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Abstract: Let A(t) be a n X p matrix with independent standard complex Brow-
nian entries and set M (t) = A(¢)*A(t). This is a process version of the Laguerre
ensemble and as such we shall refer to it as the Laguerre process. The purpose of
this note is to remark that, assuming n > p—1, the eigenvalues of M (t) evolve like p
independent squared Bessel processes of dimension 2(n—p+1), conditioned (in the
sense of Doob) never to collide. More precisely, the function h(z) = [;;(zi — z;)
is harmonic with respect to p independent squared Bessel processes of dimension
2(n — p+ 1), and the eigenvalue process has the same law as the corresponding
Doob h-transform.

In the case where the entries of A(t) are real Brownian motions, (M ())¢>o is the
Wishart process considered by Bru [Br91]. There it is shown that the eigenvalues
of M(t) evolve according to a certain diffusion process, the generator of which is
given explicitly. An interpretation in terms of non-colliding processes does not
seem to be possible in this case.

We also identify a class of processes (including Brownian motion, squared Bessel
processes and generalised Ornstein-Uhlenbeck processes) which are all amenable
to the same h-transform, and compute the corresponding transition densities and
upper tail asymptotics for the first collision time.
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1. INTRODUCTION

Let A(t) be a n X p matrix with independent standard complex Brownian entries (so that
each entry of A(¢) has variance 2t) and set M(t) = |A(t)|*> = A(t)*A(t). We shall refer to
M = (M(t))tcjo,00) as the Laguerre process. In the case p = 1, M is a squared Bessel process of
dimension 2n, usually denoted by BESQ?".

Let A(t) = (Ai(2),..., Ap(t)) be the vector of eigenvalues of M(¢), ordered decreasingly such
that \,(¢) > --- > Ai(t) > 0. (Note that M(¢) is almost surely nonnegative definite for any
t > 0.) The process (A(t))¢>o is a diffusion on [0, 00)? with generator given by

np = 22%824—22[71—!—221_2] (1.1)
J#l

This follows from the arguments given by Bru [Br91] for the Wishart case, with minor modi-

fications. We remark that the Focker-Planck equation associated with (A(¢));>o was formally
derived in [AW97].

We will assume that n > p — 1. Our main observation is that the process (A(t))i>o can be
identified as the h-transform of p independent squared Bessel processes of dimension 2(n—p+1),
where the function h: [0,00)? — R is given by

p

h)= ] (@ —2), o= (21,...,2) € 0,00 (1.2)
l;:]<=]1
In other words, the process A behaves like p independent BESQ?™ P*1) processes conditioned
never to collide.

To justify this claim, we will show that the function h given by (1.2) is harmonic with respect
to the generator

p p
=1 =1

of a vector of p independent BESQ?, and use standard methods to compute the generator ép,d
of the h-transform. We obtain

pd_2zxza2+d§:a +2Z[Z(””’”9+1)]ai. (1.4)

J#z

It is now easy to see that H,, = @p,z(n_pﬂ). This will be presented carefully in the next
section.

As is well-known, the function h is also harmonic with respect to the generator of p-
dimensional Brownian motion. This also arises in the context of random matrices. It is a
classical result, due to Dyson [Dy62], that the eigenvalues of Hermitian Brownian motion (the
process-version of the Gaussian unitary ensemble) evolve like independent Brownian motions
conditioned never to collide (see also [Gr00]). In Lemma 3.1 below we identify a class of gen-
erators for which the function A is harmonic which includes both of the above. We remark
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that Dyson also considered unitary Brownian motion, and showed that the eigenvalues in this
case behave like independent Brownian motions on the circle conditioned never to collide via
the complex analogue of the function h. (For more detailed information about this process see
[HW96].)

In the Wishart case, where the entries of A = (A(t));>o are independent standard real Brow-
nian motions, we do not see how to give a similar interpretation for the eigenvalue process. In
this case, Bru [Br91] identified the generator of the process of eigenvalues of M (t) as

Qinﬁf—i—Z[n—i—i%]ai. (1.5)
— : i J

Note the missing factor of 2 in front of the drift term.

Similar remarks apply to the Gaussian ensembles: in Dyson’s work [Dy62] it turned out that,
in contrast to the complex case, the process version of the Gaussian orthogonal ensemble (the
real case) does not admit a representation of the eigenvalue process in terms of a system of
independent particles conditioned never to collide.

