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Recently a class of maximally entangled states has been
proposed that has the maximum amount of entanglement
for a given purity. We investigate how such states violate the 
conventional Bell inequality and discuss its implication. 

 

 

* Internal Accession Date Only    Approved for External Publication  
1   School of Informatics, Dean Street, University of Wales, Bangor, LL57 1UT, UK 
 Copyright Hewlett-Packard Company 2001 



���������	��
�
��������������
���������������� �������!�����"�$#��&%'��
(
*)+����,�-���
(�.�/�

0214351�687$9;:(<�=(>@?BA/9;C2DE1�F�GIHE</JK<+=(> L
MONQP�R.SKTVUQW�X�R(YKR.U[Z.S�\^]�R(_+`aZ.R4bdc[Z8e�f+UI_+`af/g�]�c[ghP+fi`jR(Zlk$R.S�\/_�cQWmcn[oIp

k5\+Rrq;_+Tts[R(Z�YTt`aoucvblewf+RR(_+Y�WmU[_�x[pzy{Z�TtY(|�UI_$R(p~}�fiY`aZvUQW TVU[p
�E� R(�{W@R(`a`V�t�{U�S��QU[Zvx���U�|c[ZvU[`�c[Z�T�R(Yp���TtW `�c[_�X{c�U�xIphN+`�c���RO�wT ��c[Z.x[p{y{Z�TtY`�cQW�y{N+���l��ew�5p*q ��p�U[_ x

� N�S�\�c�cQW�c�b~��_�bKc[Z(gzU[`aTVSKYp���RUI_�N�`aZRR(`apOq;_+T�s[R(Z(YTt`ao�cvb8�EUQW@R(Yp�y�U[_/n�c[Zz�����/���;q�k�p*q$�
 j¡ A/J(G[C£¢{6¤A/:d¥d¦�§i¨$©$§/ª�ª$«�¬

�®K¯d®d°²±³µ´8¶�¯d³@¶[·.·z¸I¹hº»¶½¼�¾mº»¶I³@³µ´O®d°²±�¶[°�¿Q³m®�À8·v±�¶I±®d·ÂÁ�¶[·ÂÃ ®d®d°8Ä�Å¸[Ä ¸Q·.®�À8±Á�¶½±ÂÁ+¶[·�±Á+®*º»¶I¼i¾mºÂÆ+º
¶Iº~¸QÆ+°²±�¸I¹£®d°²±�¶[°�¿Q³m®dº~®d°²±w¹�¸[Å�¶Â¿Q¾mÇ�®K°ÈÄ+ÆiÅ¾µ±�´²É�Ê�®�¾m°iÇQ®d·v±¾m¿�¶I±®�Á�¸½Ë!·.Æ�¯(ÁÌ·v±�¶I±®d·�Ç/¾m¸Q³@¶I±®�±Á�®�¯d¸Q°/Ç�®K°�Í
±¾m¸Q°+¶[³�Î�®d³m³�¾m°+®dÏ/Æ+¶[³m¾µ±�´Ì¶[°+ÀÈÀi¾@·.¯KÆ+·.·�¾m±·{¾mº~Ä+³m¾m¯�¶½±¾@¸[°5É

