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Abstract—A new upper bound for the sum-capacity of the
two-user complex Gaussian interference channel is derived. The
bound is based on genies that provide side information signals
to the receivers. Various parameters are introduced to control
the side information, which can be optimized to get the tightest
possible bound. The new bound improves the performance of the
best known bounds for sufficiently small cross-gains.

I. INTRODUCTION

The 2-user Gaussian interference channel (GIFC) models a
situation in which two transmitters communicate independent
information to their corresponding receivers. Each receiver
observes a component-wise linear combination of the trans-
mitted signals plus additive memoryless Gaussian noise, and
seeks to decode, with probability close to one, the message
of its corresponding transmitter, in spite of the interfering
signals and noise. The time averages of the squares of the
transmitted signal values are required to not exceed certain
power constraints. A rate pair (R, R2) is said to be achievable
for a GIFC if the transmitters can increase the sizes of their
message sets as 2% with the signal length m, and signal in
such a way that the power constraints are met and the receivers
are able to correctly decode their corresponding messages with
probability converging to 1, as m grows to infinity. The set of
all achievable rate pairs is known as the capacity region of the
GIFC. Determining it, as a function of the channel coefficients
(specifying the linear combinations mentioned above), power
constraints, and noise variances, has been an open problem in
information theory for over 30 years.

The best known coding scheme is that presented in [2]. In a
special range of channel parameters, the so called strong inter-
ference regime, the capacity region is completely known [1],
[2]. In the remaining parameter ranges, i.e. weak and mixed
interference regimes, [4] determines the capacity region to
within a 1 bit margin using a carefully chosen version of the
scheme of [2], and a new genie-aided outer bound.

While a tight characterization of the capacity region in
the weak and mixed interference regimes remains an open
problem, the maximum achievable sum-of-rates is known for
some parameter ranges [3], [5], [6], [7]. In addition, [4]
shows that in some asymptotic regimes the gap between some
lower and upper bounds on the sum-rate shrinks to zero, thus
obtaining an asymptotic characterization of the sum-capacity
for some other regimes.

978-1-4244-4313-0/09/$25.00 ©2009 IEEE

In this paper we present a new upper bound for the sum-
capacity of the complex GIFC with weak interference, which
strengthens the sum-rate bounds of [4] and [5], [6], [7]. All
these bounds are based on a genie-aided approach, where
genies provide side information signals to the receivers. The
side information signals are carefully chosen to enable the
computation of a sum-rate upper bound, and are defined in
terms of some free parameters which can be optimized.

Regarding notation, we use lower and upper case letters for
scalars, boldface letters for vectors, and upper case calligraphic
letters for sets. For example, a is a scalar, v is a vector, and
R is a set. The length of an m-vector is indicated by the
superscript m, e.g. v"™ = (v(1),...,v(m)). We write R(z) to
denote the real part of the complex number = and use E for
the expectation operator. We use the standard notation A(:),
I(;-) to denote differential entropy and mutual information.
All logarithms are to the base 2, and rates are in bits per
channel use.

The rest of the paper is organized as follows. In the next
section we define the channel model and the side information
signals that we will use in the bound. Section III presents our
main result which is proved in Section IV. The new bound
is simplified for the special case of a symmetric GIFC with
real gains in Section V, where a numerical comparison of the
new bound and previous bounds is presented. Finally, Section
VI discusses whether the new bound can extend the range of
parameters where treating interference as noise is known to
be a sum-capacity achieving strategy.

II. CHANNEL MODEL AND SIDE INFORMATION SIGNALS

In the complex case, the normalized' complex Gaussian
interference channel is defined by

y1(t) T1(t) + ha1z2(t) + 21(t)

yo(t) = hioxi(t) + z2(t) + 22(2) (D
where z;(t) € C is the channel input for user 4 = 1,2 at time
t =1,...,m, subject to an average power constraint P; (i.e.

S lzi(t)]2 < mPy), and 2;(t) ~ CN(0,1)? is white noise

A normalized GIFC has direct gains equal to 1, and noise variances equal
to 1. It can be easily shown that for every complex GIFC there exists a
normalized interference channel with the same capacity region. Therefore,
there is no loss of generality in restricting attention to normalized channels.

2CN(0,X) denotes a circularly symmetric complex Gaussian distribution
with zero mean and covariance matrix X.
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log [(Pl + |h21|2P2 + 1)(P1 -+ |a1|2P2 + 0'%) — |P1 + ho10] Py + p’{aﬂj

K, =—
' (P + a1 PPo)y2 + (1= |paf?)o3
+log l:(PQ -+ |h12|2P1 -+ 1)(P2 + |a2|2P1 -+ 0'%) - |P2 + h12a§P1 + p;o‘212:|
(P2 + |a2|2P)y1 + (1 = |p1|?)o?
Py + ho105 Py + pio |?
Ky = log( P+ |ho]?Po+1— |
2 Og( ! | 21| 2 P1+|041|2P2+0%

| Py + hi2a3 Py + p3oa)?