The interpretation of the Laguerre eigenvalue processes as h-transforms can be applied to
obtain alternative derivations for the eigenvalue densities of the corresponding ensemble. As is
known from the theory of random matrices (see, e.g., [Ja64]), these densities are given in the
following closed form. We have

p

1 p
P(A(1) € dx) = Z | | (zi — x;)? | | [2Ye "] du, ry > > 13, >0, (1.6)
p J=1
i<j

vV 7 ]:1

where v = n—p denotes the index of BESQ?™7*1) and 7, denotes the normalisation constant.
In words, A(1) has the distribution of p independent Gamma(v)-distributed random variables,
transformed with the density h(x)2.

In Section 2 we introduce the h-transform of (BESQ?)®P and its generator, and in Section 3 we
establish the harmonicity of h for a certain class of processes having independent components,
which includes Brownian motion, squared Bessel processes and generalized Ornstein-Uhlenbeck
processes driven by Brownian motion. Furthermore we calculate the transition densities of the
transformed process started at the origin and describe the upper tail asymptotics of the first
collision time of the components.

2. NON-COLLIDING SQUARED BESSEL PROCESSES

Fix p € N and let X = (X(t))icjo,00) = (X1(2), ..., Xp(%))icp0,00) be a diffusion on [0, c0)P
whose components are independent squared Bessel processes (BESQ?) of dimension d. In the
following, the dimension d is any nonnegative number. The process X has the generator G 4
given by (1.3). We denote the distribution of X when started at z € [0,00)? by P,. Note
that 0 is an entrance boundary for the BESQ?. In dimensions d > 2, the process X stays in
(0,00)P after time zero for ever, and the domain of the generator consists of the functions f
such that G 4f is continuous and bounded on [0,00) and fT(0%) = 0. If the dimension d is
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smaller than two, then the components of X hit zero with probability one, the boundary point
0 is non-singular. If 0 is reflecting, then G 4 has the same domain as above.

As follows from the more general Lemma 3.1 below, the function A in (1.2) is harmonic

with respect to G, 4, hence the h-transform of (BESQ?)®? is well-defined. Let us compute its
generator.

Lemma 2.1. The generator of the h-transform of X is given by

p

Gpaf () = Gpaf (@ Z[Z(ijfﬁj 1)]of (). 2.1)

Proof. We have G4 = G, 4+ D(logh, - ), where (g, f) = Gpa(f - 9) — fGpa(g) — 9Gpa(f) is
the so-called opérateur carré du champs (see, for example, [RY91]). Hence,

Gpaf — Gpaf = Gpal(f -logh) — fG,a(logh) —loghGypa(f)

P
= Qin[aiZ(flogh) — f07logh —log h 9 f]

+dZ (flogh) — fd;logh —loghd f]

(2.2)
P ah,
—2Zx2810gh (8:f) —4235,
=1
—42xz§x_xaf—22[z<w; Yoseo
1 JFe i
O

3. GENERALISATIONS AND APPLICATIONS

In this section, we introduce further non-colliding processes by means of h-transforms
of processes with independent components. Fix p € N and let X = (X(t))icpo0) =
(X1(2), ..., Xp(t))icr0,00) be a diffusion on a (possibly infinite) interval I which contains 0. By

p

1
Gf(x):Z2 (z:) O f( jLz:,uavZ 0, f (z r=(x1,...,1,) € IP. (3.1)
i=1
we denote the generator of X, where 0?: I — (0,00) and p: I — R. In the following we identify
a class of processes for which the function A in (1.2) is harmonic.

Lemma 3.1. Assume that any of the following cases is satisfied: Either %UZ(.Z') =ar+b and
n(z) = ¢ with some a,b,c € R, or (in the case p > 2) 20%(z) = 2* + ar + b and p(z) =
2(p — 2)x/3 + ¢ for some a,b,c € R, or (in the case p = 2) $0°(x) is arbitrary and p(z)
constant. Then h is harmonic with respect to G, i.e., Gh = 0.
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Proof. Abbreviate G = G, + G, with obvious notation. Using the Leibniz rule (HZ gi)/ =
> 9i 11, 95, one easily derives that

p(z;) — pl(x
Guh(z) = h(w) ) == pls) — ;)
1<j i J
L 1 20\ 2 Li =T 2 \TE T
Coh(®) = i) Z (zk —ij)(ij — ;) 7 (xj) ’ (xk)a?k — X o (@) xp — ol

i<j<k
Hence, both G,h and G,h are identically zero if p is constant and 02 a polynomial of first
order. However, if p > 2 and p(z) = cz and 30%(z) = 22, then G h = c§(p — 1)h, and
Goh = —3p(p — 1)(p — 2)h. Hence, Gh = 0 for the choice ¢ = 2(p — 2)/3. Lastly, in the case

p = 2, we have that G,h = 0 since h is a polynomial of first order in this case. O

