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Abstract

ThepaperintroducesVoting EM, anadaptive online learningalgorithm
of Bayesiannetworkparameters.VotingEM is anextensionof theEM(� )
algorithmsuggestedby [1]. We show convergencepropertiesof theVot-
ing EM thatusesa constantlearningrate.We usetheconvergenceprop-
ertiesto formulateanerrordrivenschemefor adaptingthelearningrate.
The resultantalgorithm convergeswith the optimal rate of ����� neara
maximumwhile retainingtheability to increasethe learningratein the
vicinity of a local maximumor dueto changesin themodelledenviron-
ment.

1 Intr oduction

The parametersof a Bayesiannetwork(BN) aredeterminedby the useof expert opinion
or by learningfrom data[2, 3]. The former hasthe benefitof the life experienceof the
expert,but often is eithertoo expensive or not accurateenoughto settheprobabilitiesof
thenetwork. Thelatter, thatis learningfrom data,is problematicin thatdataarenotalways
availableat the time the BN is constructed.This lack of dataat the time of construction
canbeaddressedeitherby waiting for a batchof data,andperformingoffline learningon
thedataset,or by learningtheparametersfrom dataasthey aregeneratedandcontinually
adapting,namelyonlinelearning.A challengefor bothapproaches,frequentlyencountered
in real systems,ariseswhenthe environmentbeingmodelledby the BN changes,either
slowly or abruptly, in time or in characteristic.

Online learningof BN parametershasbeendiscussedby [4, 5, 6] andin thework of [1].
Following the generalapproachintroducedin [1], we developedan online learningalgo-
rithm which we namedVoting EM [7]. Theupdateof theBN parametersis governedby a
learningratewhich canbekeptconstantor adaptive.

With a constantlearningrate, we show that Voting EM converges,with non-zeroerror,



to the true parameters.We proposea dynamiclearningrate,exploiting the convergence
propertiesof theconstantlearningrateversionof Voting EM. We show that the resultant
annealingscheduleis proportionalto ����� whentheerrorsbetweenthecurrentandprevious
estimatesaresmall, thusachieving the optimal convergencerateto the maximumof the
likelihoodfunction[8, 9]. Allowing thelearningrateto increasebasedon theerrorallows
fastadaptationto changesin themodelledenvironmentandavoidslocalmaximatraps.We
baseourargumentsonknown resultsfrom similarparadigmsfor adaptingthelearningrate
that have beensuggestedin the Neuralnetwork context [10, 11]. In the Neuralnetwork
references,like thedynamiclearningrateVoting EM, thealgorithmsbalancethetradeoff
betweenfast,but potentiallyonly local convergence,andaccurateglobalconvergence.

Therestof thispaperis organizedasfollows: in Section2,wedefinenotationsanddescribe
Voting EM. We show theconvergencepropertiesof Voting EM usinga constantlearning
rate. In Section3 we presentthe adaptationschedulefor the learningrateandprove that
it bothfollows theoptimalannealingrate ����� andretainstheability to adaptquickly given
new contradictoryevidenceto thepreviousestimates.Wefurtherdemonstratethealgorithm
in Section4 usingthe ICU Alarm network. Finally we summarizeour contributionsand
discussdirectionsfor futurework.

2 Voting EM

2.1 Description

Thegeneraltaskis to learntheparametersof thenetwork from a setof data.This imple-
mentationassumesa fixed structure� of the network andthat the variablesarediscrete
valued. The learningis then the estimationof the conditionalprobability tables(CPT)
entriesof thenetwork.

We first describethe generalsettingof the problem,following the notationin [1]. Let	�

be a nodein the network that takesany valuefrom the set ��
��
���������� 
����
�� . Let ��� 
 be

the set of parentsof
	�


in the network that takes one of the configurationsdenotedby��� � 
 � ��������� �!� 
#" � � . An entry in the CPT of the variable
	$


is given by % 
�&('*) �,+ 	�
-)


'
!. ��� 
 ) �!�

&
�/ . We aregiven a setof datacases0 ) ��1 � ��������� 132 ������� � , andwe have a
currentsetof parameters,4% , thatdefinethenetwork. Thedataareeithercomplete,that is
all valuesof thevariablesaregiven,or incomplete.