Ð{9+JKAi9$ÑiÒ�GIHEGI9+J~Ó�AiÔz:KG[¥½<�Ñi9$Õ�ÖIGQC¤GQA/:KÒØ×lA�Ôz<i9$GÙ<iÚ�JK¦$GÙÛiG[×
ÚVG[A/J(7$:KG[Ô�<iÚ5Ü+7;A/9+J(7;H2HÈGQ¥d¦;A/9;Õ�¥[Ô[ÝØ«dÞ�1wß�¦$G�AiC à²Ai9�JdA/Ñ�G�</á�GI:KG[C
â ×uÜ+7;Ai9+J(7$HãGI9+JdA/9$Ñ�ÒØG[HÈG[9+J»:(G[ÒØÕ�G[Ô*<i9'J(¦;GO¥½:K7;¥IÕ�AiÒ�ä$:KGIHEÕtÔ�G
J(¦5A²J*ÕØJÌ9$<iJ â G�:(G[ä$:K<�C$7;¥½GQC â ×uA/9�×'¥½ÒtAiÔKÔ�Õt¥IAiÒwJ(¦$G[<i:K×�Ý §�©�å�Þv1
¡ G[Ô(ä$Õ@JKGÙJ(¦;GEÚ�Ai¥�J*J(¦;A/J~J(¦$G�ä�<�ÔKÔ(Õ â Õ�Ò�Õ@J×�</ÚæÜ�75A/9+J(7$HçGI9+JKAi9 è
ÑiÒ�GIHEG[9�JEÓ�AiÔÈAi¥dÛ�9$<²ÓæÒ�G[C Ñ�G[C!AiÒØHE<�Ô�JÈA�ÔEÔ�<�<i9éAiÔÈÜ+7;A/9+J(7;H
J(¦;GI<i:K×*Ó�AiÔ�C Õ�ÔK¥½<²à�GI:KG[Cê©²ÕØJ�ÕtÔ{<�9$ÒØ×ÌÕØ9Ù:KG[¥IGI9+J{×iGQA/:dÔ�J(¦;A/J�¥½<�9 è
Ô(Õ�C G[:KA/J(Õ�<i9Ù¦;A�Ô â GIG[9ëÑ�ÕØà�GI9ÙJK<*ì;95C ÕØ9;Ñ*HEG½JK¦$< C$Ô�J(<EÜ�75A/9+J(ÕØÚV×
ÕØJQÝ í²î�ï²Þ�1~ð49$G»</Ú�JK¦$G*ä;:(G[à+Õ�<i75ÔæJ(GQ¥d¦$9$ÕtÜ+7$G[Ô�ÚV<i:4ÕØ9�àiGQÔJKÕØÑ+A²JKÕØ9$Ñ
GI9+JdA/9$Ñ�ÒØG[HÈG[9+J�ÓhA�ÔæJK¦$GÌñhGIÒ�Ò�ÕØ9$GQÜ+7;A/Ò�Õ@J×�1�ß�¦$G*ñhG[ÒØÒ�ÕØ9;G[Ü+7;A/ÒØè
ÕØJ×ÈÕtÔhÛ�9$<²Óæ9�AiÔhA»HÙA/:KÛiG[:{ÚV<�:�G[9�JdA/9$Ñ�ÒØG[HEGI9+J�Õ�9ÙJÓh<ÌÜ+7 â ÕØJKÔ[1
òvÚ{AEÔJdA²J(G~à�Õ�<iÒtA²JKG[Ô�JK¦$G»ñhGIÒ�Ò£ÕØ9;G[Ü+7;A/Ò�ÕØJ×�J(¦;GI98ÓhG~Û+9;<²ÓóJ(¦5A²J
GI9+JdA/9$Ñ�ÒØG[HÈG[9+JÂÕtÔzä$:KG[Ô(GI9+J[1Èß�¦$GE:(G[àiGI:dÔ(G*ÕtÔzÓ�G[ÒØÒwÛ�9$<²Óæ9l9;</J
J(< â GEJ(:K7$G�1�ß�¦$GI:KGÙA/:KGEÔ�JKA/J(GQÔÂJ(¦;A/J*A/:KGÈG[9+JKA/9;ÑiÒ�G[CuA/9;C'C <
9$<iJëà�ÕØ<�Ò�A/J(GlÔ(7;¥d¦óA/9ôÕ�9$GQÜ�75A/Ò�Õ@J×êÝµõ[Þ�1�ð49$G¤G½ö$AiHÈä;ÒØG¤ÕtÔÙJK¦$G
0uGI:K9$GI:EÔJdA²JKG�Ý ÷�Þ�1BòvJE¦;A�Ô*Ñ�GI9$G[:KAiÒØÒ�× â GIG[9!ÚV<�7$9;CBJK¦;A²JEÕØJEÕtÔ
<i9;ÒØ×!ÓhG[AiÛ�ÒØ×!G[9+JKA/9;ÑiÒ�G[CéÔJdA²J(GQÔÈJ(¦;A/J�HÙA�×!9$</J�à�Õ�<iÒtA²JKGOJK¦$G
ñhGIÒ�Ò{Õ�9$G[Ü+7;AiÒØÕØJ×   JK¦$G�0uGI:K9$GI:»Ô�JKA/J(GÙÕtÔz<i9$G�Ô(7;¥d¦uG½ö$A/HEä$Ò�GQ¬½1
ø JK:(<�9$ÑiÒ�×�GI9+JdA/9$Ñ�ÒØGQCOÔ�JKA/J(G[ÔæAi:(GÂG½ö ä�G[¥½J(G[COJK<Ùà+Õ�<iÒtA²JKG�JK¦$G~Õ�9 è
G[Ü+7;AiÒØÕØJ×i1�ù�GI95¥½G»Õ�9�J(¦$ÕtÔ�ä$:K< ¥½G[G[C Õ�9$ÑEÓ�G~Õ�9�àiGQÔJKÕØÑ+A²J(G~AE¥½ÒtAiÔKÔ
</ÚwÔJdA²JKG[ÔQÝ ¨�ÞêJK¦;A²J�¦5A�àiG4J(¦$GzHÙA²ö Õ�H*7$HúAiHE<i7$9+Jæ</Ú�GI9+JKAi9$ÑiÒ�G½è
HEGI9+JEÚV<i:ÙA�ÑiÕ�àiGI9rHÈÕØö�J(7$:KG8A/9;C!J(¦$G�ä�<iÕ�9+JEA/JEÓæ¦;Õ�¥d¦rJ(¦$G[×
à�ÕØ<�Ò�A/J(G*J(¦$GÈñ�G[ÒØÒwÕ�9$G[Ü+7;AiÒØÕØJ×i1 ¡ <�J(¦;GI×8¦;A�à�G~J(< â GEÔJK:(<�9$ÑiÒ�×
GI9+JdA/9$Ñ�ÒØGQC�JK<Èà�Õ�<iÒtA²JKG4JK¦$G~Õ�9$G[Ü+7;AiÒØÕØJ×i1
û£G½J�75ÔE9$<²Ó�C GIì;9$G8<�7$:ÙHEG[AiÔ(7$:KGO<iÚÂG[9+JKA/9;ÑiÒ�GIHEGI9+J�A/9;C