Note that Lemma 3.1 covers in particular the cases of Brownian motion, squared Bessel pro-
cesses and generalised Ornstein-Uhlenbeck processes driven by Brownian motion (see [CPY01]).

As an application, we compute the transition densities of the h-transform of X started at
the origin, and the upper tails of the first collision time

=inf{t > 0: X(¢) ¢ W}, (3.2)
where

W={zx=(v1,...,2p) €172, > - >z} (3.3)

Let pi(z,y) denote the transition density of the process (X;(t));>0, say. We will first state a
general result and later discuss the special cases of Brownian motion and BESQY.

Lemma 3.2. Assume that h is harmonic for the generator of X, and assume that there is a
Taylor expansion

pi(e,y) _ o \m
0g) = fil@) Y (@y)"am(t),  t>0,y€l, (3.4)

m=0

for x in a neighborhood of zero, where a,,(t) > 0 and fi(x) > 0 satisfy limy_,o0 @1 (t)/am(t) =0
and f1(0) =1 = limy_, fi(x). Then, for anyt >0 andy € W,

lim P,(X(t) € dy) = Cih(y)* Po(X (t) € dy), (3.5)

p—1
m=0

P, (T > t) ~ Cih(z) Eo [W(X (1)) 1{ X (t) € W}], t — oo. (3.6)

where C; = U (t). Furthermore, for any x € W,

Proof. We are going to use the formula [KM59]

P (T > t; X(t) € dy) = Z sign(o H (i, Yo(iy) dy, z,y €W, (3.7)

gEG, =1
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where G, denotes the set of permutations of 1,...,p, and sign denotes the signum of a permu-
tation. Use (3.4) in (3.7) to obtain that

P, (T > 1; X E dy p . ‘ » .
A ol | LTS DI (DD SRC) | EED

mi,...,mpENg 1=1 0e6,

Observe that

p
Z sign(o Hyg( —det[ )z,jzl ..... p] (3.9)
i=1

oeSy
is equal to zero if my,...,m, are not pairwise distinct. Hence, in (3.8), we may restrict the
sum on my,...,m, € Ny to the sum on 0 < m; < my < --- < m, and an additional sum on
7 € 6, and write m,(y, ..., My instead of my,..., m,. This yields that

P, (T > t; X(t) € dy)

P, (X( ) € dy Hft Z Hamz det[ )i,j:l ..... p] det[(x;nj)i,jzl ..... p]‘

0<m <--<my =1
(3.10)

Now use that the two determinants may be written using the so-called Schur function [Ma79]
as

det[(:v;nj)i’j:l ..... p] = h(x) Schur,,(z), (3.11)
where we abbreviated m = (my,...,m,). The Schur function Schur,,(z) is a certain multi-
polynomial in z4,...,z, whose coefficients are nonnegative integers and may be defined com-
binatorially. It is homogeneous of degree m; + - --+m, — £(p — 1) and has the properties

h
Schur,(1,...,1) = (m) —,
H1§i<j§p(] — i)
Schur(, p-1)(7) = 1, (3.12)

Schur,,(0,...,0) =

1 ifm=1(0,1,...,p—1),
0 otherwise.

Using (3.11) in (3.8), we arrive at

]P’x(T>t;X()€dy P
fe(z; Schur,, (z) Schur,, (y) | | am, (t). (3.13)
]P)O (X (t) € dy) H t 0<m;<mp zI:JIZ
In order to derive (3.5), note that
B (x _ _ h(y)
(X (1) e dy) =P, (T > t; X(t) € dy)m, (3.14)

multiply (3.13) by Py(X(¢) € dy)h(y)/h(z) and note that lim,_,o Schur,,(z) = 0 unless m =
(0,1,...,p — 1) in which case Schur,,(z) = 1. Recall that f;(0) =1 to derive that (3.5) holds.
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Let us derive the asymptotics of P, (7 > t). We multiply (3.13) by Py(X(¢) € dy) and
integrate on y € W to obtain

PT > ) = b [ fie) Y0 Sehura(e) [T am, (0 /W Po(X (£) € dy) h(y) Schur(y).

