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BROWNIAN INTERSECTION LOCAL TIMES:
UPPER TAIL ASYMPTOTICS AND THICK POINTS

BY WOLFGANG KONIG! AND PETER MORTERS?
BRIMS, Hewlett-Packard Laboratories, and Universitat Kaiserslautern

We equip the intersection of p independent Brownian paths in R?, d > 2, with the natural measure £
defined by projecting the intersection local time measure via one of the Brownian motions onto the
set of intersection points. Given a bounded domain U C R? we show that, as a 1 co, the probability
of the event {£(U) > a} decays with an exponential rate of a'/Pf, where  is described in terms of
a variational problem. In the important special case when U is the unit ball in R® and p = 2, we
characterize 6 in terms of an ordinary differential equation. We apply our results to the problem of
finding the Hausdorff dimension spectrum for the thick points of the intersection of two independent
Brownian paths in R3.

1. INTRODUCTION AND MAIN RESULTS

1.1 Aims of the paper

Let a bunch of p independent Brownian motions Wi,... , W), run in R? until their first exit times
Ti,...,T), from a large ball, or, in the transient case, for infinite time. By classical results of Dvoretzky,
Erdos, Kakutani and Taylor the intersection of the paths of these motions,

P
(1.1) S:ﬂ{xERd : z = W;(t) for some ¢ € [0,T;)},

i=1
contains points different from the starting point if and only if p < d/(d — 2). By work of Geman,
Horowitz and Rosen [GH84], in these cases the random set S of intersection points can be equipped with
a natural finite measure ¢, the (projected) intersection local time, which can be described symbolically
by the formula

p Tj
(1.2) 0(A) = / dy H/ ds d,(W;(s)), for A C R? Borel.
A 0
7j=1

We review rigorous constructions of the random measure ¢ in Subsection 2.1 below. In the following
we always include the case p = 1 of a single Brownian path, in which the role of £ is played by the
usual occupation measure. However in this case most of our results are known and much easier.

Let U C R? be a bounded domain in R?. The first aim of the present paper is to determine asymp-
totically the upper tails of the random variables ¢(U). More precisely, we show in Theorem 1.1 that
the limit

log P{¢(U) > a}
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exists and describe its value in terms of a natural variational problem associated with p, the stopping
rule and the domain U C R?. In the special case that U is the unit ball in R and the Brownian
motions run for an infinite amount of time, we can solve this variational problem explicitly in terms
of an ordinary differential equation, which is non-linear in the case p > 1, see Theorem 1.3.

This result is the key in the solution of a problem posed recently by Dembo, Peres, Rosen and Zeitouni
about the refined multifractal analysis of intersection local times. Recall that the intersection of two
independent Brownian paths in R? is a random set of Hausdorff dimension one but length zero. More
precisely, by a result of Le Gall [LG87], its exact Hausdorff dimension gauge is given by the function
Y(r) = r[loglog(1/r)]? and, moreover, the Hausdorff measure for this gauge function coincides up to
a constant factor with the projected intersection local time measure on the intersection set S.

The key argument leading to Le Gall’s result is the existence of a positive and finite constant ¢ such
that, almost surely, for typical z in the intersection set S,

BT
L log log(1/r)F ¢

where B(z,r) denotes the open ball of radius r with centre in z. Here we are concerned with finer
results, which focus on exceptional points in R? in a neighbourhood of which the concentration of
intersection local time is untypically large. Our first aim is to find an explicit gauge function ¢ such
that
{(B(z,r
0< suplimsupM < 0.
zeS  rl0 o(r)

Having found such a function, we call a point = € S thick if limsup, o £(B(%,7))/¢(r) > 0 and ask,
how many thick points there are. This is answered in terms of the Hausdorff dimension spectrum for
the thick points, which is the function

=dim<z : limsu w:a
fla)=d { ES.lrwp o00) }

Both these problems are intimately related with our upper tail asymptotics and the numerical values
featuring the dimension spectrum can be derived from our differential equation. Theorem 1.4 describes
just how large the measure ¢ can be in a neighbourhood of a point and identifies the Hausdorff
dimension spectrum of thick points for the intersection local time.

The spectrum of exceptionally thick points is also understood for some other classes of random mea-
sures: For example, in the case of the local time measure on the zero set of stable processes [ST98],
the branching measure on a supercritical Galton-Watson process [ST00], [MS01], the occupation mea-
sure on Brownian paths in dimensions exceeding two [DP00a] and in the plane [DP00b], and also
intersections of Brownian paths in the plane [DP00d].

The present paper is organized as follows. In Subsections 1.2-1.4, we describe our main results on the
upper tails of £(U), the characterization of the variational problem arising, and the dimension spectrum
of the thick points, respectively. In Section 2, we survey three constructions of the intersection local
time and prove that the upper tail asymptotics of £(U) are completely described by the asymptotics
of its high moments. The asymptotic analysis of the high moments is carried out in several steps in
Section 3. In Section 4 we analyse the two variational formulae that describe the upper tails resp. the
moment asymptotics. Section 5 contains the proof of our results on the thick points of the intersection
local time, and in Section 6, we announce further results and applications which will appear elsewhere.
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1.2 Upper tail asymptotics

To describe the variational problem featuring the upper tail asymptotics, we first introduce the Green’s
function associated with (possibly stopped) Brownian motion. The Green’s function depends on the
dimension d of the ambient space and on the way we stop the Brownian motion, but it does not
depend on the domain U or the number p of motions. Suppose that we stop Brownian motion on its
first exit time from a large open ball B(0, R), and, if d > 3, include the case R = oo as the case of
Brownian motion running until infinity. Denote by ps(x,y) the transition sub-probability density of
the killed motion. For z,y in the open centred ball B(0, R), we let

o0
(13) Glaw) = [ mlewds
be the associated Green’s function. Explicitly, these functions are, see e.g. [PS78, p.114], if d = 2,

(14) Gz y):l{log‘$%_y%‘—log|$—y| if @ #0,

7 |log R — log |y if =0,

and, if d > 3 and 0 < R < oo, denoting ¢y = I'(d/2 — 1)/(2n%?),

_ 2—d .
T T

(1.5) G(z,y) = cq {

ly[*~4 — R*4 if z =0.
Finally, in the case d > 3 and R = oo, we have
Cd
1.6 G = —7.
(1.6) (:9) = o

Note that G is always symmetric, see e.g. [Ba95, I1(4.5)]. Furthermore, precisely if p < d/(d —2), the
function GP(0,-) is integrable in a neighbourhood of the origin.

Now let U C R? be an open bounded set whose closure is contained in B(0, R). Define the operator
A: L2P/r=1)(U) — L?(U), depending on R and U C R%, by

(1.7) Af(z) = /UG(x,y)f(y) dy, for z € U.

The operator 2 is symmetric and continuous, and its restriction 2: L*°(U) — L*°(U) is moreover
symmetric, positive and compact with norm [;; [; G(z,y) dz dy.

We denote by M (U) the set of probability measures on the set U C R¢ and, if 4 € M, (U) and f is an
integrable or nonnegative function defined on U we use the notation (f, u) for the integral fU fdp. If
f, g are both nonnegative functions or their product is Lebesgue integrable on U, we use the notation
(f,g) to denote [, f(z)g(x)dz. We write || - ||4 for the norm on LI(U).

We can now formulate our first main theorem.

Theorem 1.1 (Upper tail asymptotics). Suppose that p and d are positive integers satisfying p <
d/(d —2). Let U be an open bounded domain in R? and R € (0,00] sufficiently large that B(0, R)
contains the closure of U. Denote by £ the projected intersection local time of p independent Brownian
motions started in fized points inside U and stopped upon their first exit from the ball B(0, R). Then

(1.8) lim L logIP’{é(U) > a} __Pr

a—00 a,l/P Q*’

where o* is defined as

(1.9) o =sup { (1A 1) g € LP(U) with gllsp =1}
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Remark 1 In the transient case d > 3 we denote by p*(R) the supremum in (1.9) for the Green’s
function associated with Brownian motion stopped upon leaving B(0, R). Then limpto 0*(R) is
equal to the supremum in (1.9) for the case of unstopped Brownian motions. This follows easily from
monotone convergence and the fact that the Green’s functions on B(0, R) are increasing to the Green’s
function in (1.6).

In the next subsection we turn to an analysis of the variational formula in (1.9). We already announce
that in Proposition 2.1 below we characterize ¢* in terms of another variational formula, which is more
in the spirit of our actual proof of (1.8).

1.3 The variational formula in (1.9). In the special case p = 1, the well-known Rayleigh-Ritz
formula describes the right hand side in formula (1.9) as the principal eigenvalue of the compact
and symmetric operator 2 on L?(U). Hence, existence and uniqueness and many more properties of
the maximizer are known. For general p > 2, however, already the uniqueness seems to be an open
problem, apart from the special case of the unit ball in R3. In our next main result, we establish the
existence of maximizers and characterize them in terms of the corresponding Euler-Lagrange equations.

Theorem 1.2. Suppose that p and d are positive integers satisfying p < d/(d —2). Let U be an open
bounded domain in R® and R € (0,00] sufficiently large that B(0, R) contains the closure of U. Then
the supremum in the variational problem (1.9) is attained. Every mazimizer g in (1.9) is bounded away
from 0 and infinity and has a version that is twice continuously differentiable on U and continuously
differentiable on the closure of U. Moreover, g satisfies the following equivalent conditions.

(a) Ag*?~Y(z) = 0*g(z), for all z € U.

(b) g is the restriction to U of a continuous function g: B(0, R) — [0,00) that vanishes on the sphere
0B(0,R), or in the case R = oo converges to 0 as © — oo. This function g is continuously
differentiable inside B(0, R) and is a solution of

(1.10) %Ag(w) = —%g%l(:ﬁ)lU(x) for all z € B(0,R) \ OU.

If p =1, the solution (g, 0*) of (a) and hence the mazimizer g in (1.9) is unique.

For p > 2 and general domains U, there seems to be no reason that, for a solution (g, 0) of assertion (a),
the number p must coincide with o* in (1.9). However, in the important special case that U = B(0, 1)
is the open unit ball and the Brownian motions run for an infinite time, we can show uniqueness of
the minimizer in (1.9) and describe it more explicitly in terms of an ordinary differential equation.
We are able to do this because G is a rotation invariant function of the difference of its arguments,
and hence Riesz’ rearrangement theorem is applicable.

Theorem 1.3. Let d > 3 and p a positive integer satisfying p < d/(d — 2), further let R = 0o and
U = B(0,1). Then the maximization problem (1.9) has a unique solution g. Moreover, g is rotationally
symmetric around the origin and can be constructed as follows.

(i) There is a unique twice continuously differentiable function z on a mazimal interval [0,€) satis-

fying z(0) =1, 2'(0) =0 and

!
(1.11) 2"(z) + (d - 1)M + 2(2)®~ =0, for all z € [0,€).
x
There is a smallest number a € (0,&) with (d — 2)z(a) = —az'(a). Moreover, z is positive and
strictly decreasing on [0, a], and g(z) = cz(a|x|) defines the unique mazimizer of (1.9), if ¢ is the
normalization constant such that ||g||2p = 1.
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(ii) We have

!
ﬁ: R . forp=1,d >3,
2
o 47ra/ 2s)s*ds, forp=2,d=3.
0

Remark 2 In the case p = 1, one can solve (1.11) explicitly in terms of Bessel functions. Recall
(see e.g., [AS72, 9.1.7]) that the Bessel function .J, of the first kind of order v > 0 satisfies the
Bessel differential equation x2J)!(z) + zJ}(x) + (2% — v?)J,(x) = 0, and define a continuous function
z:[0,00) = R by z(0) =1 and

2—d

)TJH(ZE), for z > 0.
2

(1.12) 2(x) = T(d/2) (;
From Bessel’s equation we easily derive that z satisfies (1.11). Further properties of Bessel functions,
see [AS72, 9.1.30], show that 2/(0) = 0. The continuous function {(z) = z(z) + Azz'(x) takes the
positive value ¢(0) = 1 at the origin and is nonpositive at the first zero £ of z. Hence there is a
minimal a > 0 with ((a) = 0. For example, in dimension d = 3 we obtain z(z) = 1 sinz and a = 7/2
and thus 1/p* = 72/8. In dimension d = 5 we have z(z) = 3z~ 3(sinz — xcosz) and a = 7, hence
1/0* = m%/2.

1.4 The dimension spectrum of thick points

The fine multifractal structure of a random measure on R? consists of the analysis of its exceptionally
thin and thick points. The latter part has been successfully completed in the case of intersection local
times of any number of planar Brownian motions and in the case of the occupation measure of a single
Brownian motion in transient dimensions d > 3.

Before stating our new result for the case of intersections of Brownian motions in R3, let us review
the existing results. If £ is the occupation measure of a single Brownian path in d > 3, it was shown
by Dembo et al. in [DP00a] that the correct gauge function is given by r ~— r2[log(1/r)], in the sense
that the number

: t(B(z,r)
1.13 20" = sup limsup ———"—"—
1 SR llog(1/r)]

exists and is non-random. The value of po* agrees with the value obtained in Theorem 1.3 (ii). The
corresponding dimension spectrum is

€ (0,00)

(1.14) dim{xERd : limsupM:a}:2—ﬁ, for a > 0,
rio - r2[log(1/r)] o*
where negative values of the dimension mean that the set is empty. However, the assertions in (1.8)
and (1.9) in this case are known for a long time due to the Ciesielski-Taylor identity [CT62], which is
not available in the case of p > 1. The proof of (1.13) and (1.14) is linked to the upper tail behaviour
of Brownian occupation measure in a unit ball via self-similarity: Most of the exceptionally large
mass in a small ball around a given point is accumulated in a very short time, hence by scaling the
probability of high concentration of occupation measure in a small ball is asymptotically equal to the
probability of exceptionally large mass in a unit ball accumulated in a fixed time horizon.