J(¦;G�ñhG[ÒØÒæÕ�9$G[Ü+7;AiÒØÕØJ×BÓhG�ÓæÕ�Ò�Ò�¥½<i95Ô�ÕtC GI:Q1!ò.9éG½ö$A/HEÕ�9$Õ�9$ÑlJK¦$G
C G[Ñi:KGIGÈ</Ú�G[9�JdA/9$Ñ�ÒØG[HEGI9+J4JK¦$GI:KGÙA/:KGÌ¥I7$:(:KGI9+JKÒØ×¤AO9�7$H â GI:z</Ú
HEG[A�Ô�7$:KG[ÔÌA�à²A/Õ�Ò�A â ÒØG�1uß�¦;G[Ô(GëÕ�9;¥½Ò�7;C GOJ(¦$G�GI9+JdA/9$Ñ�ÒØG[HÈG[9+JÌ</Ú
C ÕtÔJKÕØÒ�ÒtA²J(Õ�<i9�Ý í²Þv©{JK¦$G�:(G[Ò�A/J(Õ�àiGëG[9+J(:K<iä�×'</Ú�G[9�JdA/9$Ñ�ÒØG[HEGI9+JQÝØ«[ªQÞv©
â 7 JÂJ(¦;GÌ¥IAi9$<i9;Õ�¥[A/Ò�HEGQAiÔ(7$:(G~<iÚ{GI9+JKAi9$ÑiÒ�GIHEG[9�JÂÕ�Ô4¥IAiÒØÒ�G[C�JK¦$G
GI9+JdA/9$Ñ�ÒØG[HÈG[9+JE<iÚ�ÚV<�:(HÙA²JKÕØ<�9   ÐhðÂü�¬½Ý í/Þv1ôü$<i:ÙAi9éAi: â ÕØJ(:dA/:K×
JÓh<EÜ+7 â Õ@J�Ô(× ÔJKGIH�ÕtÔ�Ô(ÕØHEä$Ò�×�ÑiÕ�àiG[9 â ×êÝØ«i«�Þv©
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Óæ¦$G[:(G��  �� ¬���� � Ò�<iÑ  �� ¬��   «�� � ¬�Ò�<iÑ   «�� � ¬{ÕtÔ ø ¦;A/9;9$<i9�� Ô
GI9+JK:(<�ä+× ÚV7$9;¥½J(Õ�<i9£©ÂA/9;C�ôÕ�ÔëJ(¦$G�JKAi9$ÑiÒ�G�ÝØ«i«dÞ   ¥½<i95¥½7$:K:(G[9;¥½G
ÔKÜ�75A/:KG[C;¬�ÑiÕ�àiG[9 â ×i©��������2Ý HÙA²ö! #"!$��%" � �&"('��%"*) � ª,+[Þ � �   §i¬
Óæ¦$G[:(GÙJK¦$G-"�� ÔÌAi:(GÙJK¦$GOÔKÜ+7;A/:KGÙ:K<+<iJ*</ÚæJK¦$GëG[ÕØÑ�GI9�à²A/Ò�7$G[Ô»ÕØ9
C GQ¥½:KG[AiÔ(Õ�9$ÑB<i:dC GI:ë</Ú ÿ��.� � ÿ��/102�3 /142 ÿ� ? /102�3 /142�5 ù�G[:(G