Theupdatingof thenetwork parametersis achievedby thefollowing maximization:5% ) ��6�798:��;=<�> �@?�A +B% /=CED +B% � 4% /GF � (1)

where ?�A +B% / is the normalizedlog likelihoodof the datagiven the network, D +(% � 4% / is a
distancebetweenthetwo modelsand� is thelearningrate.Thedistancethatweusein our
implementationis theChi squareddistance.Solvingthemaximizationundertheconstraint
that ' % 
�&('H) � for I�J �BK , Baueretal. [1] derivedanalgorithmwhich they namedEM(� ).

AdaptingtheEM(� ) algorithmto theonlinelearningcaseis straightforward.Theevidence
becomesa singleinstanceof thenetwork andfor eachnew evidencevector, thenetwork’s
parametersareall updatedaccordingto therule:

% 2
�&(' ) % 2�L �
�&('NM � >#OQPSR�T�9U V�W�X�ZY [�\ U < \^]=_a`OQP V�W X �ZY [�\ U < \^]=_ `
C % 2�L �
�&(' F � for �,+a�!�

&
 . 132 � % 2bL � /dc)fe
% 2�L �
�&(' �

otherwise,
(2)

We call theonlineupdatemethodof Eq. 2 theVoting EM algorithm. Suchonlineupdate

rule is referredto asstochasticlearning,with OQPSR�T� U V�W X �ZY [�\ U < \^]=_g`OQP V�W X �ZY [�\ U < \^]=_ ` being the instantaneous

gradientestimateof theconstraintoptimizationproblem.Thelearningrate� controlshow



muchwe rely on the past. As � approaches1, the pastis weightedless,andthe update
of the parametersis basedmoreon the presentdata. As � approacheszero,the network
parameterschangeslowly from thepreviousmodel.Thelearningratecaneitherbeconstant
or adaptive. In the next sectionswe discussboth, and presentan adaptive error-driven
learningrate.

2.2 Convergencepropertiesusinga constantlearning rate

Given the sequenceof full evidencedatafrom the network 0 ) ��1 � �h������� 1 2 �h����� � anda
constantlearningrate � , the following theoremcharacterizesthe asymptoticbehavior of
the onlineupdaterule. With no lossof generality, assumethat �,+�� �

&
 . 13i � % i / ) � for all� ) ��� �h�����(jk������� � , that is the parentsarealwaysobserved in their j’ th configuration. For
easeof notation,we denote% i
�&(' asl i andrewrite Eq.2 as:

l i ) +m� C � / l i(L � M �on�p i � (3)

wherep i is an indicatorfunction,makingtheprocess� p i � anindependentidenticallydis-
tributed(i.i.d) Bernoulli randomprocess,givenas:

p i ) � with probability % 
�&('q)sr^te
with probability � C r�t (4)

where
r�tu) �,+�l 
v) ;

'
 . ��� 
w) � �
&
�/ is thetrueCPTentryof theBayesiannetwork.

Theorem1 Givena discreteBayesianNetworkS,a sequenceof full observationvectors0 , theupdaterule givenin Eq. 3 andtheconstraint
eyx �{z � , the following properties

hold:

1. l i is a consistentestimateof
r^t

, i.e.,| > l i F ) +m� C � / i lq} M +m� C +m� C � / i / n r t � �u~ e�� � J�8 i��,� | > l i F )�r t �
(5)

where l } is theinitial valueat � ):e
.