)4%Uﬂmﬂ

+log <P2 + |h12PP 4+ 1 —

Py + |ao|?P1 + 03

)A%U—WW

affecting receiver 4, and is independent of the channel inputs.
We restrict our attention to channels with weak interference,
ie. |hz‘7| < 1.

In our genie-aided bounds, side information signals s; and
so will be given by a genie to receivers 1 and 2 respectively.
We define the side information signals as

Sl(t) = :131(t) + arza(t) + nl(t)
Sg(t) OéQIl(t) + xo (t) + ’Ilg(t) 2)

where n;(t) ~ CN(0,02) is i.i.d. over time, and independent
of the channel inputs and z;(7), for all 7 when j # 4 and for
all 7 # t when j = i, but is correlated with z;(t),

Elni(t)z; (t)] = pioi

with |p;] < 1. The parameters 01,02 € R, 01,00 > 0,
ay, s, p1,p2 € C, are arbitrary within their corresponding
valid ranges and will be later optimized.

The bounds of [4], and [5], [7], [6] also use side informa-
tion signals, which can be obtained from (2) with specific
parameter choices. The genies of [4], [S], [6], [7] restrict
a1 = az = 0, while in addition, the genies of [4] further
restrict p, = 0 and o; = 1.

Il

II1. MAIN RESULT

Our new bound is presented in the following theorem.
Theorem 1: Any rate pair (R;, R2) in the capacity region
of the 2-user complex GIFC in weak interference satisfies

Ry + Ry < min{Biq, Bis, Bic, B2a, B, Bac}

where
. [ oy > Pyya
B = 1 1+ 2
R ] R (e
laz|2P1yy }
+log {1 T I S0 'S
(1—|p1|?)o}
. [ (Pg -+ |Oé2|2P1)’yl]
B = min log |1+ + K
R P N (PP '
) [, (PL+|oa]?Po)ys
B = I 1 K
O o G e 2 A
m = |oal? = 2R[hap1o105] + |ha1[*oF
Yo = |az|? — 2R[hi2p20203] + |hial0]
Ria = {(01702,a13a2’p13p2) : (1 - |p1|2)0% 2 ’ylag’

umeﬁzwﬁ}

Ry = R1aﬂ{(01,02,0¢1,az,map2) :
(1= Patlos P2z < (1= o) |
Ric = Rlan{((fl,(f%al,a%PlaPQ) :
(1= P)etlaa < (1~ lpP)otra |
. |y |aa|? Py
By = "rer%r;a log _1 + —a%— +log |1+ —?
+K>
. [ lao|? Py + Po
B = 1 1+— K
2 "Iré%r;b °8 L + (f% e
[ P 2p,
By = min log |1+ 1—+—|a2Lz} + Ky
neER2p L o7
Roa = {(01,02,041,042#1,1)2) (1= |p1*)o? < mi03,
(1 o} <ot}
Rap = R2aﬂ{(01,023a1,az,map2) ¢0§|a1|2§0%}
RQC = RQa N {(0170230417@27P13P2) : O'%|a2|2 < U%}

with N2 (01, 09, a1, az, p1, p2) satisfying the conditions stated
in the previous section, and where K; and K, are defined in
the display at the top of the page.

IV. PROOF OF THEOREM 1

For any code of block-length m, the sum rate of the genie-
aided channel can be upper bounded using Fano’s inequality:

m(Ry + Ry — em) < I(xT;y7"87") + 1(x3"5y5", 83")
=I(x{"5s7) + I(X{y1[sT) + 1(x375857) + I(x3' y3'[s3")
=h(sT") — h{arx3® + nT") + h(y7"[sT")

— h(han x5 + 21" |enx3’ +n7") + h(s3") — h(aexT" +n3’)
+ h(yz'[sy') — h(h1axT" + 23" |x(" + n3")
=h(sT") — h(arx3® +n7") + h(y7"[sT")
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— h(z]* — %nl la1x3* + nT*) + h(s§") —
1

hio
+ h(y3'ls3") — h(z2 - —2n2 ‘042)(1 +ny )

h
=h(sT") + h(yT'|sT") = h(al" — - Znl")
h
— h(onxg + 0P|z — aill n7") + h(sy) + h(y5'|s5)
h h
— h(z5 — a—ljn’{‘) h(coxT" + |25 — a—ljngn)