�7698;:=<?>A@CBED#F;<�GIH#H#@C:KJCJMLONQPMR?SUTEVXW7YEZURMN*[\YEZUR][\YEZ*[�^I_?S

ÿ� ?ÈC G[9$</JKG[ÔÂJ(¦;G�¥½<iHEä$Ò�G½öu¥½<i9a`7$Ñ�A/J(Õ�<i9u</Ú ÿ� Õ�9uJ(¦$G�¥I<iHEä$7 è
JdA²JKÕØ<�9;A/Ò â AiÔ(Õ�Ôb ,c ª�ªed � c ª$«fd � c@«[ªgd � c@«i«#dI++1�ü$<i:»JÓ�<¤Ü+7 â ÕØJKÔ»J(¦$G
JdA/9$Ñ�ÒØGhB¥[A/9 â Gë¥½<�9;Ô�ÕtC G[:(GQCuA�HEGQAiÔ(7$:(G[HEGI9+J»</Ú�GI9+JKAi9$ÑiÒ�G½è
HEG[9�J�Ai9;CÌÒØÕ�ÛiG�JK¦$GæGI9+JKAi9$ÑiÒ�GIHEG[9�J�<iÚ5ÚV<�:(HÙA²JKÕØ<�9*:dA/9$Ñ�G[Ô�ÚV:K<iH
Ö[GI:K<EÚV<i:ÂA�Ô�G[ä;A/:dA â ÒØG»Ô�JKA/J(G~JK<�<i9$G»ÚV<i:4A�HEA/ö ÕØHÙA/Ò�Ò�×OG[9�JdA/9 è
Ñ�ÒØGQCrÔ�JKA/J(Gi1^F�GIö�JÈJK¦$GI:KG8A/:KGOHÙAi9+×!ñhG[ÒØÒæÕ�9$G[Ü+7;AiÒØÕØJ(Õ�G[ÔÈJK¦;A²J
¥I<i7$ÒtC â G4Õ�9�àiG[Ô�J(Õ�Ñ�A/J(GQCÌÕ�9ÙJK¦$Õ�ÔhA/:(J(Õt¥½Ò�G â 7$JhÓhG�ÓæÕ�ÒØÒ5ÚV< ¥½7;Ô�<i7$:
A/J�JKGI9+J(Õ�<i9�<i9�J(¦;GjiQkElnmolqp9rQs�JÓh<ÙÜ+7 â ÕØJ�ñ�G[ÒØÒêÕ�9$GQÜ�75A/Ò�Õ@J×êÝ § ©$å²Þv©tvuw�yxxx\z ÿ{ $  A| $I¬ ÿ{ �  A| � ¬Md�� z ÿ{ $  A| $I¬ ÿ{ �  A| �M} ¬KdM�z ÿ{ $  A| $ } ¬ ÿ{ �  C| � ¬Md~� z ÿ{ $  C| $ } ¬ ÿ{ �  C| �7} ¬Md xxxO� § �  å�¬
Óæ¦;GI:KG