2. Thevarianceof theestimatel i is finite andfollows:

� ��6�> l i F ) �Hn r^t +Z� C r�t /
� C � n +m� C +m� C � /g� i�� �3/ �

(6)

� J�8�i��,� � ��6�> l�i F ) �
� C � n r t +m� C r t / (7)

3. For ����� thefollowinginequalityholds: �,+ . l�i C r�t . ~���� / z �"m� , where �k� e

The proof is given in [7]. From the theoremwe seethat in the mean,the online update
rule approachesthe true CPT values. The parameter� controlsthe rateof convergence.
Eq.5 and6 imply that � ) � yieldsthefastestconvergence,but with thelargestvariance.
For smaller� ’s the convergenceis slower, but the varianceis alsosmall. Thevarianceis
proportionalto � , andremainsfinite in the limit, thus the estimatewill alwaysoscillate
aroundthe trueparameter. � canalsobeunderstoodasa ’forgettingbias’ of the learning
algorithm. The systemforgetsthe pastat an exponentialrate,proportionalto � . This is
similar to thefadingfactorintroducedby Olesenet al. [6].

The third propertystatedin the theoremgives the confidenceintervals of the estimated
CPT’s with respectto the varianceof the estimate.We usethis propertyin the adaptive
learningratealgorithmof thenext section.

Whentherearemissingdata,the updatedprobabilitieschangelessthanin the complete
case.For sufficiently long sequencesof data,missingdatahave diminishinginfluenceon



the estimate,andthe propertiesgenerallystill apply. For the caseof hiddennodes(that
is nodesthat arenever observed), thesetheoremsdo not hold. Nevertheless,the update
rule canbeusedwith hiddenvariablesaswell. SpiegelhalterandCowell [5] discussvari-
ouscasesof onlinelearningin BN with hiddenvariableswith regardto theSpiegelhalter-
Lauritzen(SL)algorithm[4]. They show thatmeaningfulresultsareachievedif thehidden
variablehasdescendantsandparentsthatareobservable.Similar resultsareexpectedfrom
Voting EM aswell despitethedifferencebetweenthealgorithms;Voting EM takinga fre-
quentistapproachandtheSL usingaBayesianapproachto parameterestimation.

3 Adding adaptivenessto Voting EM

Variousstudiesdiscussconstantlearningratesand different schedulesfor adaptingthe
learningrate. As discussedin the previous section,constantlearningrate convergesin
the meanto the global maximum,but with non-zeroerror. Adapting the learningrate
canachieveconvergencewith zero-error. Severaldifferentadaptationscheduleshavebeen
suggestedin thestochasticlearningliterature,guaranteeingdifferenttypesof convergence.
The annealingrate ����� yields the fastestasymptoticconvergenceto a local maximawith
zero mean-squareerror. In the context of BN, incrementalmaximum-likelihood(ML)
countingand the incrementalEM of Neal andHinton [12] canbe formulatedassucha
schedulein the caseof full andmissingdata(see[7] for a detaileddiscussion).It is also
known that for � proportionalto ��� �#� 7@+a� / , escapefrom local maximatrapsis assured,but
convergenceto theglobalmaximumis veryslow [13]. Onedisadvantageof bothschedules
is the dependency on an absolutetime origin, making themlesssensitive to changesas
time passes.Otherschedulessuggestusinga constantlearningrateduring the early part
of training (a searchphase)followedby a switch to anannealingrateof ����� whenin the
vicinity of thefunction’smaximum[8]. Thisscheduleattemptsto overcomelocalmaxima
trapsby switchingbackto a constantlearningratewhenthetrajectoryof theestimatesbe-
cometoo smooth.Errordrivenadaptationscheduleseliminatethedependency onabsolute
origin of time andyield fastconvergencewhenin thevicinity of a globalmaximumwhile
retainingtheability to escapelocal maxima[10]. We usea similar error-drivenapproach
which followsfrom thepropertiesof Voting EM with aconstantlearningrate.

