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Abstract

We make the observation that two examples of towers of function fields with
asymptotically positive N/g ratios given by Garcia and Stichtenoth can be gen-
eralized, each leading to 7(n) — 1 such examples over Fp», n > 1, where 7 is
the number of divisors function.



1 Introduction

Let T = (T1,T>,...) be a tower of function fields, each defined over F, . Let
N(T;) and ¢(T;) denote the number of places of degree one and the genus,
respectively, of T;. It is known that the sequence (N(T;)/g(T;)) converges as
i — 0o [4]. Let X(T) := lim;—o0 N(T3)/g(T;). Then, we have

0<NT)<va—1. (1)

The upper bound is known as the Drinfeld-Vladut bound. Algebraic-geometric
codes with good parameters can be constructed on towers with A(7) > 0.
Codes constructed on towers meeting the Drinfeld-Vladut bound can have per-
formance exceeding the Gilbert-Varshamov bound [7]. However, for use in code-
construction, such towers have to be explicitly described. There are very few of
these in literature [2, 3, 4, 5].

In [5], Garcia and Stichtenoth provided two examples of towers for which
A(T) > 0. These two towers attain the Drinfeld-Vladut bound when the un-
derlying field is of cardinality four or nine, respectively. In this correspondence,
we generalize these examples to sets of 7(n) — 1 examples each, over Fyn n > 1,
where 7 is the number of divisors function.

2 Towers

Definition 2.1 Let ¢ = p™ where n > 1. For a proper divisor d of n, let
kq = ‘;dj. For any pair (r,s) of proper divisors of n, consider the tower of

function fields given by T™* = (Ty,T»,...), where Ty = F, (z1) and for i > 1,
Tit1 = Ti(xi11), where x;11 satisfies

k. ks _ pks
Ty + 20 =0, (2)
Z; = a,:rzn’ + b;, (3)
where a;,b; € F,. and m; is a power of p.

Theorem 2.2 For the tower T™*:

If r = 0 mod s, Py splits completely throughout the tower.

If s = 0 mod r Every ramified place in the tower lies above a rational place in
T;.

IfT:S, /\(T)ZL

=2

Proof. Since the proof is very similar to that for the original tower, we only
verify that under the hypothesis, we do indeed get a tower of function fields.
Notice that at one of the places dividing z; in T, we get a zero of x» of order
not divisible by k,. This implies that b}* — 2} is not of the form w*» for any
w € Ti. Further, one of the places dividing x> in T3 also has the same property,
and so on. Thus, each equation is irreducible and gives us an extension. O

The second tower is also generalized using similar ideas. Here we allow
raising of the variables to the order of not just the total multiplicative group of
the field, but all its subgroups as well.



Definition 2.3 Let ¢ = p” > 4 and n > 1. For a proper divisor d of n, let
lg := p? — 1. For any pair (r,s) of proper divisors of n, consider the tower of
function fields in given by T™° = (T1,T>, . ..), where Ty =T, (z1) and fori > 1,
Tit1 = Ti(xi11), where x;11 satisfies

I s
itz =1, (4)

zi = a;z]" + by, (5)
where a;,b; € Fy. and m; is a power of p.

Theorem 2.4 For the tower T"*:

If s = 0mod r, Py splits completely throughout the tower.

If r = 0mod s, Every ramified place in the tower lies above a rational place in
T;.

Ifr = s, we get \(T) > 2

Ih—1°

Proof. To verify that we do indeed get a tower of function fields, note that
bi = 1. The proof of the theorem is similar to that of Theorem 2.2. a

Remark 2.5 Let 7,"° be the tower of Definition 2.1 with a; = 1 for i > j where
J is a positive integer. Then

TT‘yS ~ Tr,s
1 - 9
since we can absorb the a; in the equation at each stage as follows:

LI} ) b;
(i1 faf" )M + G = ()" (7)

We can do a similar substitution for the tower of Definition 2.3.

Remark 2.6 Elkies [2] showed that the Garcia and Stichtenoth towers were
modular. It would be interesting to see what relations to modularity the gener-
alizations have.
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