclopedia of Integer Sequences, Sequence numbers A027681, A027682 (R.H. Hardin). //www.research.att.com/∼njas/sequences/index.html.

[13] W. Weeks IV, R.E. Blahut, The capacity and coding gain of certain checkerboard codes, IEEE Trans. Inform. Theory, 44 (1998), 1193–1203.