ÿ{1�  C| � ¬�� ¥½<+Ô | � Ý�c ªgd z ª9cQ��cm«#d z «gc Þ��Ô�Õ�9 | ����� �M��#� c ªed z «]cX� �e� �M��#� c@«fd z ª(c � 5   í+¬

ß�¦;GÂÕ�9$GQÜ�75A/Ò�Õ@J×   å�¬�ÕtÔæà�ÕØ<�Ò�A/J(GQCëÕØÚ~t uv� §$1� Õ�àiGI9~<�7$:�HÈGQAiÔ(7$:KG�</Ú$GI9+JdA/9$Ñ�ÒØG[HÈG[9+J�A/9;C~J(¦$G�ÚV<i:KH <iÚ J(¦$G
ñhG[ÒØÒêÕ�9$G[Ü+7;AiÒØÕØJ×�JK< â G~Õ�9�àiG[Ô�J(Õ�Ñ�A/J(GQCëÕØJ�Õ�Ô�9$<²ÓóJKÕØHEGzJ(<ÙÔ(ä5GQ¥�è
ÕØÚV×'G½ö$Ai¥½J(Ò�×lJK¦$GOÚV<i:KHç<iÚæJ(¦$G�HÙA²ö ÕØHÙAiÒØÒ�×�G[9+JKA/9;ÑiÒ�G[C'HEÕ@ö GQC
Ô�JKA/J(GQÔ[Ý ¨�Þv1{ß�¦$Õ�ÔæÔ�JKA/J(G~¦;A�ÔhJ(¦$GzÚV<�:(H

ÿ� �������  q� ¬ ª ª � �ª «��B§ �  q� ¬Bª ª
ª ª ª ª� � ª ª �  q� ¬

�X�� �  C� ¬
Óæ¦;GI:KGi©

�  q� ¬~��� ��� § ��� § � å
« � å ��� § � å �   ï�¬

Ai9;CO¦;AiÔ â GIG[98Ô�¦$<²Óæ9OJ(<Ù¦5A�àiGÂJ(¦$G~HÙA/ö�Õ�HÙA/Ò£AiHÈ<�7$9+J�</Ú�GI9 è
JdA/9$Ñ�ÒØG[HEGI9+J�ÚV<i:æAE¥½GI:(JKAiÕØ9�C G[Ñi:KGIGÂ</Ú�HEÕØö�J(7$:KG   AiÔ�HEGQAiÔ(7$:(GQC
â ×lJ(¦$G�Ò�Õ�9$G[Ai:»GI9+J(:K<iä�×$¬EÝØ«Q§QÞv©�<�:»à�Õ�¥IG�àiG[:KÔKA$1Oß�¦$Õ�ÔÌÔJdA²JKGÙÕ�Ô
G[9+JKA/9;ÑiÒ�G[C~ÚV<�:{A/Ò�Ò 9$<i9;ÖIGI:K< � ©iAi9;CÈÕØ9ÌÚ�Ai¥½J{Õ@J�¦;A�Ô â G[GI9ÙÔ(¦$<²Óæ9
JK¦;A²JæJK¦$GzJKAi9$ÑiÒ�G~Ô�Õ�HEä$Ò�×�Õ�Ô�ÑiÕ�àiGI9 â ×j� � � 5   õ/¬
ü;<i:ÂA�ÑiÕ�àiG[9lC G[Ñi:KGIG»<iÚ{HÈÕØö�J(7$:KGi©�JK¦$G*HÙA/ö�Õ�HÙA/Ò�ÒØ×�G[9�JdA/9$Ñ�ÒØGQC
HEÕØö G[CÈÔJdA²J(GhÕtÔ�Ñ�GI9$G[:KAiÒØÒ�×»Ô(ÕØÑ�9$Õ@ì�¥IA/9+JKÒØ×zHE<i:KG�G[9+JKA/9;ÑiÒ�G[C~JK¦;A²J
JK¦$G~0uGI:K9$GI:�Ô�JKA/J(G+Ý ÷�ÞwA²JæJK¦$G»Ô(AiHEG»C GIÑ�:(G[GÂ<iÚ�HEÕØö�J(7$:KGi1hù�<²Ó
ÓhGIÒ�Ò�C <�G[ÔÈJK¦$ÕtÔ�ÔJdA²JKG8à+Õ�<iÒtA²JKG�J(¦$G¤ñhGIÒ�ÒæÕ�9$G[Ü+7;AiÒØÕØJ×O�ã0ô¦;A²J
C$GIÑi:KGIGÂ</ÚwGI9+JdA/9$Ñ�ÒØG[HÈG[9+J�ÕtÔ�:KG[Ü+7$Õ�:(GQC*�



