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converges more quickly and more closely to the true CPT
parameters; further, it adapts more rapidly to changes in the
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Abstract

The paper introduces Voting EM, an online learn-
ing algorithm of Bayesian network parameters
that builds on the EM{) algorithm suggested
by (Bauer et al., 1997). We prove convergence
properties of the algorithm in the mean and vari-
ance, and demonstrate the algorithm’s behavior
on synthetic data. We show the relationship be-
tween Maximum-Likelihood (ML) counting and
\Voting EM. We demonstrate that Voting EM is
able to adapt to changes in the modelled envi-
ronment and to escape local maxima of the like-
lihood function. Voting EM also handles both
the complete and missing data cases. We use the
convergence properties to further improve Vot-
ing EM by automatically adapting the learning
raten. The resultant enhanced Voting EM algo-
rithm converges more quickly and more closely
to the true CPT parameters; further, it adapts
more rapidly to changes in the modelled environ-
ment.
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latter, that is learning from data, is problematic in that data
are not always available at the time the BN is constructed.
This lack of data at the time of construction can be ad-
dressed either by waiting for a batch of data, and perform-
ing offline learning on the dataset, or by learning the pa-
rameters from data as they are generated and continually
adapting, namely online learning. A challenge for both
approaches, frequently encountered in real systems, arises
when the environment being modelled by the BN changes,
either slowly or abruptly, in time or in characteristic.

Online learning of BN parameters has been discussed by
(Spiegelhalter & Lauritzen, 1990) and in the work of
(Bauer et al., 1997). In this paper, we present a modi-
fied version of the online learning algorithm introduced in
(Bauer et al., 1997), which we show can be used to learn
the parameters of a BN up to a fixed and known accuracy.
We call this algorithm Voting EM and prove convergence
of the estimates of the network parameters both in the mean
and in the variance. The advantages of Voting EM are that
it adapts to changes in the modelled environment and can
escape local maxima of the likelihood function. We further
demonstrate that Voting EM is a simple approximation to
the general incremental EM suggested by (Neal & Hinton,
1998), adapted for the BN parameter learning problem.

In the earlier referenced works on online learning, the issue
of how to optimally weight the accumulating data is left

Bayesian networks (BNs) have gained wide popularity inopen. With a fixed learning rate, we show that Voting EM
the Artificial Intelligence community over the past few converges, but with non-zero error, to the true parameters.
years. BNs can be used for general-purpose classifica/hen the learning rate is small, convergence is achieved
tions, monitoring of systems, prediction of events, analysesvith small error but at a slow rate. When the learning
of data and more (Heckerman et al., 1995). Researcherate is large, convergence is fast, but the variance is large.
from disparate fields have suggested possible applicationd/e therefore propose a dynamic learning rate, exploiting
of BNs ranging from illness classification in medicine (An- these convergence properties of Voting EM, that adapts to
dreassen et al., 1999) to geological analysis and predigshanges in the modelled environment, avoids local maxima
tion (Pedersen et al., 1998). traps, and provides fast convergence to the true parameters

. with reduced error.
The parameters of a BN are determined by the use of expert

opinion or by learning from data (Heckerman, 1995)(Pearl Similar paradigms for adapting the learning rate have been
1988). The former has the benefit of the life experiencesuggested in in the field of control and guidance (Bar-
of the expert, but often is either too expensive or not acShalom & Fortmann, 1988) and in the Neural network con-
curate enough to set the probabilities of the network. Thdext (Barkai et al., 1995)(Murata et al., 1996). In the Neural



network references, the update of the learning rate is error
driven. These algorithms, like the dynamic learning rate B[k j|D] E,| j|D]

i i 5 a g% » Pa; gLPa; A
variance of Voting EM, balance the trade off between fast, Ois = Oijn + n( 8l% Ly ZL g @

but potentially only local convergence, and accurate global P(pa{) P(pa{)
convergence.