The situation is entirely different in the recurrent dimension d = 2. Here, the same authors have shown
that the intersection local time measures ¢, which in the case p = 1 degenerate to the occupation
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measure, satisfy

2\p . U B(z,r))
1.15 —) = sup limsup ———+
19 R A
and
: : t(B(z,r))
1.1 d R? : 1 o — gt =2 — pa'/?, for a >
(1.16) 1m{$ € 1nrlf(,)up T2llog (1) a} pa P for a >0,

see [DP0ODb] in case p = 1 and [DP00d] in case p > 1. The values in the planar case bear no relationship
with our result on the upper tail asymptotics in (1.8) in this case. Heuristically, this is due to the
fact that in the planar case, the probability that a small ball has unusually large concentration of
mass cannot be related via self-similarity to the probability that the unit ball carries large mass, but
depends just on the number of visits of the motions to the ball before the first exit from the large ball
B(0, R). In plain words, the asymptotics in (1.13)—(1.16) are determined in d = 2 by many returns
to the small ball in a long time range, and in higher dimensions by relatively large occupation times
already in a short time range.

Our next theorem closes the gap in this picture by describing the Hausdorff dimension spectrum of
thick points for intersection local time measure on the intersections of two Brownian paths in R3.

Theorem 1.4. Suppose that o* is as in (1.9) for the case d =3, p =2, R = 00 and U the unit ball,
respectively as in Theorem 1.3 (ii) for p = 2. Then, almost surely,

: UB(z,r)) . {(B(z,1)) 0?2
1.17 sup limsup ———= = limsupsup ———= = — ) .
(1) s limenp (TP~ sy e~ (2)
Moreover,
) . {(B(z,r)) 2
1.18 dim{z € S : limsup——+>2=> =a¢r =1—+/a— foralla>0,
(119 { S g1/ ~ ) o

where dim denotes the Hausdorff dimension.

Remark 3 There is a further difference between the recurrent and transient case, which is worth noting.
In the planar case the limsup may be replaced by a liminf without changing the dimension spectrum.
This gives the so called spectrum of consistently thick points. In higher dimensions this is not the case
and the spectrum of consistently thick points requires a different gauge function. This was observed
in [DP00a, Theorem 1.6]. The precise Hausdorff dimension spectrum for the consistently thick points
of intersection local time measures in R%, d > 3, is an open problem even in the case p = 1 of a single
Brownian path.

To complete the picture, we review the results of [DP00c] for thin points of the occupation measure
¢ on a single Brownian path S = {W(t) : ¢ € [0,T]}, T the first exit time from a large open ball. It
turns out that here the ambient dimension does not play a major role. In all d > 2, we have

(B
| = inf lim inf 2 B& ) :
zes r—0 r2[log(1/r)] 1
and a dimension spectrum given by
: o U(B(z,r)) 2
im{z €5 e P2 log(1/m)] L o} a

The spectrum of thin points for intersections of Brownian paths seems to be an open problem.
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2. PRELIMINARIES

In this section, we collect some material to prepare the proofs. First, we survey three rigorous construc-
tions of the intersection local time measures, afterwards we introduce another important variational
problem which is strongly linked to (1.9), and finally we show how to reduce the problem of upper tail
asymptotics to the problem of moment asymptotics in our case.

2.1 Brownian intersection local times

Recall that T; is the first time the motion W; reaches a sphere of fixed radius R > 0, which may be
infinity in the transient case. Also recall that we kill W; at time 7; for ¢ = 1,...,p. We denote the
Euclidean ball in R? centred at z with radius r > 0 by B(xz,r). For every £ > 0 define the Wiener
sausage around W; by

(2.1) St = {x €R? : thereis t € [0,T;) with |z — W;(t)| < 5}, fori=1,...,p,
and their intersection S: = [}_, SZ. Recall (1.1) and observe that
S = ﬂ S = {z ERY : 2 =Wi(t;) =--- = W,(t,) for some t; € [O,Ti)}
>0

is the intersection of the p independent Brownian paths. This set is our object of interest. There are
three ways to equip S with a natural measure:

e by projecting the local time at 0 for the confluent Brownian motion, see [GH84];
e as renormalized limit for € | 0 of the Lebesgue measure on S, see [LG86];
e as a Hausdorff measure on S with an appropriate dimension gauge function, see [LG87].

Luckily, all three approaches lead to the same object, the intersection local time measure £ on S. Let
us first briefly review the approach of Geman, Horowitz and Rosen [GH84], based on local times for
the confluent Brownian motion process W: RP? — R ?P—1) defined by

W(s1,..y8p) = (Wils1) = Wals2), ..., Wy-1(sp-1) — Wp(sp)) -
With probability one there is a family {u, : y € (R?)P~!} of finite measures on [[?_,[0,7;) with the

following two properties:

(i) the mapping y — p, is continuous with respect to the vague topology on the space M(RP) of
locally finite measures on RP,
(ii) for all Borel functions g: (R?)P~! — [0,00] and f: [T?_,[0,T}) — [0, 00],

(2.2) /g(y)<f,duy>dy=/np [OTl)f-gostp---dsl.

These properties imply that p, is supported by the level set at y of the confluent Brownian motion,
i.e., by

p
{(31,...,3,,) e T[0.7) : W(sts...sp) :y}.
i=1

The family {4z, : y € (R?)P!} is called the family of local times of the confluent Brownian motion
process. The local time pg at level 0 is of special interest to us, because it is supported by the set
of p-tuples of times where the p motions W1, ..., W, coincide. The image measure £ of ;19 under the
mapping (t1,...,tp) — Wi(t1) is a natural finite measure on the intersections of the Brownian paths,
which we hence call the intersection local time of the p Brownian motions.
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Le Gall [LG86] carried out the second approach. Define

nPlogP(l/e), ifd=2,
(2.3) sq(e) = { (2me) 2, if d =3 and p = 2,

et ifd>3andp=1,

where wy is the volume of the d-dimensional unit ball. By [LG86, Theoréme 3.1], the renormalized
restriction of the Lebesgue measure on S; converges to £ as € | 0, in the sense that, for every set
A C RY that is almost surely an /-continuity set,

(2.4) lim sq(e)A(S: N 4) = £(4).

The convergence holds in the L?(IP)-sense for all ¢ € [1,00) and, in particular, in probability.

Finally, the most natural way to equip S with a uniform distribution is by means of a suitable Hausdorff
measure. Le Gall showed in [LG87] that £ may be defined intrinsically as a constant multiple of the
1-Hausdorff measure on the random set S in the case of p spatial Brownian motions for the gauge
function

r2[log(1/r)logloglog(1/r)]P, ifd=2,p € N,

(2.5) Pp(r) = < r37P[log log(1/7)]P, ifd=3,pe{1,2},
r2[loglog(1/7)], ifd>4,p=1.

Here we have included the results of Ciesielski and Taylor [CT62] and Ray [Ra63] in the case p =1
for completeness.

2.2 A related variational problem

As announced, we do not directly derive the upper tails of £(U) in (1.8), but we describe the moment
asymptotics and derive (1.8) from this result. In this subsection, we introduce the variational formula
that turns out to feature the moment asymptotics of £(U). Furthermore, we describe the relationship
of the two problems of upper tail and moment asymptotics on the stage of the variational formulas.
We have to introduce more notation.

For any probability measure p and finite measure g on the same measurable space the relative entropy
or Kullback-Leibler distance of u with respect to j is defined as
dz . ~
/MMH%ng,ﬁu<m
fi(dz)

0, otherwise.

(2.6) Hu | i) =

If 1z is also a probability measure, then by Jensen’s inequality we always have H (x| ) > 0 and equality
holds if and only if u = p.

More specifically, let U C R? be an open bounded set and denote by M (U) the space of probability
measures on U, equipped with the weak topology. For any u € M;(U) we define I(p) = H(p | A),
the relative entropy of p with respect to the Lebesgue measure A on U. Note that I(x) > —log A(U)
with equality if and only if x4 is the normalized Lebesgue measure on U. Moreover, [ is a convex and
lower semicontinuous function.

We denote by

(2.7) Mi(U) = {1/ € My (U?) : for all Borel sets A C U we have v(A x U) = v(U x A)}
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the set of probability measures v on U? with equal marginals v (A) = v(Ax U) and v5(A) = v(U x A).
For v € M1(U?) we define

(2.8) 1) - {fo(ululw), ity e Mi(U),

, otherwise.
Note that Iﬁ is the rate function for the empirical pair measures of an i.i.d. sequence with marginal
distribution p. In particular, I, ﬁ is lower semicontinuous and convex.

Define a function G: M;(U) — R by
(2.9) G(p) = inf {I —(1,logG)},

vEMF(U)
e

where we extend the notation (-,-) to integrals on U2. Observe that it suffices to take the infimum
over measures v satisfying v < p® u. We can replace [ ﬁ(y) in the definition of G by either the relative
entropy H (v |p ® p) or the mutual information H(v |11 ® vs).

For the further development, the variational formula

(2.10) K* = inf {I(,u)+pg(u)}

HeEM(U)

is of fundamental interest. We state its link to the formula (1.9) as follows.

Proposition 2.1. For every positive integer p < d/(d — 2) we have
2p—1 2p—1 2 . 1 .
(2.11) sup { (g%, %g%"1) : g € LP(U) with |lgllay =1} =exp (=~ inf {1(s) +pG(n)}).
D peMy(U)

Moreover, g is a mazimizer of the left hand side if and only if the measure u(dz) = ¢*(z)dz is a
minimizer on the right hand side of (2.11). Every minimizing sequence of the variational problem on
the right hand side of (2.11) has a subsequence converging weakly to a minimizer.

Proposition 2.1 is proved in Section 4 together with the results of Subsection 1.3.

2.3 Tail asymptotics from moment asymptotics

For reasons which are explained at the beginning of Section 3, we are able to deal with integer moments
of £(U) much better than with the probability of the event {£(U) > a}. In this section, we show how
to derive the upper tail asymptotics of £(U) from moment asymptotics. Let us first state our main
result for the moment asymptotics.

Proposition 2.2.

|
lim logE[

fim inf {I )+ pG(u }

}LEMl

Section 3 is devoted to the proof of Proposition 2.2. In order to derive the upper tail asymptotics
from Proposition 2.2 we need the following Tauberian theorem.

Lemma 2.3. Let X be any nonnegative random wvariable and fizt p € N. Then for any k € R the
following two implications hold:

(i)

k
(k1)

] < -k = limsupa~"PlogP{X >a} < —pe"/?.

atoo

1
limsup — log £ [
ktoo K
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(ii)
k

i L X ima /P — w/p
ll}[‘roré Z logE[W] =—K = ilTrgloa log P{X >a}=—pe"?.

PROOF. The proof of (i) is easy and based on the substitution ax = e *kP, Markov’s inequality, and
Stirling’s formula as follows.

_ 1
limsupa,, 1p log P{X > a;} = "/P limsup% log P{X’C > e*k”kk”}
oo

ktoo o
1 Xk 1 Xk
< R IPY; o E[—]Z gt (‘1 E[ } _)
< —pelP.

Since a,;_il_{p / alzl/ P 1 as k 1 oo, we see that it is sufficient to consider the subsequence a;, rather than
an arbitrary sequence tending to infinity.

The proof of (ii) is based on the construction of the transformed measure

dP*(X) = Ef; 3 dP(X), for k € N,
and the fact that the random variable
Yi =log (e*”kl’)
satisfies, for every € > 0,
(2.12) lim PH|Y, <e}=1.

To prove this, fix an arbitrary € > 0 and pick some small number «« > 0. Then, by the Markov
inequality, we may estimate

ﬁk{yk > el = ﬁk{Xka > e(a—n)kak_pka} < e—akaenkak—pkaﬁk [Xka]’

where E¥ denotes expectation with respect to P*. Note that Ek[Xka] = E[X*k1+)]/E[X*]. Using
our assumption and Stirling’s formula, we see that the quotient has the asymptotic behaviour
e~ (wtp)kagpke (] 4 o)kp(1+a)eok) a5 k4 oo. Inserting this in the right hand side above, we get

14+«

ﬁk{Yk > e} <exp <pka (—; -1+ log(1+ a) + 0(1))) , as k 1 oo.

If @« > 0 is chosen small enough, then the expression between the inner brackets is negative and
bounded away from zero, such that we obtain that limjqe, Pk{Y,, > ¢} = 0. Analogously one shows
that limgteo PP{Y), < —e} =0, and this implies (2.12).

In order to finish the proof of the lower bound, we keep € > 0 arbitrarily fixed and substitute this

time a = e "kPe™°. It is again clear that the consideration of this subsequence suffices. Note that

{X >a} ={Y; > —¢e} D {|Yk| < e}. This implies that
1
a"Plog P{X > a} > e”/peg/pE log P{|Y;| < €}.

Note that P{|Yy| < e} = Ek[X*klﬂykEE}]E[Xk] and that we may estimate X % > eF(-=tr) =Pk op
{|Y%| < e}. Using this estimate, our assumption on the asymptotics of E[X*] and Stirling’s formula,
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we obtain

1~
liminfa~?log P{X > a} > ¢"/Pe"/P (—5 -p+ liir%inf% log P*{|Y;| < 5}) .
o0

atoo
Because of (2.12), the latter limit inferior is equal to zero. After letting e | 0, we get the assertion. [

PrOOF OF THEOREM 1.1. The existence of the limit (1.8) follows from Proposition 2.2 and
Lemma 2.3 (ii), the characterization (1.9) of the limit is then immediate from Proposition 2.1. O

3. LARGE MOMENT ASYMPTOTICS

In this section we prove the large moment asymptotics in Proposition 2.2. In Subsection 3.1, we
introduce a main tool: a formula for the integer moments of ¢(U), which is due to Le Gall. The
two main technical steps are carried out in Subsections 3.2 (cutting off the Green’s function) and 3.3
(finite partitioning of U). The combinatorial core argument of the proof appears in Subsection 3.4.
The ingredients are put together in the final Subsection 3.5, where the proof of Proposition 2.2 is
finished.