0<my <--<myp

(3.15)
Because of the assumption that lim; oo @y11(t)/an,(t) = 0 for any m € Ny, it is clear that in
the limit ¢ — oo only the term for m = (0,1,...,p — 1) survives. Recall that lim;_,, fi(z) =1
to derive (3.6). O

The case of Brownian motion on I = R is a special case of Lemma 3.2 with f,(z) = e *"/()

and a,,(t) =t~ /m!. In (3.5) we recover Weyl’s formula for the joint density of the eigenvalues
of the Gaussian unitary ensemble (see [Me91]). The upper tail asymptotics given by (3.6) were
previously obtained in [Gr00].

Let us check that the BESQY satisfies the assumptions of Lemma 3.2. The transition density
is given [BS96] by

1 () 2=(a+9)/@O T (YT if > 0
Pl y) = {Zt (m)y" /(20 ) o0, (316)
@7+ © ’ hE="5
where v = g — 1 is the index of BESQ¢, and I denotes the Gamma function and
9] (E)Zm—l—l/
I(z2) = 2 3.17
(2) Zm!l“(u+m+1) ( )

m=0

is the modified Bessel function of index v. Hence, (3.4) is satisfied with f;(z) = e*/(?)) and
am(t) =T(v+ 1)[m!T(v +m + 1)]1(2¢) *™. In particular

CTw+1)p & 1
¢ = e Uty (3.18)

Hence, we recover (1.6) from (3.5), with explicit identification of the normalisation constant.

The right hand side of (3.6) is identified as follows. Use (3.16) and make the change of
variable z = y/(2t) to get that

E-1) Ld
Eo [R(X (1)) 1{X (t) e W}] = % /W h(z) g[zz”ez] dz. (3.19)
Now use Selberg’s integral (see (17.6.5) in [Me91]) to finally deduce that (3.6) reads
P (T >t) ~ (20) 5P (@)K,  t— oo, (3.20)
where
_ fW h(z) IT5-, [zzl'/e_zi] dz T(w+1) 1 S D +1+ g)F(%)
T ILITOTw 9] T+ 11D prEnre) JHI ot +y) o2



8 WOLFGANG KONIG AND NEIL O’CONNELL

REFERENCES

[AW97] T. AxkuzAawA and M. WADATI, Laguerre ensemble and integrable systems, Chaos, Solitons € Fractals
8:1, 99-107, 1997.

[BS96] A.N. BORODIN and sc P. Salminen, Handbook of Brownian Motion: Facts and Formulae, Birkh&user,
Berlin 1996.

[Br91] M.-F. Bru, Wishart processes, J. Theoret. Probab. 3:4, 725-751, 1991.

[CPYO01] P. CarMmoONA, F. PETIT and M. YOR, Exponential functionals of Lévy processes, to appear in a
Birkhauser volume on Lévy processes, edited by T. Mikosch.

[Dy62] F.J. DysoN, A Brownian-motion model for the eigenvalues of a random matrix, J. Math. Phys. 3,
1191-1198, 1962.

[Gr00] D. GRABINER, Brownian motion in a Weyl chamber, non-colliding particles, and random matrices,
preprint, 2000.

[HW96] D. HoBsoN and W. WERNER, Non-colliding Brownian motion on the circle, Bull. Math. Soc. 28,
643-650, 1996.

[Ja64] A.T. JAMES, Distributions of matrix variates and latent roots derived from normal samples, Ann. Math.
Statist. 35, 475-501, 1964.

KM59] S.P. KARLIN and G. MACGREGOR, Coincidence probabilities, Pacif. J. Math. 9, 1141-1164, 1959.
Ma79] I.G. MAcCDONALD, Symmetric Functions and Hall Polynomials, Oxford University Press, 1979.
Me91] M.L. MEHTA, Random Matrices, 2nd edition. Academic Press, New York 1991.

RY91] D. REvuz and M. YOR, Continuous Martingales and Brownian Motion. Springer, Berlin 1991.

[
[
[
[