From the first andsecondpropertiesstatedin Theorem1, the learningrateshouldbe re-
ducedwhenconvergenceis reached.On the otherhand,the learningrateshouldbe in-
creasedwhenthereis a largeerrorbetweentheestimatedparameterandits meanvalue.A
largeerrorcanoccurarounda localmaximumor whenthemodelledenvironmentchanges.
The inequalitystatedin the third propertyof Theorem1 defineswhat is a largeerror. In
the following schedulewe assigna different learningrate for eachset of parametersin
thenetwork, that is, for eachnode

	�

with parents�!� 
 andparent’s configuration�!�

&
 , the
learningrateis denotedas � 
�& . Letting

j
denotethetotal numberof data,� thenumberof

times ��� 
 ) �!�
&
 and ��� thenumberof times ��� 
 ) �!�

&
 sincethe last time � 
�& changed,
theproposedschedulefor adaptingthelearningrateis asfollows:

For each ��� 
 ) �!�
&
 , the

K�� �h� configurationof theparentsof nodeJ do thefollowingsteps:

� Initialize thefollowing:

– Set �,> l 
w) ;
'
 . ��� 
Q) �!� 


& F ) % i
�&(' to someinitial valuefor � ) � �h������� 6 

– Set� 
�& to somevaluebetween0 and1. A highvaluecanbeinitially set.
– Set� � ��� ){e

.
� Givenanobservationvector1 2 , if ��� 
v) �!�

&
 do thefollowing:

1. Estimate% i�� �
�&(' usingtheupdateruleof Eq.3, where� is replacedby � 
�& .
2. If

. % i�� �
�&(' C | >�% i�� �
�&(' F . ��� n � i�� �
�& then �9�u��� e



increase� 
�& : � 
�&�  � 
�& n 8 , �9�$8¡�*�
set ��� )fe

Elseif +m� C � 
�& /£¢ i z¥¤ �9� ¤ x�x �
decrease� 
�& : � 
�&   � 
�& n 8 L �
set ��� )fe

Elseset ��� ) ��� M �
3. Getthenext observationandrepeatsteps1-2.

� , 8 and ¤ are adjustableparameters. � determinesthe confidencein the decisionto
increase� ; fromtheChebychev inequalitythisconfidenceisequalto � C �" � . ¤ isathreshold

reflectingthe acceptableconvergenceof the parameters.
| >�% i�� �
�&(' F and � i�� �
�& arethe mean

andvarianceof theestimatedparameter. Themeancanbeestimatedby a runningaverage
(to be resetevery time � 
�& is increased).Although it is not an unbiasedestimateof the
mean,it is aconsistentone.Thevariancecanbeestimatedusingtheanalyticalclosedform
of Eq. 6, with � replacedby ��� and

r�tH)*e � ¦
(which givesthe worst caseestimateof the

variance).

Wenow show thattherateof decreaseof � 
�& is proportionalto ������§ , where��§ is thenumber
of times ��� 
d) � �

&
 until then’th reductionof � . This rateis consistentwith theoptimal
annealingrate ����� . For purposeof thefollowing analysis,assumethat � 
�& is not increased
at any point in time. If � 
�& is increased,� is resetto zeroandtheanalysisstill holds.

Theorem2 Using thereductionrule outlinedabove, with � 
�& + e / ) � } and for � § z � x��§ � � , thelearningrate � 
�& +�� / is boundedby thefollowing:
�£� 7¨+ ¤ L � /
8 C �

�
��§ Mf©ªM �£� 7¨+ ¤wL � /�«

z¬� 
�& +a� / x
�#� 7@+ ¤ L � /
8 C �

�
��§ C�« Mf© �

(8)

where © )®­S¯Z° PS± ]=_g`²Z³ PS´ L � ` ,
eox ¤ x � , «fµy¶ and 8¡�·� .

Proofof theboundsfollowsfrom therecursion� +�� § / ) � } n 8 L § where� § ) §­ ¸ � ��� ­ and­S¯�° PS± `­S¯�° P � L ² P i�¹ ]=_ `g`
z ��� ­ x ­S¯�° P�± `­S¯Z° P � L ² P i�¹ ]=_ `£`

M � . Usingtheapproximation L�º� L»º
x¼�£� 7¨+m� C ; / xC ; (for

eHx ; x � ) andmanipulationson ��§ theboundsarederived.We do not givea full
lengthproof for lackof space.As ��§ increases,theboundsbecometighter. � 
�& is reducedat
discretesteps,thatincreasein lengthas� increases.Therefore� 
�& will havelongerintervals
at which it remainsconstant,but at theendof theinterval, it reducesas ����� .
As long astheerrorbetweenthecurrentestimateandits meanremainssmall, � 
�& reduces
with theoptimalschedule,andat thelimit theestimatedCPT’sconvergeto thetargetCPT’s
with zero-error. However, if the errorbecomeslarge, � 
�& increases,increasingthe ability
to adaptfasterto changesin themodelledenvironmentor breakout of localmaxima.Fur-
thermore,thetimeorigin is effectively shiftedforwardevery time � 
�& is increased,making
thealgorithminsensitive to anabsolutetime origin.