3.1 Le Gall’s moment formula

Starting point for our analysis of high moments of £(U) is the following formula for the moments of

the intersection local times. For k € N, we denote by &, the set of permutations o = (o(1),...,0(k))
of the numbers 1,...,k. Denote by z',... 2P € U the starting points of the Brownian motions
Wi,..., W,

Lemma 3.1. For any k € N,

k
(3.1) /dy1 /dyk H > Q@ yo) [T G Wotiz1) Yoi))-
=2

j=loESy

PrOOF. This follows from the results of [LG86], see [LG87, Part I,(2.c)]. O

On a heuristical level, Le Gall’s formula can be derived from the symbolical formula (1.2). Indeed,

E[(U)] = E[(/Udy ﬁ/OTjdséy(Wj(s)))k]
- /dy1 /dyk HEM > / / Héyau) ds]

TE€SE (g1 <oy <T

/dyl /dka Z / /p51( »Yo(1 l—IpsZ Si— 1(yg(z 1) ya(z))dsi dsy

J=10€6; 05 <. sp =2

= /dyl /dyk) H Z $]7y0' HG(ya(i—l)aya(i))v

j=loe6y 1=2

where pg(x,y), as before, denotes the transition density of the stopped Brownian motion.
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For every j € {1,... ,p} define <I>j: Uk = R by

(32) k" Z G xjay(r HG Yo(i—1) ya(z))a foryZ(y1,...,yk) EUk'
[AS(CIA
Note that q)?c(y) = oo if 2/, y1,...,y, are not pairwise distinct. Moreover, @{C(y) does not really

depend on the vector y = (y1,...,yk), but only on the set {y1,...,yx}, ie., q)?c(y) = @i(yg) for any
o € &, where we put yo = (Ys(1) - - Yo(k))-

Hence, to prove Proposition 2.2 it suffices to show

. ; B
(3.3) lim — log/ dy H@ ue}\ﬂlfv {I(p) +pG (1)}

Too

3.2 Cutting

In order to derive the upper bound in (3.3), it is necessary to replace the Green’s function by some
bounded function. We achieve this by cutting off the Green’s function at a large level and show that we
do not change the exponential rate of @i(y) asymptotically as the cut-off level gets large. Introduce,
for M > 0, the cut-off Green’s function Gy = G A M and denote, for j =1,... ,p,

; 1
(34) (I)gc,M(y) = y Z GM 7y0' HGM yo‘z 1)» yo‘())7 fOI‘y: (yla"'ayk)) € Uk
’ €S =2
First, we need some technical preparation.

Lemma 3.2. There exists a constant K1 > 1, depending only on U, p and d, such that, for all
ai,...,az €U and q € {0,...,p},

q p q
(3.5) / H G(agi-1,2)G (2, a2;) H Glagi—1,2)dz < K H G(azi—1,a2;).
Uizt i=q+1 i=1

PROOF. First note that, as p < d/(d — 2), we have sup,cr; [;; GP(a,2)dz < oo and therefore
SUPq, ,...,a, €U fU H?:l G(aiaz) dz < oo.

Now we turn to the proof of our assertion. The case d = 2 is simple, because the supremum over
ai,...,az, € U of the left hand side of (3.5) is finite, and the infimum over ai,...,ag, € U of the
product on the right is positive. The same argument applies in the case d > 3 when p =1, ¢ =0 and
in the case d =3 when p =2, ¢ = 0.

If d >3 and p = ¢ =1, we use that U C Uy U Uy where
Ulz{zEU : |z—a1|2%|a2—a1|} andUzz{zEU : |z—a2|2%|a2—a1|}.

Recall from (1.5) that G(z,y) < cqlz —y|>~%, and pick some ¢ > 0 such that G(z,y) > c|z — y|>~¢ for
any distinct z,y € U. On the first domain we estimate, for some K > 1,

(3.6) G(a1,2)G(z,a9)dz < %4‘12G(a1,a2)/ G(z,a2)dz < KG(a1,a3) .
U1 c U
The second domain is treated analogously, proving the claim if p = 1. Now let d = 3 and p = 2. If
q = 2 we cover U by four domains

Uyj={2€U : |z—a;| > taz —a1| and |z — a;| > tas —a3|},i=1,2 and j = 3,4.
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On the first domain U3 we estimate

02

/ G(a1,2)G(z,a2)G(ag,z)G(z,a4) dz < 16—dG(a1,a2)G(a3,a4)/ G(z,a2)G(z,a4) dz
Uij U

c2

(3.7)
< KG(ay,a9)G(as,ay) .

Again the other domains can be treated analogously, which finishes the proof in the case ¢ = 2. The
case ¢ = 1 is similar. O

Lemma 3.3. There is Cy > 0 and, for all sufficiently large M > 1 and small n € (0,1), there are
constants Cpr > 0 and €, > 0 such that, for all z',... 2P € U and for any k € N,

k

(3.8) /dyf[@i(y)s2ppk(2oo)’“03’f+2p(1+en>’“2 > / dy (@1, /()"
Uk =1 N um ’

J=1 m=[k(1—pn
where limpr1oo Cpr = limy 9 €, = 0.
PRrOOF. Indeed, we show (3.8) with Cj given by
Co = sup/ GP(z,y)dy V1.
zeU JU

To define Cy we choose a minimal §5; > 0 such that G(z,y) < M whenever z,y € U with |z—y| > 0.
Clearly, we have that limp/+o 037 = 0. Now define

Ch = sup sup/ GP(z,y) dy.
z€U a€U J B(a,0p )NU

From the local integrability of GP(z,-) around z, one sees that Cy and Cj; are well-defined and
limp/tae Car = 0. We assume without loss of generality that Chs < 1.

For any fixed j € {1,... ,p} and any vector y = (y1,... ,yr) € U¥ we use the convention yo = z/. Put
0(0) =0 for 0 € Sk. Introduce

(3.9) Ti(y) ={n € {1,...,k} : thereis 0 < i < n such that |y; — y,| < dps}

and

Al(y) = {o €& : #T(y,) > nk}.
In (3.1) we interchange the summation over o with the integration over yi, ...,y and split the sum
over all o € & into the sum over o in A7(y) and in & \ A7 (y).

On the first set of summation, we take advantage of the fact that at least nk of the k integrals are
taken just over a finite union of no more than k balls of radius 37, and the other (1 — 1)k integrals
yield some bounded exponential rate. On the second set of summation, we use that in at least (1—n)k
integrals we may replace G by its cut-off version Gjs, and the exponential rate of the contribution
coming from the remaining integrals is small if 7 is small. Let us turn to the details.

Using the estimate H?Zl(aj +0bj) < 2P Z?Zl(a? + bg) for a;,b; > 0, we obtain that

p . p . .
(3.10) o (y) <27 (H(y) +11,(y),
=1 7j=1

J
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where
. 1 _ k p
(3.11) L(y) = <y > G, yo) HG(yU(il)aya(i))> :
eai(y) i=2
. 1 ) k p
(3.12) I (y) = (y > G yen)) HG(ya(i—l)aya(i))> :
oe6;\ Al (y) i=2

We first fix j and turn to an estimate for [ dy Ifc(y) Use Jensen’s inequality for the uniform
distribution on & to see that

1
E Z HG Yo(i—1)s ya())

cEAI(y) 1=

Now integrate over y € U¥ and note that o € A7(y) if and only if id € A’(y,), where id € &), denotes
the identical permutation. Use the permutation invariance of the integrand to obtain,

/Uk dy T, (y) S/ dy Liiae aiy }HG” Yio1,Yi)-

i=1

Now substitute

Lideary = Yarigsmey = 9. Lwiw—sy

and carry out successively the integration over yi,yr_1,...,y1. Note that at least |nk]| of the corre-
sponding integration regions for y, (more precisely: the ones for n € B), are contained in UNB(y;, dar)
for some 7 < n, the others are over the full set U.

With Cs resp. Cy defined at the beginning of the proof, we arrive at

2?2/ dyU(y) <2 Y kOIS ™" < 2Ppk (26,)F O,

BC{1,...,k}
#B>nk

recalling that Cjpy < 1 and Cy > 1. This yields the first term on the right hand side of (3.8).

We now turn to an estimate of the second term. Again fix j € {1,...,p} and recall the conventions
yo = 2/ and o(0) = 0 for all o € &;. We turn the p-th power in the definition of II (y) into a sum
over p indices o1,...,0p, Le.,

(3.13) I, (y) =

p k
Z Z H l{Tj(yal):Bl} H G(yffl(ilfl)’yffz(iz))

01,..,0pESE B1,--os BpC{l,...,k} =1 =1
Vi: #B;<nk

1
(k1)

Given o1,...,0p and By,..., By, we define B = |JI_, 0y(B;). Let m = k — #B and note that m >
k — pnk. We write the integration vector in (3.13) as y = (yp,ypc), where B¢ = {1,...,k}\ B and
ys = (Yi)iep and ype = (Y;)icpe-

Given 0; € 6 and the set B C {1,...,k}, we define a bijective mapping 7;: {1,...,m} — B€ as the
total ordering that is induced by o; on B€. In other words, if B is equal to the set {oy(i1),...,0:(im)}
with i; < -+ < ip, then 7(n) = oy(in) for any n. Note that, on (_,{77(y,,) = B}, we have
[Yr(ii—1) = Yrpl = O forall i =1,...;pand alli; =1,...,m
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Integrating (3.13), we get

(3.14) /deyII?;(y)S(kl!)p > >

01,...,0p Bl,...,Bp

p m p k
/Um dyse [T 1T Lo, 61 -m G100 /Uk_m dys [ 1] G a1 vouiin)-

I=14=1 I=14=1

Now we apply Lemma 3.2 to each of the £ — m single integrals over y; with j € B in the second line.
Here we conceive all y; with j € B® as parameters which play the role of a1,..., a2, of Lemma 3.2.
The (k — m)-fold application of this lemma yields

p k P m
(3.15) /Ukm dys [T I GWorti=1): ¥orin) < KT ™ T 1T G Wnitiim1ys Ymiin))-

1=1i;=1 1=14;=1

We substitute (3.15) in (3.14) and replace every G by Gs on the right hand side of (3.15). Furthermore,
in order to streamline the integration set, we write ygc € U™ as y € U™. This necessitates that we
replace every bijection 7;: {1,...,m} — B¢ by a permutation 7; € S,, in such a way that 7;(n) is the
71(n)-th largest element in B¢ for every n € {1,...,m}.

Altogether, we obtain

. 1 pm

01,.-+0p Bl,...,Bp I=1%4=1
The integral on the right hand side of (3.16) depends on the set tuple (Bi,...,By) only via the
cardinality k —m of B. We now replace the sum over the set tuples by the sum m = [k(1—pn)],... , k.

We estimate the number of set tuples from above by

> ()] < ’“p(mkm)p'

n=1

Furthermore, note that, when passing from the sum over oy,...,0, € & to the sum over 7q,...,7, €
G, we obtain a counting factor of (k!/m!)P. Then we rewrite

1 L .
TS Z H H GM(y%,(il—l)ayﬁ(il)) = (Q‘Q,M(y))p-

mlP _
Ly TpEGmM I=17=1

This leads to the estimate
. E \P k )
/ dy 11 (y)) < Kf”’“kp( ) > / dy (@, (1))".
v KAl ol |
Now use Stirling’s formula to see that the factors on the right hand side in front of the integral are

bounded from above by (1 + sn)k with some ¢, | 0 as | 0. This yields the second term on the right
hand side of (3.8), which ends the proof. O

3.3 Discretization

Our second main technical tool is a reduction to a discrete counting argument. For this purpose, we
introduce a finite partition of U, which is carefully chosen in order to represent many details of the
continuous picture.
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To introduce appropriate notation, let ¥, = {1,...,n} and denote the partition sets by Ui, ..., U,.
We assume that every U; is measurable and has positive Lebesgue measure A(U;). We call 7 the
canonical projection w: U — X, that is, x € Uy, for any z € U. We write 7y = (7my1,...,TYk)
for any k € N and y = (y1,...,y%) € U¥. Furthermore, if 4 is a probability measure on U, then
mu € M1(X,) is its projection on X,. Similarly for v € M;(U?) we denote the projection on %2 by
mw € Myi(32). If v is in the set M3 (X,) of probability measures on ¥2 with equal marginals, we
denote by v € M;(%,,) its left or right marginal measure. Note that 77 = 7w for any v € M7(U),
where we write 7 for the marginal measure of v.

For measures u € M;(Z,) and v € M;(X2) we define discrete analogues of the relative entropy
functionals I and [ ﬁ by

i T = e (5g) et R = 30 el ()
IE€Sn ! ViUm

[,mex,

using the usual convention 0log0 = 0. Recall that Gpy = G A M and define the approximate Green
functions G]\+/[, G™:¥2 5 Rby

(3.18) G1,(l,m) = sup Gur(z,y) and G~ (I,m) = 1215 G(z,y).
zEU; zeby
y€EUm yEUm

Functions G5, and G~ on M (Z,,) analogous to G in (2.9) are defined by
(3.19) Gi;(u)= inf {E(v) — (v, log GL}} and G (u) = inf {Tg(v) — (v,log G_>} ,

vEM; () vEMS (Bn)

where we used the notation (v, F) =37, v v1,m F(I,m). The functions G, and G~ are continuous.
Indeed, for fixed u, if the set V C M¥(S,) is a neighbourhood of the set {v € M¥(Z,) : T = u},
there exists a neighbourhood U of v with {v € M} (X,) : =4} C V for all & € U. Together with
the obvious continuity of I2(v) in both arguments u and v and of v ~ (v, F) this implies continuity
of g]; and G .