ò.9!ü�Õ�Ñ;1   «�¬zÓ�GÙä;ÒØ<iJ»J(¦$GëHEA/ö ÕØHÌ7$H à²A/Ò�7$G�<iÚ�t u   <�ä J(ÕØè
HEÕØÖ[ÕØ9;ÑOJK¦$G�A/95A/Ò�×+Ö[GI:zÔ�GIJ�JKÕØ9$Ñ+ÔÂJ(<8HÙA²ö Õ�HEÕØÖ[G*JK¦$GÙà�ÕØ<�Ò�A/J(Õ�<i95¬
àiG[:KÔ(7;ÔÂJK¦$GOC G[Ñi:KGIGE</ÚæG[9�JdA/9$Ñ�ÒØG[HEGI9+J   A�Ô»HEG[A�Ô�7$:KG[C â ×¤JK¦$G
JKAi9$ÑiÒ�GQ¬�ÚV<i:�JÓ�<ÈC ÕØá�G[:(G[9�Jæ¥½ÒtAiÔKÔ(G[Ô{<iÚ�Ô�JKA²JKG[Ô[1�ß�¦$G�ì;:dÔ�JhÕtÔ{JK¦$G
9$<�9$HÙA²ö ÕØHÙAiÒØÒ�×zGI9+JKAi9$ÑiÒ�G[C*ä$7$:KGhÔ�JKA/J(G   ¥½7;:(à�GhA+¬�Ô(ä5GQ¥½ÕØì;G[C â ×c �¡ U¢M od��ô¥½<+Ô,£(c ªiªgd�� � �\¤ Ô�Õ�9�£(c@«i«fd   ÷�¬
A/95C¤JK¦$G�Ô�GQ¥½<�9;C¤ÕtÔz<i7$:»Ô�JKA/J(G  C� ¬�1Eß�¦$ÕtÔ~:(GQÔ�7;Ò@JdÔÂÔ(¦$<²Ó àiGI:K×
¥½Ò�G[Ai:(Ò�× J(¦;A/JOJK¦$GlHÙA²ö Õ�HÙA/Ò�ÒØ×^GI9+JdA/9$Ñ�ÒØGQC^HÈÕØö G[C ÔJdA²J(GuA/9;C
J(¦;G»9$<i9$è�HÙA²ö Õ�HÙA/Ò�ÒØ×OGI9+JKAi9$ÑiÒ�G[C�ä$7$:KG*Ô�JKA/J(G~à�ÕØ<�Ò�A/J(GzJK¦$GÌñhGIÒ�Ò
Õ�9$G[Ü+7;AiÒØÕØJ× â ×ÌÔ(ÕØÑ�9$ÕØì5¥IAi9�JKÒØ×ÌC Õ@á�GI:KGI9+J�AiHÈ<�7$9+JKÔ�ÚV<�:�J(¦$G�ÔKA/HEG
C G[Ñi:KGIG�</Ú�GI9+JKAi9$ÑiÒ�GIHEG[9�JQ1�ü;<i:�JK¦$G[Ô(G�JÓh<zC$Õ@á�GI:KGI9+J�¥IÒ�A�Ô(Ô(G[Ô�</Ú
GI9+JdA/9$Ñ�ÒØGQC�Ô�JKA/J(GQÔæJ(¦;GI:KG»Õ�Ô4A�¥½Ò�G[Ai:�:KGIÑiÕ�<i9�Óæ¦$G[:(G~<�9$G»<iÚ�JK¦$G
Ô�JKA²JKG[Ô   JK¦$G49;<i9 èvHÙA²ö ÕØHÙAiÒØÒ�×EGI9+JKAi9$ÑiÒ�G[CEä$7;:(GzÔJdA²JKGQ¬�à�Õ�<iÒtA²JKG[Ô
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