. . . . ~ Where
The rest of this paper is organized as follows: in section

2, we define notations and brief description of the BM(
algorithm. In section 3, we describe and analyze Voting
EM and compare it to online ML counting and incremen-
tal EM introduced in (Neal & Hinton, 1998). In section o ‘
4, we improve Voting EM by presenting an algorithm that and P(pa? ) is an estimate of;(Pa; = pa?) given as:
automatically adapts the learning rate. Finally we summa-

rize our contributions and discuss directions for future work . ) . 1 X o
Throughout the paper, we demonstrate the algorithms using P(paj) = Eglpai|D] = N Z P(paily., 0)

a synthetic BN. =1

1
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This parameterized update rule, denoted EMiy (Bauer

2 NOTATION AND BRIEF DESCRIPTION et al., 1997), can be used in both a batch and online learn-
OF THE EM(7) ALGORITHM ing mode. In batch mode, there are multiple data cases in

D; iterating the update rule amounts to running an EM like

A Bayesian network is a graphical model that encodeslgorithm (this reduces to EM if is chosen to be 1). The

causal relationships among a set of variables, the streng®xpectation step is computing the expectations as shown in

of those relationships reflected in a set of probabilistic pa£q. 3, and the Maximization step is computing the update

rameters. The task at hand is to learn the parameters of thef the probability table entries as shown in Eg. 2. In the

network from a set of data. This implementation assumegatch case, (Bauer et al., 1997) show that different values

a fixed structureS of the network and that the variables are of 5 result in different speeds of convergence of this algo-

discrete valued. The learning is then the estimation of theithm.

conditional probability tables (CPT) entries of the network.

The notation we use follows that of (Bauer et al., 1997).

Let Z; be a node in the network that takes any value from3 VOTING EM- DESCRIPTION AND

the set{z!, ..., 2" }. Let Pa; be the set of parents ¢f; in ANALYSIS

the network that takes one of the configurations denoted by ) . ) )
{pa;", ..., pa;% }. An entry in the CPT of the variablg; is Adapting the EM{) algorithm to the online learning case
given by: is straightforward. The evidence becomes just a single in-

stance of the network and for each new evidence vector, the
Oijk = P(Z; = Zﬂpai = pag') network’s parameters are all updated according to the rule:

We are given a set of (new or previously seen) data cases

D = {y1,...,y~n}, and we have a current set of parameters, gT—1 o [p(zf,pag|yr$9T—1) _ P(pallyr 6™ T
g, that define the network. The data are either complete, ijk b P(pal) P(pa}) ik
that is all values of the variables are given, or in-complete 6}, = . ff)r P(pal) #0

. . . ijk
The u_pdatmg _of _the_network parameters is achieved by the otherwise.
following maximization: 4)

Where P(pa!) is the estimated probability of the parents

0 i argmaxe%FL(G)ge) —d(o 5)] 0} given the evidence and the previous estimated network and
- argmazelnto ’ is given by the following:

where L (0) is the normalized log likelihood of the data 4 ,

given the networkd(6,6) is a distance between the two P(pal) = P(pal|yr,6771) (5)
models and; is the learning rate. The distance that we use

in our implementation is the Chi squared distance (which isThe learning rate controls how much we rely on the past.

an approximation of the KL divergence). Using a first orderAs n approaches 1, the past is weighted less, and the update
Taylor approximation foi” and solving the maximization of the parameters is based more on the present data. As
under the constraint that,, 0;;, = 1 for Vi, j, the follow- 7 approaches zero, the network parameters change slowly
ing approximate solution is derived in (Bauer et al., 1997):from the previous model. (Bauer et al., 1997) prove that the



convergence rate to a local maximum is faster than regulan their j'th configuration. For ease of notation, we denote
EM for the batch mode whenis greater than 1, and prove ¢}, asX; and rewrite Eq. 6 as:
convergence for any between 0 and 2. However, conver-
gence was not proved for the online case. In fact, in the Xe=(A-n)Xem1+n- L (7)
online case, for) greater then 1, probabilities can become
negative. In this paper, we prove convergence of the Votingyhere, is an indicator function given as:
EM algorithm only whem is constrained to be less than 1.
1= { 1 with probability  6;;, = c*
s = | o \ (8)
3.1 ANALYSIS OF THE ONLINE LEARNING 0 with probability 1 —c
RULE
_ o . The procesqI;} is an independent identically distributed
In the following analysis, if we assume that there is noj 4y random process. For each instanch is a Bernoulli
missing data in the evidence vectgrs, Eq. 4 reduces to:  yandom variable equal to 1 with probability, which is
the true probabilityd;;,, of the Bayesian network, that is