Our aim is to determine a partition such that the coarsened variational formula is a good approximation
of the variational formula on the right hand side of (3.3).

Lemma 3.4. Given § > 0 and M > 0, there is a measurable partition Uy,...,U, of U, such that,

(3.20)
f I f I(u f I 0.
Me/l\zll {I(rp) +pG (7p)} — ue/l\flll {I(p)+pG(pn)} < ue}\flll {I(mp) +pGi,(mp)} +

PROOF. We start with the upper estimate. Choose the partition such that
‘logG"M(wx,wy) —log GM(:L“,y)‘ <d/p, forall z,y e U.

This is possible since log G is continuous on the closure of U2. To every u € M;(U) we associate
g € My(U) with constant density on the partition sets and mp = 7wp. Analogously we associate
to each v € M;(U) a v € M;(U) with constant density on the products of the partition sets and

mv = mir. Then I(fi) = I(wp) and Eﬂ(mj) = I%(ﬂ), and we infer that

+ _ : 72 _ + : 2(~\ _ (7 _
Giy(mn) = int AT (o)~ (molog G | > int {IE(9) — (9,10 Gar) |~/
TU=Tp D=0
> G(f) - d/p,
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which shows the upper bound in (3.20).
Let us turn to the lower estimate. Given d > 0, we select an approximate minimizer v € M7 (U) with
marginal y = 7 such that

(3.21) Me}\ﬁlf {I(p) +pG ()} > I(w) +p(I2(v) — (v,log G)) — 6/2.

We use now Jensen’s inequality to show that, for any partition, we have
(3.22) I(p) > I(mp)  and  TA(v) > I(mv).
To prove this, abbreviate ¢(z) = xlogz and note that

1) = (Moo )= S AW [ d po %,
lex, l

where )\; denotes the normalized restriction of the Lebesgue measure to U;. Now use Jensen’s inequality
for the convex function ¢ and summarize to arrive at the first inequality in (3.22). The proof of the
second one goes along the same lines, recalling that I2(v) = (T @7, ¢ o (dv/d(V @ 1))).

Furthermore, for the fixed v, every partition can be refined such that (v,log G) < (7v,log G™)+4d/(2p) .
This can be seen by choosing N so large that (v,logG) — (v,logGy) < §/(4p) and using uniform
continuity of log Gy on the closure of U? to split the domain of integration into partition sets on
which the variation of log G is less that §/(4p). Substituting this and (3.22) into (3.21), we arrive
at the lower bound in (3.20). O

3.4 The combinatorial argument

Having removed technical obstacles, like unboundedness of the integrand, and discretized the inte-
grals, we are ready to turn to the combinatorial core argument in the proof of Proposition 2.2. The
main observation is that the k-fold product in (3.2) only depends on the numbers of transitions
the sequence Y, (0), Ys(1), - - - » Yo (k) Mmakes from one set of the partition to the other. In other words,
one can summarize the permutations that lead to the same empirical pair measure of the sequence
TYo(0)s TYo(1)s - - - » TYo(k) and sum over all the empirical pair measures instead. Since the combinatorics
turn out to be manageable, this observation leads to a great simplification and enables us to use large
deviation theory for empirical pair measures. Let us turn to the details.

We fix a large M > 0 and small § > 0 and a partition Uy,...,U, chosen according to Lemma 3.4.
Recall that M7 (3,) denotes the set of probability measures on ¥2 having equal marginals. In the
next lemma, we give lower and upper bounds for ®7(y) resp. ®] ,,(y) in terms of a variational problem

on Mj3(%,).

Recall our notation 7y = (wyy,...,mys) for y € U¥, and denote by Llyk € Mi(2,) the empirical
measure,
L&

LL,,(A) = . > 6,(A), forall AC S,
i=1

Lemma 3.5. Forall j € {1,... ,p}, as k1 oo, uniformly iny = (y1,... ,yx) € U¥,
(3.23) CI)‘,i,M(y) < ™ exp (—kGy; (Lﬂy k) s
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and

(3.24) ®7(y) > e”Wexp (kG (L1, ;) -

PrOOF. Fix j and recall the convention yy = 7 and o(0) = 0 for all ¢ € &;. Assume without
loss of generality that yo € U;. Note that, for any y = (y1,...,yx) € U*, we have GYo(i-1)s Yol(i)) =

G (MYo(i=1)s TYo(i)) ad Gr(Yo(i=1), Yo (i) < GL(wyg(i_l),wyg(i)). We introduce the empirical pair
measure

k
1
Lk =7 2 0wy € Mi(E2),  for = (r,..., o) € ZF,
=1

where 1pp = 1 is the index of the set U;. This implies that, with 7y, = (TYg(1)s- - - TYs(r)),

. 1 -~ ; 1
(3.25) ®1(y) > o > exp (K(L2, 4 logG7)) and @ ) (y) < o > exp (k(L2,, 1,logGp)).
’ €S ’ €S

Denote by Mgk)(En) the set of probability measures u on ¥,, such that the numbers ku(1),...,ku(n)

are integers and sum up to k; analogously we define Mgk)(il%). Abbreviate u = L}T%k € Mgk)(En) for

the course of the proof. Note that, for any o € G, the total variation distance between « and any of
the two marginal measures of L?rya ;. is not bigger than 2/k, which is denoted below as Eiya,k R~ U.

Now we reorganize the sum over o € &, by summing over all vectors ¢ € $¥ and simply counting the
permutations o such that ¢ = my,. Hence, for F € {G~,G},}, we have

(3.26) > exp (k(LZ,, 1 log F))
[AS(CIA

- Z Z 1{7ry":¢}1{fi,kmu} exp (k<Li,k310gF>)

peLk c€6y
= Z exp (k(v,log F)) Z 1{L12p,k:v}#{o- €6y : Yy, =Y}
vemlP)(2) ypexk

vTRU

Note that, for any 1 € ©F satisfying L?p,k = v for some v satisfying v ~ u, we have

(3.27) #{o € & 1 myy =y} = [[(buw).
=1

In other words, if the empirical measures of 7y and 9 coincide, then there are []}"; (ku;)! reorderings
of (my1,...,my) that are equal to (91,...,9%).

Furthermore, well-known combinatorial considerations (see e.g. [dHO00, I1.2]) yield that

Hzezn (Kuy)!
Hl,mGEn (kvlam)! ’

where €°*) is uniform in v € Mgk)(Z%) Substituting (3.27) and (3.28) in (3.26), we obtain

Hzezn(kul)!2
F T mes, (Fvim)!

(3.28) #{penk L2, =v} =W

(3.29) % Z exp (k(Liya,k,log F)) = e?k) Z exp (k(v,log F))

o6y, vem{M(s2)

TRu
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Stirling’s formula yields that, uniformly in u and v, the last ratio is e’®) exp(—kI2(v)). Hence,
uniformly in y € U*,

1 ~
(3.30) = 3 exp (K(L2,, plog ) = ™) 37 exp ( — k() - (v,logF))).
CoEBy, vemiP(=2)

Now recall that I2(-) — (-,log F') is continuous, that the total variation distance between {v €
Mi(22): 5 ~ u} and M3(Z,) is not bigger than 2/k and that #Mgk)(il%) is bounded above by
a polynomial in k. From (3.25) we obtain our two assertions, for F' = GX/[ resp. F=G. O

In the next lemma, we integrate the upper resp. lower bound stated in Lemma 3.5 over y € U¥ and
obtain an upper resp. lower bound for the logarithmic asymptotics in (3.3) in terms of a variational
formula, which is the coarsened form of the right hand side of (3.3).

Lemma 3.6. For each j € {1,...,p} and each M >0,

(3.31) hmsupk log/ dy <I>£ uy?P < —  inf {I (mp) + pGi(mp) }-
koo K : pEM1 (U

Moreover,

3.32 hmmf lo / d <I)J ) > — 1nf I (mu) +pG (7

(3.32) minf - log yH > - inf { p) +pG (mp)}.

PROOF. In order to derive (3.31), we raise the upper bound (3.23) to the p-th power and integrate
over y € UF. Note that the right hand side of (3.23) does not depend on y, but only on ¢ = 7y =
(ry1,...,myx). Hence, it makes sense to subdivide the domain of integration according to the tuples
that arise. In this way we get the bound

/Uk dy @)\ (y)P < eo® N /U /U dyi, ... dy1 exp (— kpGyy(Ly )
VY

PYeTk
= o) Z exp( kpG i, ( ka H AU
pexk l€Xn
< o) Z #{y € 22 : L,lr/,yk = u}e_kpgfmu) exp (k Z uy log A(Ul))-
ueM{F) () [E%n

Now use Stirling’s formula to see that the counting factor in the last line is e°(¥) exp(—k Zlezn w log uy),
uniformly in u € Mgk)(En). We recall (3.17) and infer that

/k dy®] () <e® S exp (= k(pg (v) - T(w)).
v ueMgk)(Zn)

From the two facts that I — pgj'/[ is continuous, and that #Mgk) (X5,) is bounded above by a polynomial
in k, we infer that (3.31) holds.

The proof of the lower bound (3.32) is analogous, using (3.24). O

3.5 Conclusion

In this section we finish the proof of Proposition 2.2. Recall that only (3.3) is left to be shown.
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The lower bound is immediate from (3.32) and (3.20). For the upper bound take logarithms in (3.8),
divide by k£ and let k 1 0o. According to Lemma 3.3, after letting M 1 oo, one obtains

(3.33) hmsup log / dy Hqﬂ
k

oo

< lo + &)+ lim miax lim sup — lo / d <I>
g(1+ey) + lim mi moopk g Z dy

Estimate the last integral on the right hand side from above against the maximum on m € {[k(1 —
pn) 1, ..., k}. Now we pick 6 > 0, choose a partition according to Lemma 3.4, and use Lemma 3.6 to
infer

1 . ~
li —1 dy @’ P<— inf  SI(mp) + pGy, :
im sup = log / L WO W) < = i (U){ (1) pQM(w)}

Now use (3.20) and let first M 1 oo, then 7 | 0, to obtain

hmsup lo / dy <I>]
o og H

oo

< h\{nlog(l + 5,7) — hm(l —pn) /i\ftlf(U) {I(p) +pG(w)} + hm5(1 —pn)

= inf 1 I(p J.
el )+ PO+

Now let 6 | 0. This finishes the proof of the upper bound in (3.3).

4. ANALYSIS OF THE VARIATIONAL FORMULAE IN (1.9) AND (2.10)

In this section we prove our results related to the characterization of the limit in (1.8). These are
Proposition 2.1, Theorem 1.2, and finally Theorem 1.3, which we discuss in Subsections 4.1-4.3,
respectively.

4.1 Proof of Proposition 2.1.

It turns out that the variational formula (1.9) is much easier to analyse than (2.10). Indeed, in contrast

o (2.10), for (1.9) compactness and continuity arguments are available, such that the existence of
maximizers, their positivity and the Euler-Lagrange equations can be derived in a fairly standard way.
Furthermore, (1.9) majorizes (2.10) in a certain strong sense, such that the maximizers of (1.9) turn
out to stand in an elementary one-to-one correspondence to the minimizers of (2.10).

Before going into the details of the proof, we discuss general continuity properties of the operator 2,
which are of use in the forthcoming proofs.
Lemma 4.1.
(i) If d =2 and q > 1, then 2 is a bounded linear map from LY(U) into L>°(U).
d
(ii) Ifd >3 and 1 < ¢ < d/2, then A is a bounded linear map from LI(U) into Lﬁ(U).

PROOF. The first statement follows easily from Holder’s inequality using that in d = 2 we have
sup, [ G(z,y)?dy < oo for all ¢ > 1.



BROWNIAN INTERSECTIONS 21

If d > 3 we recall, e.g. from [LL97, 4.3], the Hardy-Littlewood-Sobolev inequality. For all s,r > 1,
0 <A<dwith 1/r+A/d+1/s =2 there is a constant C' > 0 with

(1) [ [ @la sl h) dod| < LA

Recall that G(z,y) < c4lz — y|>~? and use the Hardy-Littlewood-Sobolev inequality with A\ = d — 2
and s = ¢, r = dq/(dgq+2q — d), which yields (h,Af) < C||f||q |||, for any f € LY(U) and h € L"(U).

d
Hence 24 maps f continuously into the dual of L"(U), which is L7 (U). This proves (ii). O

For our purposes, it is convenient to rewrite (1.9) as

(4.2) o" = sup{(f,Af) : f e LP/PP=VU) and ||fl2p/2p-1) < 1}-

It is clear that the supremum in (4.2) may be restricted to positive normalized functions f €
L?/Cr=1(U). We start by showing that the operator : L?/(P=)(U) — L?(U) is continuous,
and establish (2.11).

Lemma 4.2. Suppose p is a positive integer with p < d/(d — 2).
(1) 2 is a bounded linear map from L?/CP=1(U) into L?P(U). In particular, o* < ||
(i) For all p € My (U) with g% (z) dz = p(dx) we have

(4.3 exp (= (100 +pG(0))) < 5" 2g77Y).

(iii) Equality in (4.3) holds if and only if there is o > 0 with the property

(4.4) A9~ (x) = pg(x) for p-almost every x € U.