4 Experimental results

We demonstratethe adaptive learningrateVoting EM usingthe Alarm network for ICU
ventilatormanagement[14]. To demonstratethe ability of Voting EM to adaptto abrupt
changesin themodelledenvironments,wedraw 2000i.i.d samplesusingtheoriginalCPT
settings,and2000moresamplesafter changingthe CPTsof two nodesin the network;
HISTORY andHR. In addition,we sampletwo testsets,onefor eachof thetwo different
BN setting. We samplea secondset to demonstratethe adaptabilityto slow changesof



environmentsby slowly changingsomeof theCPTsfor eachnew sample.Thesechanges
arehypotheticalfor theICU Alarm network case.

Figure1(a-c)showssomeof theestimatedconditionalprobabilitiesasfunctionof thenum-
berof samplesfor theabruptchangein environment.Theestimatedprobabilitiesareshown
for boththeVoting EM andincrementalML.

The ML estimationconvergesas ����� to the true CPT beforethe change,at a similar rate
asVoting EM. However, ML adaptsslower to the abruptchangeandwould adapteven
slowerhadthechangeoccurredaftermoresamples.VotingEM adaptsfasterby increasing� asthechangeis detected,anddecreasingit afterreachingthenew staticparameter. The
global effect is demonstratedthroughthe log-likelihood(LL), computedover the testset
aftereachnew trainingsample.TheLL plotsareshown in Figure1(d) andarecompared
to thebaselineLL computedover thetestsetsusingthetruenetwork parameters.For the
first 2000samples,theLL of Voting EM is only slightly higherthanML estimation.After
the changeof parameters,both estimateshave a significantdrop in the LL, but the quick
adaptationof VotingEM is apparent,while ML adaptsat a slower rate.

Theresultsof two slowly varyingparametersareshown in Figure1(e-f). Voting EM is ca-
pableof trackingthechangesby keeping� largeenoughto keepupwith therateof change,
thusfinding the tradeoff betweenmemorysizeandsmoothconvergence.ML estimation
adaptsslowly, andasmoresamplesarepresentedis lesscapableof trackingthechanges.
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Figure 1: Adaptive learningrate for Voting EM in changingenvironments. (a)-(c) are
examplesof CPT estimatesfor the abruptchangescase. (d) The log-likelihoodover the
testdatasets(e-f) CPTestimatesfor theslowly varyingcase.

5 Conclusionsand Future Work

WehavepresentedVotingEM, anadaptiveonlinelearningalgorithmfor Bayesiannetwork
parametersanddiscusseddifferentchoicesfor the learningrate. We have shown thecon-
vergencepropertiesusinga constantlearningrate. We usethe convergencepropertiesof
theconstantlearningrateof VotingEM to deviseanerrordrivenschedulefor updatingthe
learningrate. The updateschedulereducesthe learningratewith the optimal annealing
rateof ����� andincreasesit whena largeerroris detectedbetweenthecurrentandpastesti-



mates.This scheduleprovidesbothfastasymptoticconvergenceandtheability to adaptto
a changingenvironmentandbreakoutof local maximatraps.

Theexperimentsdescribedin this papershow convergenceandadaptationwith relatively
scarcesequentiallearningdata.This suggeststo usthatVoting EM maybeusefulin real-
world applicationswith thosecharacteristics.We intend to evaluateVoting EM as part
of a classificationapplication,run againsta corporatemail firewall, aimedat fault detec-
tion [15]. We also intend to explore further how Voting EM performsin classification
situationswith abundantunlabelledlearningdata.
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