¢* = P(X; = z¥|Pa; = pa)).

n+ (1 =m0,
for P(pallyr) = 1 andP(zF|yr) =1 Theorem 1 Given a discrete Bayesian Network S, a se-
(1—n)ol? guence of full observation vectof?, the update rule given
oL — MY%jk . . .
ijk — for P(pa?f|yT) = 1andP(zF|yr) =0 in Eq. 7 and the constraint < n < 1, the following prop-
gT—1 ' ’ erties hold:
ijk
otherwise ) . . .
(6) 1. X, is a consistent estimate of, i.e. E[X;] = ¢* as
t — o0.
This update rule is interpreted as follows. If the parents of
Z; are observed in thejith configuration and iZ; is equal 2. The variance of the estimat®, is finite and has a
to its k'th value, increase the value 6f;;. If the parents limiting value ofVar[X;] = 02 = g (1 =)
are observed in thejith configuration butZ; is not equal ast — oo
to its k'th value, decrease the current value. If the parents o )
of nodeZ; are not observed to be in thgth configuration, ~ 3- For¢ — oo thle following inequality holdsP (| X; —
do nothing. ¢’| > qo) < g5, whereg > 0

When there are missing data, the updated probabilities
change less than in the complete case. For sufficiently lon@roof: Taking the expectation of the recursion in Eqg. 7,
sequences of data, missing data have diminishing influenaeoting thatF|[1;] = ¢* yields:
on the estimate, and the following properties generally still
apply. For the case of hidden nodes (that is nodes that are EXi=010-nEXi]+n-c* )
never observed), these theorems do not hold. Neal and Hin-
ton (Neal & Hinton, 1998), however, have shown empiri- This is a regular difference equation that can be solved us-
cally that estimation of the parameters using an online EMNY the Z-transform or by using regular algebraic recursion
approach with hidden variables yields good results in manynethods. The solution to the recursion is given by:
cases.

EX]=Q0-n)Xo+ 1= (1=n")-c\ t=0
We call the online update method of Eq. 4 in the missing (10)
data case, and Eqg. 6 in the fully observed case, the Votingihere X, is the initial value of).
EM algorithm. The expression of Eq. 6 shows the reason_ )
for this name. Incoming data cause a changegiofthe cor-  OPViously this converges only fob < 7 < 1, and
responding probabilities; the observation of the child and oo (E[X:]) = ¢*, which proves property 1.
parents in a certain configuration is a 'vote of confidence’proof of the second property uses a similar approach. The
for that state of the nodes, and is rewarded)bwhile the  steps to derive the recursion for the variance are given in

other states of the child (with the same parent configuragetail in (Starks & Woods, 1994). The final result is:
tion) are reduced in importance by the same weight.

ik

K Var[Xy = = c*(1—¢*) - (1= (1 —n)**2) (12)

Given the sequence of full evidence data from the networ 21

D = {y1,...,Yn, ...} the following theorem characterizes
the asymptotic behavior of the online update rule. With no
; i A
loss of generality, assume th&(pa] |y, 6") = 1 for all
n

t = {1,..,n,...}, that is the parents are always observedlim;_...Var[X| = P (1 —c*)

gain, takingt to oo results in



The third property is simply an application of Chebychev
inequality toX; ast approacheso. O

From the theorem we see that in the mean, the online up-
date rule approaches the true CPT values. The parameter
controls the rate of convergence. Eqg. 10 and 11 imply that
n = 1 yields the fastest convergence, but also that there is
no reference to the past estimations. Whea 1, the esti-