Moreover, in this case I(p) + pG(p) = —plogo and G(n) = —log o — 2(u,logg) .

PROOF. Assertion (i) is a direct consequence of Lemma 4.1 and the fact that the spaces LY(U) are
continuously embedded in each other for decreasing ¢. Indeed, if d = 2, one can choose ¢ = 2p/(2p—1)
and if d > 3 and p < d/(d — 2) it is always possible to choose the parameter ¢ in such a way that the
three conditions

dq 2p

> 2 <

are satisfied, from which (i) readily follows.

1< <d
2p_17 q 27

We now show (ii). Assume without loss of generality that I(u) + pG(p) < oo. Let § > 0 and choose
v € Mj(U) such that the marginals are both equal to x4 and G(u) > Iz(z/) —(logG,v) — 4. As a
first step, we infer from this that (log G,v) is finite. Indeed, abbreviate f(z,y) = v(dzdy)/dz dy and
choose € > 0 so small that

C =log sup/ GPYe(z,y) dy < oo.
zeU JU

Then, estimating pI;(v) > I7(v), we obtain

(92;) ® 92p)1/2Gp+.€>

(4.5) oo >1I(p)+ Iﬁ(z/) + e(log G, v) — (log GP¢,v) = e(log G, v) — <f, log 7
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For the second term we use Jensen’s inequality to estimate

(g% ® g*)'/2Grte\ . flz,y), g% (x)GP(z,y)
)= [ dea @) [ v eos =R

(4.6) (108 f

< /Udacg2p(x) log (/UG”J“E(:E,y) dy) <C.

From this we infer that (log G, v) is finite.

Now we use the lower bound in a variational principle for Iﬁ, which we recall from [DZ96, 6.5.10]. For
all measurable « : U? — (0, 00) that are bounded from 0 and infinity,

4.7 2(v) > d dy) log (—28Y) Y
) 0> [ sy tos (7o)
For arbitrarily large M > 0 and small € > 0 the function

G(z,y)
gNAM)(y)VeG(z,y)’

u(:v,y) = (

is admissible in (4.7), which yields

48) 1) > [ wtdady)tos (e P es) = [ e (| o2 SmS G

Now recall that (logG,v) < oo and [v(dzdy)logg(y) = (u,logg) < co. Hence, using dominated
convergence, we get

/UZ v(dzdy) log ((g A M)(y) v eG(z, y)) < /

U

vldwdy)log (9(y) V £G(z,y)) = (4, log g).

Using bounded convergence we also get

/“’(dy) log (/ (g A%?(’j))e(jé)(y,z)) = /”(dy) tog </%>

< [ wtanytog ( [ CUutde)) = (utog(eig ).

(4.9)

Hence, taking limits in (4.8), we get

Iﬁ(l/) > (v, log G) — <N,10g(g . m92p—1)>‘
Recalling the choice of v and letting ¢ | 0, we obtain

(4.10) G(n) > —(p,log(g - Ag*~1)).
We apply this and Jensen’s inequality, to obtain

exp ( - %(I(u) +pg(u))) < eXp(—%(u, log %) + (p,log(g - %92”_1»)

(4.11) _ exp(</1,, log Q[gZp—l >> . <M, Ag2r—1 >

g
= (g7, Ag?P .

This proves (ii).

Finally, to prove (iii), assume that we have equality everywhere in (4.11). By strict convexity of the
logarithm, equality in the second line implies that, for some constant o > 0, we have Ag*~! = pg, for
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p-almost every x € U. Together with equality in the first line of (4.11), which is equality in (4.10),
this yields that

G(u) = —(p,log(g - Ag** 1)) = —log 0 — 2(u, log g).
Conversely, if (4.4) holds, we have equality in the second line of (4.11). To check equality in the first
line, we define a probability measure v € M*(U) by

15 _ _
v(dzdy) = h(z,y)dzdy = 592’” "(2)g* " (y)G(z,y) dz dy.

The measure v is well-defined by (4.4) and plugging this into (2.9) yields

G(p) < —(n,log(0g”))-
This means that equality holds in (4.10) and hence also in the first line of (4.11), completing the proof
of (iii). O
We now prove the existence of maximizers in (4.2).

Lemma 4.3. Every mazimizing sequence for the variational problem in (4.2) has a subsequence that
converges weakly in L'(U) towards some mazimizer of this problem.

PROOF. Write short || - || for || - [l,/(2p—1) and put K = {f € LY(U) : f >0, ||f|| < 1}. Tt is easy to
see that it is sufficient to establish the following two statements:

(4.12) K is weakly compact in L'(U),
(4.13)  the mapping f — (f,2f) is upper semicontinuous on K in the weak topology on L(U).

To establish (4.12) we first note that K is weakly relatively compact in L'(U), because the family K
is uniformly integrable, see [DZ96, C7]. It remains to show that K is weakly closed. For this purpose
it suffices to show weak closedness in {f € L'(U) : f > 0}.

Let f > 0 satisfy f ¢ K. Then ||f|| > 1. Let
fAn

Pn = (W)ﬁ € L*®(U).

Then we have,

2
liminf/(pnfdx > liminf|| f /\n||1*12p /(f /\n)21£1 dr =liminf||f An| = ||f|| > 1,
ntoo ntoo

ntoo

and, for all g € K, using Holder’s inequality,

1 _2p =
[ engds < lallolgl < 1 Al ([ (5 Ao o) ¥ < 1.

Hence, for n sufficiently large, the function ¢ = ¢, € L (U) satisfies, for all sequences (g; : k € N)
in K,

limsup (p, gx) <1< (g, f),
kToo

which means that f is not in the weak L'-closure of K. We infer that K must be weakly closed in
LY(U), which proves (4.12).

To show (4.13) we assume that (f,: n € N) and f are in K such that f, — f weakly in L'(U).
Our aim is to show that limsup,_,..(fn,Afn) < (f,2f). For some large M > 0, we split A =
Anr + (A — Aps), where the operator 2y, is defined like 2, but with Glg<n instead of G. We show
that limps—0 sUp,en (fr, (A — Anr) fr) = 0. In d = 2 this is straightforward using Holder’s inequality.
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If d > 3, we recall that G(z,y) < cqlz — y|> ¢ to estimate G(z,y) < C'|z — y[>/2 4G (z,y)/ 42D for
some C’ > 0. Apply the Hardy-Littlewood-Sobolev inequality (4.1) with r = s = 4d/(2d + 3) and
A =d — 3/2 to obtain, for some C > 0,

(4.14)  (fa, (A = Any) fo) < C' MY E20) / / fa(@)|z =yl fuly) dedy < C'OMYE2D| £, |12,

Since r < 2p/(2p — 1), this vanishes as M — oo, uniformly in n € N.

Hence, we only have to show that, for fixed M > 0, we have limy, oo (fn,Anrfn) = (f,Aprf) and
taking the limit M — oo yields the desired conclusion. The proof of this follows from a standard
monotone class argument. Let H be the class of all ¢ € L>(U?) with the property that

i [[ 1. fudte,) dedy = [ [ 1()£w)ote,y) dody.

This class is a vector space containing all functions of the form ¢y (z)p2(y) for ¢1, ¢ € L°(U). Finally,
suppose that 0 < ¢ 1+ ¢ € L®(U?) and ¢ € H. We can estimate, using the triangle inequality and
Holder’s inequality,

| // H@)fy)é(z,y) dody = / / Fal@) fu(9) (@, y) da dy\

<| [[ 1015w - o) dady] + | [ [ (£@110) = fa(o) ) duo.v) dody

(4.15)
| [ 1@ 1a)6 = d0)(o0) dy\
<10 = delln + | [ [ (@7 0) = Falo) ol bulo) do d| + 100216 = drllan
where we recall that || | = || - [|2p/(2p—1) and extend the notation || - ||la, to L?(U?). Now it is easy to

see that the last line of (4.15) can be made arbitrarily small by choosing a large k and letting n — oo.
This shows that ¢ € H and, by the monotone class theorem, we have shown that H = L>(U?). Hence
Glig<m € H and this finishes the proof of (4.13). O

Now we derive the Euler-Lagrange equation for the minimizers in (4.2).

Lemma 4.4. Any nonnegative mazimizer of the variational problem in (4.2) is essentially bounded
away from 0. Writing this mazimizer as g?*~ ', the function g € L?P(U) satisfies (4.4) with some
o> 0.

PROOF. Let f € L#/(2»~1)(U) be a nonnegative and normalized minimizer in (4.2). We first show
that f is essentially bounded from 0. Assume the contrary, which means that A{f < e} > 0 for all
e >0.

We fix some ¢ > 0 such that A{f > ¢} > 0. We define a function f: U — [0, 00) as follows
flz)+a, if f(z)<e
fl@)=9q fl@)=b, if f(z) 2 ¢

f(x), otherwise.

Our plan is to choose a,b > 0 and € > 0 so small that ||f||2p/(2p,1) =1 but (f,2Af) > (f,Af), which
contradicts the maximality of f.
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For every sufficiently small ¢ and ¢ > 0 we may find b < ¢/2, such that ||f|14, = 1, where we
abbreviate n = 1/(2p — 1). This condition implies that

0= [Iflin = Iflhin = /{f< }[(f(w) +a)* — f(2)*] dz + /{f> }[(f(x) =)' — f(2)'""] da,

and one one can see that this implies, for some constant C' > 0, that does not depend on a or &,
(4.16) b < Ca(a+¢e)"\{f <e}.

On the other hand, one can use this to check in the same way that, again for constants Cy,Cs > 0,
which do not depend on a or ¢,

(F.Af) = (f,Af) < aMf < e} (Cila+e)" = Cy).

We may now choose a, ¢ suitably, such that the right hand side is negative. This yields the desired
contradiction.

In order to prove the second assertion, let ¢: U — R be bounded with [ ¢(z)dz = 0. For sufficiently
small £ > 0, we have ||f +ep|l; =1 and f +ep > 0 on U. Using the maximality of f, we infer

0

‘ 2p— 2p—1
O¢ le=0

1 =1 2p—1
(4.17) 0 (F+e0) ™ Af +ep) @ ) =21 (o fmaf s ).
—1 2p—1
We infer that, in L?(U), the function f ﬁ%[( f %7) is orthogonal to the orthogonal complement of the
span of the constants. Hence there is a constant o such that

2p—1
gfﬁ(m) = Qlfg—zi(m) for A-almost every = € U.
As f is essentially positive, we have o > 0. Writing now g%’ ! for f, we have verified (4.4). O

Putting together the previous three lemmas we obtain the existence of minimizers for the variational
problem in (2.10) and the convergence of minimizing sequences.

Lemma 4.5. Every minimizing sequence for the variational problem in (2.10) has a subsequence that
converges weakly towards some minimizer of this problem. If g°P denotes its density, then g € L*(U)

satisfies (4.4).

PROOF. Suppose that (u, : n € N) C My(U) is any minimizing sequence for the variational problem
in (2.10). At least for sufficiently large n, the measures p, have Lebesgue densities, which we denote
by ¢ € L?(U). By Lemma 4.2, (gip e N) is a maximizing sequence of the variational
problem in (4.2). By Lemma 4.3, we can extract a subsequence converging weakly in L'(U) to
some g?~' € L*/(P=1)(U). Defining p by u(dz) = ¢ (z)dz yields a maximizer of the problem
(2.10) we started with. It is obvious that p is the weak limit of the corresponding subsequence of
(n : n €N). O

We have now established the existence of a minimizer u(dz) = ¢?(z)dz for (2.10) satisfying (4.4)
with o = p* defined by (1.9) resp. by (4.2). Also, ¢ is a maximizer of (1.9) if and only if the measure
p(dr) = g% (x) dz is a minimizer of (2.10). Hence, Proposition 2.1 and the existence of the maximizers
have been proved.

4.2 Proof of Theorem 1.2

Next, we establish smoothness properties for every g satisfying (4.4).
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Lemma 4.6. Every g satisfying (4.4) has a version that is twice continuously differentiable on U. By

(4.18) o(z) = gi /U Glx,y)g™ (y)dy, for z € B(O,R),

one can define an extension of g to B(0,R), which is continuous on the closure of B(0,R) and con-
tinuously differentiable in the interior of B(0, R).

Proor. We start by showing that (4.4) implies that g € L*°(U). Indeed, if d = 2 we know that
g € L?’(U) and thus Lemma 4.1 shows that g = (1/0)2¢g??~! € L°°(U). In the case d = 3 and p = 2
we get from Lemma 4.1 that g = (1/0)%¢> € L'2(U). By Hoélder’s inequality we infer that

Ag®(z) < (/UG(IE,@/)‘”?’ dy)3/4(/Ug”(y) dy)1/4-

Because G(z,y) < cqlz — y| ! the right hand side is bounded, and we use (4.4) again to infer that
g € L*°(U). Finally, in the case d > 3 and p = 1 we iterate the use of Lemma 4.1 and (4.4) to obtain
g € L*(U) for some s > d/2. Let ¢ = s/(s—1) and note that 1 < ¢ < d/(d—2). By Holder’s inequality
again we infer that Ag(z) < [|G(w,-)|lq l9llg/(g—1)- The right hand side is bounded, and we infer from
(4.4) that g € L>®(U).

Now extend g by (4.18) to the whole ball B(0, R). Using that gly € L>°(U), we know from [PST78,
4.6.6.] that g is continuously differentiable on B(0, R) and continuous on the closure of B(0, R). To
see that it is even twice continuously differentiable on U let

Bo(y) = /U G (2, y)g(x) de, for y € B(0, R),

where G denotes the Green’s function with zero boundary conditions on U rather than on B(0, R).
Denote by hy the harmonic measure on QU. For almost every x € U we have

(4.19) 9(z) = 22027 (2) = 23 (1) + = [ AP (2ho ().