Standard Deviation of Estimate

eta=001

mate of the probability oscillates between 0 and 1 based on

0 01 02 03 04 05 06 07 08 09 1

whether, in the current samplg; is equal to itk'th value. TrueProbabilty TableEntry
For smallern’s the convergence is slower, but change is

smoother and less sensitive to the current sampdan be  Figure 1: Effect ofy andc¢* on the standard deviation of
understood as a 'forgetting bias’ of the learning algorithm:the estimated probability

the bigger it is, the less is remembered from past observa-

tions.

eters as a function of the number of samples used. For all
of the parameters, the test network moves in the direction
of the true network. Each subfigure displays the results for
two values ofn. With the largern the change from the
initial guess to the real probability is faster than that with
the smallen. However, after converging (in the mean) to
the true probability, the estimates with the largeemain

It is important to note that the variance does not convergeoisier than the estimates with the smaljer

to 0; the estimated CPT entries oscillate around the true

CPT's. Further, the magnitude of this variance depends on T

the value of the true probability entry*). The variance is / pmn_mode\

maximal forc* = 0.5, and decreases as the probability ap- \ osom02s] /

proaches 1 or 0. Figure 1 shows the standard deviation(the /}\\/ﬁ

square root of the variance) of the estimate as a function of / \

c* for different values ofy. Although oscillation around the —/ y/\\

The effect of) on the variance is opposite to its effect on the
convergence rate. The smaller this, the smaller the vari-
ance of the estimate. While = 1 yields the fastest con-
vergence, it yields the largest variance. Therefore a small
eventually yields a solution closer to the true CPT parame
ter.

L . . //C]uldl\\’[ Child 2
true probability seems undesirable, it has two advantages. /oG P

First, a small but finite variance allows the algorithm to get ( 05 05 ) ( 08 02
out of a local maximum, given new evidence. Secondly, it \ [[f; 00113] )/ \J“ 0'8] /
allows adaptation to a changing environment, wijththe N
learning rate, controlling the speed of adaptation. Note that _ _ _
the ability to escape local maxima is not guaranteed and de- Figure 2: BN used in experiments
pends on the size ofrelative to the shape of the likelihood

function.

The third property of the theorem gives the confidence in3-3 MAXIMUM LIKELIHOOD ESTIMATION

tervals of the estimated CPT’s with respect to the variance AND VOTING EM

of the estimate. This property can help in the choice of . ) .

an acceptable when using the Voting EM algorithm. We There is a close relation between Voting EM and the ML

use this property in the adapting learning rate algorithm ofestimator of discrete BN parame_ters. The ML.estimator for
each of the CPT entry after seeifigsamples, in the case

085 0.15

section 4. o 7 .
of no missing data is simply given by:
3.2 EXPERIMENT T Ngk
oijk = T (12)
N

To test the algorithm we create a BN consisting of one

parent node and two ghlldren. We generate 2000 sets ?/]\c/hereNT,C is the number of times th&th node was ob-
variable values according to the probabilities shown in Fig- v

ure 2. We then construct a test network with the sam served 1o be equal to ils'th value and the parents equal

. o theirj’th configuration, andV.. is the number of times
structure and randomly selected initial CPT values, and ex:, U . . .

) : . the parents were equal to thgith configuration.T is the
ecute the online update algorithm, using the complete syn-

thesized data. We also vary the learning rateFigure 3 total number of observations.
illustrates the results, showing two of the estimated paramThe ML estimate can be computed exactly for evérin



1

in the form presented above and can be replaced by the in-
cremental EM presented by (Neal & Hinton, 1998). The
quantityﬁ is replaced by the estimated sufficient statis-

tics of that node. This is equivalent to the replacement of
the indicator function in Eq. 8 by the inferred probability
o of the parents given the evidence in Eq. 4. Again, Voting
o EM behaves as a fixed memory version of the incremental
o1 EM.