Y% 0 0 Jou
As ¢g®~1 is Lipschitz continuous on U, the first summand on the right hand side is twice continuously
differentiable by [PS78, 4.6.6.] and the second summand is harmonic in U and hence infinitely often
differentiable. O

We have by now shown that every maximizer ¢ in (1.9) has a version satisfying Theorem 1.2 (a). We
now prove the equivalence of the two characterizations of the minimizer given in Theorem 1.2.

Lemma 4.7. The equation in Theorem 1.2 (a) and the partial differential equation in Theorem 1.2(b)
are equivalent.

PROOF. Suppose (g, 0) is a solution of (1.10). By the Meyer-Tanaka formula, for a Brownian motion
B = (Bs : s >0), the process M defined by

1/t
M= g(B) + / 1 (By)1y(By) ds
0

is a local martingale on [0,7), where T is the first exit time from B(0, R). Hence, by the optional
stopping theorem, for all z € U,
I 1
ola) = ElM] = EMr) =E[5 [ % (B)10(B.)ds] = 2977 (0),
0

Now assume conversely that the operator equation of Theorem 1.2 (a) holds in U. The continuation
of g to the closure of B(0,R) defined in (4.18) has the necessary differentiability and continuity
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properties. Recall equation (4.19). Applying —A/2 to both sides of the equation and recalling that
—~ABf(x) = 2f(z) for all bounded f € C?(U) (see [PS78, Theorem 4.6.6.]) gives (1.10) for x € U. To
get (1.10) for = ¢ U it suffices to observe that (4.18) is harmonic on the interior of B(0,R) \ U. O

Finally, we prove uniqueness of the maximizer in (1.9) in the case p = 1. Note that we do not know
whether uniqueness holds if p > 1, except in the special case when U is a ball and R = oo, see
Subsection 4.3 below.

Lemma 4.8. In the case p =1 the solution g of (4.4) is uniquely determined.

PrOOF. Recall the Krein-Rutman theorem (see e.g. [Am76, Theorem 3.2]). L*°(U) is an ordered
Banach space whose positive cone has nonempty interior and 2l is a strongly positive compact linear
operator 2 : L®°(U) — L (U). Hence 2 has exactly one normalized strictly positive eigenvector and
this eigenvector is the unique minimizer g. O

4.3 Proof of Theorem 1.3.

Suppose now that U = B(0,1) is the open unit ball centred at the origin and consider unstopped
Brownian motions in R?, d > 3. By (1.6) in this situation G(z,y) is a rotationally symmetric function
of z — y, and the maximizers for the problem in (4.2) are necessarily rotationally symmetric. This is
a direct consequence of Riesz’s strict rearrangement inequality; see [LL97, 3.7, 3.9].

Let f € L?P/2P~1)(U) be a minimizer of the problem in (4.2), put ¢?* ! = f on B(0,1) and extend
g to a C'-function on the whole of RY. Recall that this is possible by Theorem 1.2 (b). Define
z:[0,00) = (0,00) by g(z) = cz(a|z|), choosing the positive parameters a, c such that

z(0) =1 and 0" =2c¢*72/d?.

Writing the Laplacian in polar coordinates gives for |z| < 1,

2 d—1
(4.20) —ca’z(alz)? ! = —= g% (z) = Ag(z) = 7] ca? (a|z]) + ca?2" (a|z]).
0 T

In other words, z satisfies (1.11) on [0,a]. Differentiability of ¢ implies 2/(0) = 0, and we can infer
that z satisfies the requirements of Theorem 1.3 (i) on the interval [0, a].

We now show uniqueness of the solutions of (1.11) with z(0) = 1 and 2'(0) = 0. In the case p =1
the transformation (1.12) can be inverted and this reduces the problem to uniqueness of solutions
of the Bessel differential equation, see Remark 2. To show uniqueness in the remaining case p = 2,
d = 3 we argue as follows. Since the map z — zz(x) is strictly increasing on [0,a], we may define
f:[0,az(a)] = [0,00) by putting f(zz(r)) = z2(z) + 222'(z). Note that f has a simple zero at the
origin, and that f satisfies the differential equation f'(t) = 1 — ¢3/f(t). Indeed, using (1.11) in the
penultimate step, we get

, 4 f(xz(x)) 2z (z) + 222" () 2?z(x)3 (
xz2(x)) = dgl T S o S’ N I S Sod VA
(@21)  fezl) = e~ T 2w @ 1) L frw)

and the result follows by substitution of ¢t = zz(z).

The function f is uniquely determined by the differential equation f’(t) = 1 — t3/f(t), at least close
to the origin. To show this, let || - ||z be the supremum norm on [0,7]. Then, if f; and f, satisfy the
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equation and f1(0) = f2(0) = 0, we obtain, for suitable constants C’,C > 0,

T
T s/o F(s) — F3(s)) ds /f1 S1A(6) = Fal9)]ds

T
so’/ sllfy = fallr ds SCT2||f1_f2“T'
0

For sufficiently small 7' > 0, this shows that f is unique on [0, T]. A standard Picard-Lindel6f argument
shows the uniqueness on the whole interval on which f; and fy are defined and positive.

The uniqueness of z now follows by noting that z can be uniquely recomputed from f by the formula

7 N\ + ng, or r E ,a; 9

where C = lim, (f;(a) % —log 5).

We now check that a is indeed the smallest value such that z(a) = az'(a)/(2—d). Because g is harmonic
on R?\ B(0,1) and vanishing at infinity, there exists a constant C' > 0 such that g(z) = C|z|>~? for
all |z| > 1. Hence, z(t) = Kt>~¢ for some K > 0 and any ¢ > a, and therefore 2'(a) = (2 — d)z(a)/a,
as claimed. Now suppose that there is a smaller value 0 < a < a satisfying z(a) = az'(a)/(2 — d).
Define h(z) = ¢z(a|z|) where ¢ is chosen such that [|h|2, = 1. This implies, writing o4_; for the area
of the (d — 1)-sphere,

ad ! ¢
= = dd/ 2% (a|z]) dz = alog_y / rd 122 (ar) dr = 04_, / sT 122 (5) ds
cb U 0 0

a ad
< O'd_l/ s (s) ds = ——.
0

c2p

(4.22)

One can check easily, by reverting the arguments above, that h is a solution of

In particular, recalling the equivalence of this differential equation and the operator equation in The-
orem 1.2 (a) we get

S Ah() = -

26702 2c% 2
(h?=1 AR = =

where we have used the relationship (4.22). This contradicts the fact that ¢ is a maximizer in (1.9).

&2

We have thus characterized the minimizer uniquely, the formulae relating the value of ¢* with the
differential equation follow easily from the relation o* = 2¢??72/a? by evaluating the normalization
constant using polar coordinates as in (4.22). Hence, the proof of Theorem 1.3 is finished.

5. THE DIMENSION SPECTRUM OF THICK POINTS

In this section we give the proof of Theorem 1.4. The upper bound for both (1.17) and (1.18) follows
from standard methods, for the lower bound we rely on the method of hitting with a percolation limit
set and adapt ideas of [Ly90] and [KP99] for our purpose. A main problem in the investigation of the
Hausdorff dimension of subsets of S comes from the fact that there is no natural parametrization of
S by a non-random set. This makes the investigation more involved than, say, in the case of a single
Brownian path, where such a parametrization is available.

We assume that under P the processes Wi and W5 are two unstopped independent Brownian motions
in R3, started in the origin and # their intersection local time. For the limit in (1.8) we introduce the



BROWNIAN INTERSECTIONS 29

abbreviation 6 = 2/p* with ¢* given by (1.9) ford =3, p =2, U = B(0, 1) and R = o0, or equivalently
by Theorem 1.3 for p = 2.
5.1 The upper bounds

In this subsection we prove all upper estimates needed in the proof of Theorem 1.4. Fix a unit cube
C=b+][0,1]® at positive distance from the origin. Fix a > 0 and denote the set of a-thick points in C
by

_ 1 U(B(z,r))
(5.1) F(a) = {x €C: hrﬁfﬂupm > a}.

The remainder of this subsection is devoted to the proof of the following proposition.
Proposition 5.1. We have, almost surely,

(i) if a > 1/62, then F(a) = 0;
(i) if a < 1/62, then dim F(a) < 1 — 6+/a.

Moreover, almost surely,

AUB(z,r) 1
I

9

(iii) limsup sup
r10 - i rlog(1/r)]?

We write P(, . for probabilities with respect to two independent Brownian motions Wy, Wy started
in the points z and y. In particular, P = P ). The following lemma draws the conclusion from
Theorem 1.1 needed for the proof of Proposition 5.1.

Lemma 5.2. For every § > 0 there is an € > 0 such that, for all0 <r < ¢, and all y € 0B(z,r),

Plogy{U(B (7)) > arflog(1/n)F} < rVa0-0,

PROOF. A simple coupling argument shows that the nonnegative random variable ¢(B(x,r)) is stochas-
tically maximal if the starting points = and y agree. Hence, using also Brownian scaling, we infer that

Plag) {U(B(2,7)) > arllog(1/r)?} < Pomy{t(Bla,1) > arflog(1/r)?}
= Pl {B(0,1) > allog(1/r)]*}.

From Theorem 1.1 in the case U = B(0,1) and R = oo we get the estimate for the right hand side
with the value 6 = 2/p* identified in Theorem 1.3 (ii). O

In the following, we define a random sequence of collections (J,), of smaller and smaller cubes such
that the set F'(a) is covered by U, Jn for all j.

Fix € > 0 smaller than a. Pick ¢ > 0 so small that, for sufficiently large IV,

ha, -
(5.2) hn,=¢ “ and k, = hn(l + %) satisfy k;rl > aa_ 6;2, for alln > N.

Abbreviate s, = hy,/(v/3n) and observe that lim, ,o s, = 0. Introduce the following collection of
cubes of sidelength s,

T, = {b+ sn((k,1,m) +[0,1%) : 0 < kyl,m < 57" integer }

Note that Z,, is a covering of the cube C
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For every I € 7, denote by T, (I) the first hitting time of the cube I by W; and, if T},(I) < oo, let
z(I) = W1i(T,,(I)) € OI be the entry point. We pick now those minicubes from Z,, that are hit by W}
and such that the intersection local time of the two motions in a neighbourhood of the entry point
exceeds a certain threshold,

T = {1 € T : Tu(l) < 00 and £(B(2(1), kn)) > (a — 5)kn[log(1/kn)]z}.

We first prove that F'(a) is covered by the cubes in |, ; Jp for all j.

n>j
Lemma 5.3.

(i) For all sufficiently large n € N and r € [hpy1, by,

V(r):{acECﬂS : L(B(z,7)) 2 (a - 5)rllog(1/r)] } U

Iegn

(i) F(a

IID8
||C8

S

PrOOF. Fix a large n and r € [hyp41, hy] and let z € V(r). As Z,, is a covering of C, certainly z lies in
some I € Z,,. We have to show that this small cube I lies in J,,. Note that T},(I) < oo since z € S.
Put z = z(I). As |z — z| < v/3s, we have, using also (5.2), that

U(B(z,kn)) U(B(2, hn + V3s2)) > £(B(z,7))
(a ) [log(1/r)}* > (a - _)hn+1[log(1/hn+1)]
(a — &)knllog(1/hn41)]” > (a — &)kn[log(1/kn)]”.

>
>

Hence, I € J,, and this proves (i).
Now let = be in F(a). Then, for infinitely many n € N, there is an r € [hyp41, by such that z € V(r).
Then 7 lies in (J;c ; I for infinitely many n, and this implies (ii). O

Lemma 5.4. There is a sequence €y | 0 such that, for every I € I, we have

IP’{I c jn} < pEHVa—eh—en,

PROOF. The probability that a 3-dimensional Brownian motion started in the origin hits a ball B(y, r),
whose closure does not contain the origin, is equal to r/|y|. In particular, as the cube C has positive
distance to the origin, there is a constant K > 0 such that, for sufficiently large n,

P{W hits I} < Ks, for all I € I,.

Moreover, if we apply the same argument to the second Brownian motion, we can find another constant
K > 0 such that, for sufficiently large n,

P{W; hits I and Wy hits B(z(I), k) } < Ksyky for all I € Z,.

Look at a pair of Brownian motions started in zj resp. zo with |z; — 23| = k;,. From Lemma 5.2 we
get a sequence d,, | 0, which does not depend on the choice of z1, 23, such that, for sufficiently large n,

P(ZhZQ){E(B(Zlakn)) > (a — €)kn[log(1/kn)]2} < k;b/EGﬂSn .
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We apply this to the points z; = z(I) and 2o defined as the point where Wy enters B(z1, k,). By the
strong Markov property, if n is sufficiently large,

IP’{I = jn} _ IP’{WI hits T and £(B(z(I), kn)) > (a — s)kn[log(l/kn)]2}
S Ksnk}[}’\/ﬁg*(sn S h?{i‘\/ﬁe*sn’

recalling s, = hp/(v/3n), kn = hn(1 4+ 1) and defining &, | 0 accordingly. O

PROOF OF PROPOSITION 5.1. Lemma 5.4 gives, for any v € R,

]E[ i #JnS%] = i sy Z IP’{I € jn} < i8%h2+\/ﬁ975n#zn
(5.3) n=1 n=1 IeT, n=1
< i h;yl—l-k\/ﬁa—an(\/gn)_Ay,

n=1

where we recall that s, = h,/(v/3n). Because h, = e~" the right hand side of (5.3) is finite for all
v >1—0+a—¢, and we can infer that

o0
(5.4) Z #Tns) < oo almost surely.

n=1
By Lemma 5.3 (ii), the set F'(a) can be covered, for each j, by the family Un>j Jn cousisting, for each

n > j, of #J, cubes of sidelength s,. Hence (5.4) implies that dim F(a) < . As this holds for all
v>1—-0+ya—c and € >0 we can infer that

dim F(a) <1 —6a.
If the right hand side is negative, F'(a) must be empty almost surely, so that Propostion 5.1 (i) and
(ii) are proved.