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Number of Samples
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osf’

CPT parameter

0.4

Choosing an appropriate learning rajefor Voting EM
algorithm is one of the shortcomings of the algorithm.
Choosingy small yields a small variance in the estimation,
but the convergence is slow. On the other hand, a large
yields fast but noisy convergence. Another shortcoming is
o a0 %0 w0 wo o o w0 1o 1o 2w thatn is constant for all of the network parameters. A good
’ learning rate for some parameters might prove a poor one

Figure 3: Results of online learning illustrated for 2 param-for others. For example, when the priors of the parent node
eters. Thick straight line is the true probability, dashed andre biased towards one value, other values rarely appear. A

solid lines are Voting EM using = 0.01,0.05 respectively. ~Smalln results in good estimates of the CPTs for the of-
ten observed values, but the CPT’s for the rarely observed

events hardly move from the initial condition. Choosing a

CPT parameter

an incremental way using the following update rule: largen solves this problem for the rarely observed values,
but the often observed values display large oscillations. An
1 1 T—-1 i i i i
T +(1- W)gijk ’ adaptive learning rate addresses the first shortcoming. A

different learning rate per row of the CPTs, much like the

' Jo0) — k _
for P(pailyr) = 1andP(z7|yr) =1 ML estimation, addresses the second problem.

oL = (1 Nl.T)ez‘jicl’ ive | [ h b d d
ijk ig . Ad -
j forP(pal [yz) — 1 andP(= |yr) — 0 aptive learning rates have been demonstrated success

o1 fully in several works related to Neural networks (Barkai
ijk > . et al., 1995)(Murata et al., 1996): several options of adap-
otherwise 13 tation have been used depending on the function being ex-
(13) plored. We use a similar approach which follows from the
Note that this rule has the same form as the update rulgroperties of Voting EM algorithm. Intuitively, for Voting
in Eq. 6, with the replacement of the fixgdoy a varying  EM, the learning rate should be reduced when convergence
form of L. The effective learning rate not only varies in is reached. On the other hand, the learning rate should

NT . ) :
time, but is also specific for each row in the CPT's of the be increased when there is a large error between the esti-

BN. Further, note that each additional observation of thd"ated parameter and its mean value, which happens when

parents in a particular configuration effects a progressiveljnere is a local maximum or when the modelled environ-

smaller update on the CPT entries of the child node. ment changes. A large error can be inferred using the third
property of Voting EM. To achieve a better estimation while

Voting EM is analogous to a *fixed memory’ version of the maintaining the ability to adapt to changes in the network

ML estimate. In Voting EM, the fixed) can be seen as parameters or escape from local maximum we propose a

having a similar effect of fixing ofV;;, which amounts to  heuristic scheme in which an initially largeis adjusted

looking back in time only far enough such that the countover time. Letting: denote the number of timd3a; = pal

of observations igV;;. Although in the static network case since the last timey;; changed, the proposal for varying

this simplifying assumption in Voting EM results in a noisy s as follows:

estimation, it is beneficial when the network parameters ; , ! .

change over time. The ML approach adapts poorly to thesE©" €8chPa; = pa;, the j’th configuration of the parents

changes, basically averaging the values before and aftélf node: do the following steps:

a change. Voting EM, on the other hand, with its shorter

memory, adapts more quickly to the change. e Initialize the following:

In case of missing data, the ML estimator does not work — SetP[X; = z¥|Pa; = pa/’] = Gﬁjk to some



initial value fork =1, ...,r; analytical form of Eq. 11, using the 'worst case’ true prob-
— Setn/ to some value between 0 and 1. A high ability entry of0.5 (see figure 1) which can be offset by a
value can be initially set. smaller choice of.
— Sett = 0.

) ) ) ) 4,1 EXPERIMENTAL RESULTS
e Given an observation vectgir, if Pa; = paZ do the

following: We demonstrate the improved Voting EM using the same
synthetic BN structure shown in Figure 2. We use three dif-
ferent cases: the BN parameters are static, change abruptly
or slowly over time, corresponding to a static modelled

1. Estimated; ;' using the update rule of Eq. 7,
wheren is replaced by)'/.

2. 1f |07 _—E[efﬁlﬂ > q - oy; then environment and abrupt or slow changes in the modelled
Increasey;;, environment. Figure 4 show the adaptive Voting EM in
sett =0 the static case. Compared to Figure 3, the convergence is