For the proof of (iii) we use the above estimates for arbitrary a > 1/62, some small ¢ > 0 and v = 0.
By Chebyshev’s inequality we infer that

o0 o0
Y P{#Tu 21} <D E[#T] < .
n=1 n=1
By the Borel-Cantelli lemma, 7, must be empty for all sufficiently large n, almost surely. Lemma 5.3 (i)

thus implies
: U(B(z,r))
limsupsup ——5 <
rio  zes rllog(1/r)]?
Letting a tend to 1/6? finishes the proof of Proposition 5.1 (iii). O

5.2 Hitting with a percolation limit set

To obtain lower bounds we use the method of intersection with independent random sets, see for
example [KP99] for an extensive account of this.

Suppose that ¢ C R? is a fixed compact unit cube not containing the origin. We denote by ®,, the
collection of compact dyadic subcubes (relative to C) of sidelength 2-". We also let ® = (77, Dy,.

Given v € [0, 3] we construct a random compact set I'[y] C C inductively as follows: We keep each of
the eight compact cubes in ®; independently with probability p = 277. Let S; be the collection of
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cubes kept in this procedure and pass from S, to Sp+1 by keeping each cube of ®,11, which is not
contained in a previously rejected cube, independently with probability p. Then the random set

I[y] == ﬂ U C

n=1CeS,

is called percolation limit set. The usefulness of percolation limit sets in fractal geometry comes from
the following lemma, see [Pe96] or [Ha81] for a proof.

Lemma 5.5. For every v € [0,3] and every Borel set A C C the following properties hold

(i) if dim A < v, then almost surely, ANT[y] =0,
(ii) if dim A > vy, then ANT[y] # 0 with positive probability,
(iii) if dim A > ~y, then almost surely dim (A N F['y]) < dimA — v and, for all € > 0, with positive
probability dim (ANT[y]) > dimA —y —e.

Observe that the first part of the lemma gives a lower bound v for the Hausdorff dimension of a set
A, if we can show that A NT[y] # ) with positive probability. To make use of this observation, recall
that 6§ = 2/0*, fix a € [0,1/6%], and put v = 1 — 6y/a. We suppose that the random set T'[y] and
two unstopped Brownian motions W; and Ws, started at the origin, are realized independently on the
same probability space, and we write [P for the joint distribution of the motions and I'[y].

Observe that Lemma 5.5 (i), applied to the set F'(a) defined in (5.1), yields the lower bound
dim (F(a)) >~ =1-0/a, if we show that the set F(a) N\T'[7] is non-empty with positive probability.
This is shown in Proposition 5.6 below. A lower bound for the dimension of the set of strictly a-thick
points follows with a little more effort, see Subsection 5.3 below.

Proposition 5.6 (Hitting by thick points).
(5.5) P{F(a)NT[y] #0} >0.

The remainder of this subsection is devoted to the proof of Proposition 5.6.
The idea is to construct a compact random subset S* C S NT'[y] with the regularity properties,

(a) S* # 0 with positive probability,

(b) almost surely, for every open set U C C with U N S* # () we have dim (U N S*) > 1 — 1.
Property (b) is instrumental in the proof that F'(a) N .S* is dense in S* almost surely, which together
with (a) implies that F(a) N T[y] # () with positive probability.

To construct such a set S* we fix a countable base B of open subsets of C and define, for 0 < § < 1—7,
compact random sets

S* 6] = (SNTH)\J{B € B : dim(BNSNT[y]) < d}.
Obviously the sets S*[0] have the property that, almost surely for every open set U C C,
(5.6) UnNS* 6] #0 implies dim (UNSNTy]) > 6.
In the case 6 = 1 — « this property is closest to property (b), but it still weaker than (b) and there is
also no direct argument to see that S*[1 — 7] is nonempty with positive probability.

On the other hand, let 0 < § < 1 —« and recall from Subsection 2.1 that dim(S NC) =1 if £(C) > 0,
and the latter event has positive probability. Hence, by Lemma 5.5 (ii), we have dim(S N T'[y]) > o
with positive probability. Removing countably many sets of dimension strictly smaller than § does
not decrease the dimension of the set and hence we have dim S*[§] > ¢ and, in particular, S*[d] # 0,
with positive probability.
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Property (b) is not immediate for S*[¢], so we have to make do with (5.6). The proof of Lemma 5.9
below, however, implicitly show that (b) holds, and the sets S*[0] are the same for all0 < § < 1—+. In
order to avoid unnecessary repetition of arguments, though, we do not make this statement explicit,
but fix some 0 < § < 1 —« once and for all, put S* := S*[¢] and use (5.6) instead of (b).

We now provide the two main technical lemmas in the proof of Proposition 5.6. The first of them is an
extension of the lower bound of our upper tail asymptotics of Theorem 1.1 to the following situation.
For given y € R? and integer n > 1, we consider three balls centred at y:

e At two points in 0B(y,27"/n), we start the two motions,

e we measure their intersection local time in B(y,27"n),

e we consider the intersections of the paths only until the motions leave B(y,27"n?), and we
condition on their respective leaving positions.

Readers unfamiliar with Brownian motion conditioned on leaving a domain at a fixed exit point are
recommended to consult [Ba95, III Prop.(2.7)].

To formulate precisely what we need, we assume for simplicity of notation that y = 0. By £r we
denote the intersection local time for the two independent Brownian motions W7 and W5 stopped at
the time ot resp. oft of their first exit from B(0, R). We write P for the distribution of the two
motions, started at x; and z9, respectively.

T1,%2)

Lemma 5.7 (Localization). For any ¢ > 0, there is an N > 0 such that, for any n > N and for any
x1, T2, U1, us € 0B(0,1),
Py aaya-rn{ orn2 (B(0,2 ")) > a2 "nllog(2" /m)]? | Wi(o? ™) = w2 ™n? for i € {1,2}}

(5.7)
> 27n(\/59+5) )

PROOF. It is clear from the Brownian scaling property that the left hand side of (5.7) is equal to
Ploenyne { (B0, 1)) > aflog(2" /)] | Wilo?) = win for i € {1,2}}

In the following we write P" for the joint distribution of (1W; (o), 2W5(0%)) under Py o) /m2- Let

Ay, Ay be arbitrary Borel subsets of dB(0,1). Fix some R > 1 and assume that n > 2R. Since

¢, > £, we obtain a lower bound by replacing £, by £g. Use the strong Markov property at time of?

and odt to obtain

1 ) .
- ) > n Wilo™) = nus n
P Ay % Ay) //P(mhwz)/n {ER(B(O,I)) > a[log(2" /n)] ‘ (o) = nu; for i € {1,2}} P"(duy dus)

A1><A2

= Play aym2 {Lr(B(0,1)) > allog(2"/n)? ‘ Wi(o}') € nd; fori € {1,2}}

min|u\:R Pu{Wz(Uzn) € nAi}
max|y =g Py {Wi(o?) € n4;}

2
> Pg, aym2 { LR(B(0, 1)) > allog(2" /n)*} T]

=1

From the explicit formula for the harmonic measure, see e.g. [Ba95, IT Theorem (1.17)], one can see
that the product on the right converges uniformly in Ay and A, to 1.

Obviously,

P(m,m)/rﬂ {ER(B(O, 1)) > a[log(Qn/n)]2} > P(xl,év2)/n2 {ER(B(xl/nZ, 1-— #)) > a[log(2n/n)]2}.
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1

n
tically minimal if the distance of the starting points z1/n? and z2/n? is maximal. Therefore, fixing
some y € 0B(0,1),

P(ey 22)/m? {ER (B(:Jcl/nQ, 1— #)) > a[log(Q”/n)]2} > P(O,y){ER(B(O, 1-— #)) > a[log(2n/n)]2} )

By a simple coupling argument, one can see that the random variable £z (B (z1/n?, 1 — 25)) is stochas-

Altogether, there exists an integer N such that, for all uy,us,x1,29 € 0B(0,1) and n > N,
Py gy { £a (B0, 1)) > allog(2" /n)]? | Wio}) = nu for i € {1,2}}
> 1P {r(B(0,1 - &) > allog@"/m)*}.

Recall that the left hand side is equal to the left hand side of (5.7). On the other hand, the right hand
side satisfies, as n — oo,

%P(U,y){gR(B(Oa 1— #)) > a[log(2”/n)]2} > ¢ Valog(2"/n)(2/¢" (R)+o(1)) > 9-nva(2/e"(R)+o(1))

(5.8)

?

where we used the lower bound in (1.8) and denoted p*(R) the quantity in (1.9) for motions stopped
at the first exit time from B(0, R). Recall from Remark 1 that the limit as R — oo of p*(R) is equal
to the value of p* for the unstopped motions. Since 2/90* = 6, we arrive at the assertion. U

The second main technical lemma, is a lower bound on the probability that the path of two conditioned
Brownian paths intersect I'[y] in a set of dimension close to 1 — 7.

We look at the following situation. Let n > 1 and V € §,, be a cube, which is kept in the percolation
procedure, and ¢ € V its centre.

e At two points in 9V, we start the two motions,
e we consider the dimension of the intersection of the paths with I'[y] only until the motions leave
the annulus B(&,27"n?) \ B(£,27"/n), and we condition on their respective first exit positions.

For the precise statement, we again simplify notation by assuming that the cube is centred in the
origin. We consider two independent Brownian motions Wy and W3 and write again P, ,,) for the
distribution of the two motions, started at z; and zs, respectively. For 0 < r < s we let w;”’ resp. wy”
be the time of first exit of W) resp. Wy from the annulus B(0,s) \ B(0,7). Write U for the centred
compact cube of sidelength one.

Lemma 5.8. For every ¢ > 0 there is an N = N(e) > 0 and p = p(¢) > 0 such that, for any n > N
and for any z1,x9 € OU and uy,uz € 0B(0,1/n) UOB(0,n?),

Pay o2 { dim(W1[0,w” "™ " A W0, ™ N2 " UNT]) > 1 -y —e

(5'9) 27" /n,27"n?

Wi(w; ’ ) =2""u; forie{l,2}, 27"U € Sn} > ple).

2

PROOF. By the scaling invariance of Brownian motion and the canonical self-similarity of percolation
fractals, the left hand side of (5.9) is equal to

P(xlm){dim (Wl[O,wi/n’nz] N Wz[O,w;/n’Tﬂ] N F[fy]) >1—vy—c¢ ‘ Wi(wil/n’nZ) = u,; for i € {1, 2}} ,

where I'[y] is a percolation fractal in the unit cube U.
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Using the same line of argument as in the beginning of Lemma 5.7 one can show that there exists an
integer N such that, for all n > N, z1, 29 € OU and uy,us € 0B(0,1/n) U dB(0,n?),

Ple e { dim(Wa[0,01™" ] A W0, 03" T AT]) > 1=y = 2| Wilw™™) = wi for i € {1,2}}

)

> %P(m,m){ dim (W1 [0, wi/m] N W50, w;/m] N F[fy]) >1—7q-— 6} ,

thus getting rid of the conditioning on the exiting points. Using Lemma 5.5 (iii) it is easy to see
that the latter probability is bounded from below by a positive constant depending only on e. This
completes the proof. O

The following lemma, constitutes the main step in the proof of Proposition 5.6. Define, for m > 1,

. _ ... UB(z,h)) 1
. . m+1 N S Sk A - —
U(m) = {m €S5*: thereisO< h <2 with hllog(1/h)] >a m}'

Lemma 5.9. Almost surely, U(m) is dense in S* for all m € N.

PRrOOF. Fix m € N and an open set O C C. It suffices to show that, almost surely, the event ONS* # ()
implies that U(m)NO # 0. By (5.6) the event O N.S* # () implies that dim(ONSNT[y]) > ¢. Hence
there exists a dyadic cube V € ® with V' C O such that dim(V N SNI[y]) > §/2. It thus suffices
to show that, almost surely for any dyadic cube V' € ® the event dim(V NS NI'[y]) > §/2 implies
U(m)NV # 0.

Fix n € N and a dyadic cube V € ©,,. We introduce some terminology for the proof. For every integer
k > n we let &* be the collection of 28=" cubes in ®}, that are contained in V. We subdivide &* into
m(k) = (k3 + 1) disjoint subcollections

R

such that, for all 1 < j < m(k), any two distinct cubes in @;? have distance at least k327,

Recall that \/af =1 — v and § < 1 — 7. Fix a small number £ > 0 and some 7 such that
(5.10) §<n and a—s-0+e<n<l—ry.

For every cube U € (’3? with centre ¢ we let p{ be the first entry time of Wy into U, 77 the first

entry time of Wy into B(¢,27%/k) and o the first exit time after p{ of Wy from B(¢,27%k2). Let
w¥ =7V Aol be the first exit time after pV from the annulus B(¢,27%k2) \ B(¢,27%/k).

Analogously for the second Brownian motion W define the stopping times pY, 74/, 0¥ and wY. Let £V

be the intersection local time of the two Brownian motions on the (possibly degenerate) time intervals
WV, o] resp. [WY,oY].
We call a cube U € (’3;? admissible if U € S and both Brownian motions hit the cube, ie. if

oV, pY < co. Denote by MJk the number of admissible cubes U € (’Ef.

An admissible cube U € Q‘E? with centre ¢ is called successful if

(A) both motions hit B(¢,27%/k) before leaving B(£, 2 %k?), in other words 77 < ¢V and 7¥/ < ¥,
(B) the dimension of the intersection of I'[y] N U with the paths before they hit B(¢,27%/k) is bigger
than 7, formally dim (W1 [p{, w1 N Wa[p¥,wdINTHINT) > 7,
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(C) the intersection local time in B(&,27%k) of the paths started on first hitting B(¢£,27%/k) and
stopped upon leaving B(¢,27%k?) is exceptionally large, more precisely

Y (B(¢,27%K)) )

2 Fflog(ZF /R ~ ¢

We say that the collection Q‘E? is bad if there exists no successful cube in (’Ef.

Let us next explain that it is sufficient for the proof of this lemma to show that, almost surely given
dim (VN SNT[y]) > §/2, for arbitrary large k there exists a successful cube U € €.

Indeed, if U € €* is successful, then, by condition (B), dim (SNT[y]NU) > n > §. Hence there
does not exist a covering of SNI[y]NU by sets B € B with dim(S NI'[y] N B) < §. This implies
that S* N U # 0 by construction of S*. Pick some y € U N S* and infer from condition (C), for

h=2"%k +/3),
¢(B(y,h)) > ¢V (B(&,27%k)) > (a — 5=)2 Fk[log (2" /K)]?.

2m

Hence, if £ is so large that h < 27, and
(a = 55)2 "K[log(2"/K)] > (a — ;) hllog(1/m)]?

2m

we have y € V. NU(m) and the proof is finished.
Thus, writing Ay = {@f is bad for all 1 < j < m(k)} it is sufficient to show that

lim P{4; | dim(V NSNT[]) >é/2} =0.
k—o0
We estimate the probability that all collections Qi;’? are bad as follows. We use the estimate
P{A; | dim(V NS NTRH]) > §/2}

< P{Mf < 2™ for all 1 < j < m(k) ‘ dim(V N S NT]) > 5/2}

(5.11) ‘

m(k) P{(’E? is bad ‘MJ’“ > 2’7”}

+ Y .
2= P{dim(V 1S NTH]) > 0/2}

It suffices to show that the two terms on the last two lines of (5.11) vanish as £ — co. We begin with
the term on the second line.
Recall the definition of an admissible cube, and the number M Jk of admissible cubes U € @?. Further

recall that m(k) is a polynomial in k and assume that dim (V NS NT[y]) > §/2. Together with basic
properties of the Hausdorff dimension this implies that

.. 1 mk) o p .
hkrggfm log%ljlxMj >dim (VNSNTy]) >6/2,

Hence, for all sufficiently large k, there exists j with M ]k > 2k0/2

The next step in the proof is to use self-similarity in order to improve this lower bound and get
M]’c > 2k for some j, for all sufficiently large k. For this purpose fix k& and 1 < j < m(k). We find a
maximal finite sequence of stopping times

0<pi(1) <o1(l) <p1(2) <0o1(2) < ... < p1(m) < o1(m) < o0

successively as follows: Let pi(1) be the time of first entry of W into some cube in 6;?, denote its

centre by & (1) and let oy (1) be the first exit time from B(&;(1),27%k?). Having constructed oy (I — 1),

we let pi(l) be the first time of entry of W; into a cube in 6;?, which is different from all previous



BROWNIAN INTERSECTIONS 37

cubes, denote its centre by &;(I) and let o1(I) be the first exit time from B(&1(1),27%%2). We proceed
until py(m + 1) = oo.

Denote by Fi(j,k) the o-field generated by W restricted to the time domain

[0, p1(1)] U [o1(1), p1(2)] U... U [o1(m), c0) .
The analogous stopping times for Wy are denoted by p2(1), 02(!) and the o-field for Wy is Fo(j, k). The
o-field generated by Sy is called G(k) and we let F(j,k) = Fi(j,k) V F2(4,k) V G(k). It is important
to note at this place that whether or not a cube U € Qig’? is admissible is an event in F(j, k) and hence
M]’c is F (4, k)-measurable.

Conditional on F(j, k), there is a fixed maximal collection {Uy,... ,Upn} C Q‘E? of admissible cubes
(where M = MJ’“) whose centres we denote by £;,...,&y. For each 1 < [ < M there are unique
values (;(I) € N such that p;(¢;(1)) is the first entry time of W; in U; and o;({;(I)) the exit time from
the ball B(&;,27%k?). Moreover, each Brownian motion W; in the time interval [p;((;(1)), 0;(¢i(1))] is
conditioned to start from a fixed point on dU; and is stopped upon exiting the ball B(&;(1),27%k?) at
a fixed point of the boundary. Consider the events

E = {dim (Wl[p[{l,w?’] N Wg[pgl,wg’] NUNT[]) > 77}.

Conditional on F(j, k), the events Fy,..., F)ys are independent, and, by Lemma 5.8, the conditional
probability of each Ej is
P{E | F(5,k)} > p(L —v—n).
Hence the conditional probability that all events Fy, ..., Fys fail is at most
k

(l—p(l—v—n))M’ :

We infer that the conditional probability, given dim (V NS NT[y]) > §/2, that no dyadic subcube
U C V has dim(U NS NTI[y]) > n is bounded from above by

okd/2

lim sup m(k)(l —p(1 —fy—n)) =0.
k—o00
We have thus shown that
(5.12) P{dim (VN SNTRH]) >n|dim(VNSNT[y]) >6/2} =1.

As above, this implies that, for all suficiently large &, we have M Jk > 2k1 for some 1 < j < m(k), almost

surely on dim (V N SNT[y]) > §/2. In particular, the term on the second line of (5.11) converges to
0 as k — oo.

To deal with the term on the third line of (5.11), we again fix ¥ > 2 and j < m(k). The problem is to
control the probability, conditional on F(j, k), that the collection of admissible cubes does not contain
a successful cube. More precisely, we show that, on M Jk > 2™ the conditional probability that Qig’? is
bad is exponentially decreasing.

Conditional on F(j, k), we again look at the maximal collection {Ui,... ,Upn} C (’3? of admissible
cubes and recall the notation, & for the centres of the cubes, and (;(I) € N such that p;(;(1)) is the
first entry time of W; in U; and 0;(¢;(1)) the exit time from B(¢,27%k2). Additionally, let 7;(¢; (1)) the
first entry time into B(&,27%/k) and w;(¢; (1)) = 0:(¢ (1) A Ti(¢G(1)).

Conditional on F(j, k) each Brownian motion Wj in the time interval [p;({;(1)), 0:(¢;(1))] is conditioned
to start on a fixed point on the boundary 0U; and exit the ball around &; with radius 2 %k2 at a fixed

point Wi(o;(¢(1))).
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For [ € {1,..., M} recall that /Y denotes the intersection local time of the two motions in the inter-
vals [11(¢1(1)),01(¢1(1))] resp. [12(C2(1)), 02(¢2(1))]. Consider the event Ej that 71(¢1(1)) < o1(¢i(1)),
72(C2(1)) < 02(¢2(1)), and

dim (Wilp1 (¢1(1)), w1 (G ()] 0 Walpa(Go(1), wa(G O] VU NT]) >,

and also
U1 (B(¢,27k)) .

>~ Fklog(2F k)P~ ¢ T I
Clearly the event F; implies that U; is a successful cube. Moreover, conditional on F (4, k), the events
Ey, ..., Ey are independent. To estimate the probability of E; from below, first note that, for a
Brownian motion started in x; € 0Uj,

-2
Ui Ui >\/_;k>2
P’“{Tl <O }— E—k—2 %’

for an absolute constant ¢ > 0. From Lemma 5.8 we know that, given u; € 0B(¢, Q*k/k), that
P{ dim (Wi [p1(¢1(1)), w1 (C1()INWapa(G2(1)), w2(G2 (1)) N U NT[]) > 7 ‘

Wi(w!") = u; for i € {1,2}} >p(l—vy—-mn),

and finally, by Lemma 5.7,
(U(B(&,27k))
(mﬂm){

T
} > 9k (Vagmote).
2-Fk[log(2* /k)]? B
Altogether, the conditional probability of each Ej is bounded from below by

. C —k(\/amst0+c
BB | 7.0} 2> ot Vommmre)

1
>a—%

for C = ¢®p(1 — v —n). Hence the conditional probability that the collection of admissible cubes does
not contain a successful cube is at most

(1 B 02_19(@”5))]‘4‘

k2
We infer that, for all 1 < j < m(k),

p{eisbad | Mf > 2%} <B[(1- %2"“(@9“))%& M > 2]
5.13
w9 (o GBI} <o (- G

Recalling (5.10) we see that the right hand side decreases exponentially fast. As the number of
summands in the third line of (5.11) is just polynomial, we infer that this term converges to 0 as
k — oo. O

Lemma 5.10. F(a) N S* is almost surely dense in S*. In particular, we have

P{F(a)NS*#0|S*#0} =1.

PrOOF. Note that U(m) is relatively open in S* and, by Lemma 5.9, also dense in S* for any m. As
S* is compact, hence complete, one can infer from Baire’s Theorem that

F(a)ns* = (] U(m)
m=1
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is dense in S* almost surely. Hence P{F(a) N S* # ‘ S*#0} =1. O

PROOF OF PROPOSITION 5.6. Recall that
P{F(a)NT[y] #0} >P{F(a)NS* #0} =P{F(a) N S* #0|S* #0}P{S* # 0} =P{S* # 0} > 0.
This proves Proposition 5.6. U

5.3 Completion of the proof of Theorem 1.4
Fix 0 < a < 1/6? and denote the set of strictly a-thick points by

(B
H(a) = {x €ER : limsup&’rn2 = a}.
rio - rlog(1/r)]
For the upper bound in (1.18) first fix a unit cube C at positive distance from the origin. Then, by
Proposition 5.1, we have
dim(H(a) NC) < dim F(a) <1 - 6+/a.
Taking a countable family of such cubes covering R3 \ {0} we get dim H(a) < 1 — 0+/a.

Turning to the proof of the lower bound in (1.18), we look at a large open ball B C R? centred at the
origin and fix a compact unit cube C C B at positive distance from the origin. Let v = 1 — 6y/a. By
Proposition 5.1 (ii),

dim (F(a+ 1)) <1-6y/a+ 1<y,

and, by Lemma 5.5 (ii), we have that F(a + 1/n) NT[y] = 0 almost surely for all n. Hence, almost
surely,

(5.14) H(a)NI'[y] = F(a) NC[y] N ﬂ F(a+1/n)¢ = F(a) NT[y].
n=1

Recall from Proposition 5.6 that the set on the right hand side of (5.14) is nonempty with positive
probability. Hence we have shown that P{H(a) NT[y] # 0} > 0. Together with Lemma 5.5 (i) this
implies that dim (H (a) N B) > v with positive probability.

By the Brownian scaling property this probability does not depend on the radius of the ball B, so
that it holds for arbitrarily small balls. In particular,

P{ dim (H(a) N B(0,r)) > 7 for all r > 0} - %P{ dim (H(a) N B(0,r)) > 7} > 0.

We now use Blumenthal’s zero-one law to see that this probability is actually equal to one. Indeed,
recall that three Brownian paths almost surely do not have a point of intersection, hence after the first
exit times T} resp. Ty from any centred ball B both Brownian motions do not hit W[0,71] N W0, T3]
again and, by compactness, even keep a positive distance from W[0,71] N W[0,T5]. We infer that
almost surely every point, which is strictly a-thick for the intersection local time of the Brownian
motions stopped at T; resp. Tb, is also strictly a-thick for the unstopped motions. Moreover, by
transience, there exists a small (random) centred ball, which is not visited by any Brownian motion
after T} resp. Tb. Thus the event {dim (H(a) N B(0,r)) > « for all r > 0} is in the completion of
the o-field generated jointly by the Brownian motion W; stopped in 77 and the Brownian motion Wy
stopped in T,. This holds for every ball B and hence, by Blumenthal’s zero-one law, we infer that

P{ dim H(a) > 'y} > P{ dim (H(a) N B(0,7)) >~ for all 7 > 0} =1.

This finishes the proof of the lower bound in (1.18).
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In order to prove (1.17) we observe that

1 (B (B 1
— < suplimsup (B(z, ) < lim sup sup (B(z,7)) <

62~ ses ro o rlog(1/r)2 T 0 ses rllog(1/r)]? T 6%
Indeed, the first equality follows from the fact that, for every a < 1/62, the set of a-thick points has
positive dimension and hence is nonempty. The second inequality is obvious, and the third inequality
is Lemma 5.1 (iii). This proves (1.17) and thus finishes the proof of Theorem 1.4.

6. OUTLOOK ON FUTURE WORK

The characterization of the limit in (1.8) in terms of (1.9) naturally raises the question how the
maximizers g of (1.9) can be interpreted.

For a first answer define, on {£(U) > 0}, the random probability measure L on U as the normalized
restriction of £ to U, more precisely let

L(A) =¢(A)/¢U), for A C U Borel.

We ask how the measure L distributes the unit mass over the set U if we condition the Brownian
paths to have a large amount of occupation measure £(U). An answer to this question is given by the
following result. Let d : U x U — [0, 00) be any metric that induces the weak topology on M (U).

Theorem 6.1 (Law of large masses). Let I C M (U) be the set of probability measures p(dz) =
g% (z)dz on U with g a mazimizer in the variational problem (1.9). Then, for all € > 0,
(6.1) lim P{d (L, M) > ‘ () >a} =0,

a—00
The convergence in (6.1) is exponentially fast with rate a!/?. Theorem 6.1 itself is a consequence of
the identification of the exact rate of decay of P{L € A|£(U) > 0} for sets A C M;(U) in terms of a

large deviation principle. This problem goes beyond the scope of the present paper and will be treated
in a forthcoming paper.
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