Else if (1 — ;)" < threshold quicker and closer to the true CPT, and is comparable with
decreasey;; the online ML estimation.
Else Sszté _ ?+ 1 Figures 5(a)(b) show the results for the other two cases, for

both the adapting Voting EM and the incremental ML esti-
mation. As expected, the ML estimation adapts poorly to
the changes in parameters. Although in the abrupt change
1 ] case, it does start to adapt to the new parameters (and would
Note that E[0;, | and o;; are the mean and variance aqant given infinite samples), in the case of slowly (but con-
of the estimated parametery is a positive number.q  gantly) changing parameters, it cannot follow the changes.
determines the confidence in the decision to incregse |, contrast, the adapting Voting EM follows the abrupt
from the Chebychev inequality this confidence is equal tochange quickly and converges to a close value. Voting EM

1—qi2.threshold is specified by the user and reflects the aCs also able to follow the slowly varying changes with good
ceptable convergence of the parameters. The rate at Wh'%ﬂ:curacy.

nisincreased or decreased is also specified by the user, and )
is discussed in the next section. Figure 6 demonstrates how the learning ratdhanges over

_ L _ _ time for the abrupt change case. The learning rate de-
Key to this heuristic is that th_e learning rate t_)oth InCreasegreases constantly, until the change occurs (after 2000 sam-
and decreases. From the first two properties outlined igyas) |t increases rapidly shortly thereafter in response to
theorem 1, the convergence of the mean and variance {§¢ change, only to decrease again after no more changes
a function of (1 — »)’, wheret is the number of imes 56 detected. Note that the change i not continuous
Pa; = pa;. This expression goes as¢ approaches iy contrast to the learning rate update schedules used in
oo. Instead of waiting for infinite data, we test against the(Barkai et al., 1995) and (Murata et al., 1996) which are
parameterhreshold to determine if convergence has ap- continyous. The increase and decrease rate chosen in the
proximated with parameterized precision. If it has bee”yweexperiments were exponential. Although (Barkai et al.,
decrease the learning rate. As more evidence is presentegg95) showed that exponential was problematic for some
the learning rate for all the parameters becomes smaller a’E’daptive learning rate, it works in this case because the
smaller, but remains finite. This means that the pr_operty _Ofearning rate is not updated at every step but at varying
being able to adapt (or break out of a local maximum) iSjength intervals. As);; becomes smaller, the intervals be-
maintained, but the adaptation is slower. tween the updates become longer, therefore even an expo-

If a learning rate is too slow in adapting, we should increasé€ntial update ofy;; is still within the limits set by (Barkai
it. The theorem’s third property implies the ability to de- €t al., 1995).
tect changes that are faster than the current learning rate

can address. By taking the absolute difference between t}‘g CONCLUSIONS AND EUTURE WORK
present estimate and its mean and comparing it to the con-

fidence interval defined by o;;, we can assert, with con- We have presented Voting EM, an online learning al-

fldencell ?1“ that 'Fhere has been a change that VV""rram%;onthm for Bayesian network parameters, based on the
increasing the learning rate.

EM(n) algorithm suggested by (Bauer et al. 97). We have
In practice the mean and variance of the parameters are aphown its convergence properties, and explained its rela-
proximated. The mean can be estimated by a running awonship with the paradigm of Maximum-Likelihood count-
erage (to be reset every timg is increased). Although it ing. We have demonstrated the advantages of the Voting
is not an unbiased estimate of the mean, it is a consisterM algorithm, namely its ability to continuously adapt to
one. The variance can be estimated using the closed forchanges in the modelled environment and to escape local

3. Read the next observation and repeat steps 1-2.
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classification situations with abundant unlabelled learning classification for robotic meteorite searchroceedings
data. of the SPIE - Mobile Robots XIII and Intelligent Trans-

portation SystemsSPIE.
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Figure 5: Adaptive learning rate for Voting EM in changing environments. Thick line is the true probability. Solid line is
the adaptive Voting EM, dashed line is the ML estimate.
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