—h(sT") + hYIsT) — h(VT") — hlanx§ + wi")

+ h(sz') + h(y3'[s3") — h(v3') — h(aexT" + w3')  (3)
where we defined
vi(t) = z((t) — %nl(t)
wi(t) = n(t) — Eni()[vi(t)]
for i = 1,2, j # 4. Note that v;(t) ~ CN(0,02.) with 02 =
1—28%{hjipioi/ai}+ai2|h]~i|2/|a1|2 andwz( ) CN(O 0' )

Continuing with (3),
m(Ri1+R2 — €m) < A(x]" + aux5® + nT*) — h{aex* + wl")
+ h(yT"[sT") — h(vT") + h(x3" + cx{"* + n3’)
~ Ao+ W)+ A(YEIS) V)

=h(x7* + a1 x5 + n7*) — h(xl + —) + h(yT*IsT)

— h(VT") + h(x3" + aox{" +nF') — A(x3 + =)
1

+ h(ys'ls3") — h(v3") — Q)

We will bound (4) differently depending on whether
> 0 , (4,7) € {(1,2),(2,1)}, or o,
o?, (i,§) € {(1 2),(2,1)}. These cases correspond to

(01,02,01,00,p1,p2) € Riq and (01,092,010, a2, p1,p2) €
Raa respectively.

mlog(|a1a2|2).

A. Case ) € Rig: 0 [|a1]* > 03 and 02, [|os|? > of

We can write:

h(x7" + a1x3’ +n7") = — I(A7; X" + caxy” + nf* + 07")
+ h(xT* + a1x3' + n* + 4*) (5)
— I(0g"; x3" + aex]" +n3' + ny')

+ h(X2 +a2x1 +n2 +ﬁgl) (6)

h(x3" + oox]* + n3') =

where n)* (¢ = 1,2) has ii.d. circularly symmetric complex
Gau551an components of Varlance " and is 1ndependent of
everythlng else Choosmg a~ such that 02 +o3 =02, /|azl?
and 02, + 05 = /|a1| we can upper bound (5) and
6) using the fact that for Gaussian inputs the worst noise
distribution for given covariance is white circularly symmetric
complex Gaussian:

(03, /|02]?) — of

h < I
(xT* + auxT +nl*) < —mlog +P1—|—|a1|2P2+01

h{aex]* + n3')
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m
+ h(x?{"‘ +oixy' + v;—z) M

(02, /1a1|?) — 03 ]
Py + |as|?Py + 03

®

h(x3* + azxT* +nj3") < —mlog [1 +
m
+ h(xgl + aox* + m—)
aq
Using (7) and (8) in (4) we obtain
m

m(R1+Ry — €p,) < I(x2 X7 4+ oaxyt + —) + h(yT"isT")
w/102]?) — of )

Py + |a1]2P + 0

— h(v*) — mlog (1 +

+I(x1 4 o] +—) T hygsg)

( w1/|a1| )—O'%)
Py + |2 Py + 03

— h(v}') — mlog (1 +

- mlog(|a1a2|2).

®

We can think of the sum
m

wh w
Ty &I (x5 x4+ on x5 + —a22 )+ I (X7 X3+ aox + —all )
as the achievable sum-rate in the interference channel

1 = oozt zs+twi/og

T2 = aiZ2+ 1 +wa/oo.
In this virtual channel, giving the interfering signals as side
information to the receivers we obtain the bound

)+ mos (1 £ )
' (10)

If the condition 02, < 02 /|a2|? holds, which corresponds
to n € Rqp, the first receiver in the virtual channel experiences
strong interference, which implies that it can decode the
signals of both users. Therefore, using a bound for the sum
rate in the Gaussian multiple access channel formed by the
two transmitters and virtual receiver 1, we have in this case

P + |0é2|2P1
72 [lai]? ) ‘ (1

Similarly, if the condition 02, < o2 /|a1|* holds, which
corresponds to 1 € R;., we obtain

P+ |Oz1|2P2)
5o/ |2 ?

It remains to upper bound A(y™|s?™), i = 1,2. Using
the chain rule for differential entropy, dropping conditioning,
using the fact that for given covariance matrix jointly Gaussian
random variables maximize conditional differential entropy,
and Jensen’s inequality, it can be shown that

T1 < mlog (1 +

T; < mlog (1 +

T, < mlog (1 + (12)

h(y1"|s1*) <mlog [71'6<P1 + [ha1 PPy + 1

P+ ho1of Py + pioy|
Py + |a1|2Py + 02

) o
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Ri1+ Ry <min {l |:1+ 5
(1= p?)o?

P(1+a?)y
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i0s (1 5550 ) )

(P(1+h?) +1)(P(1+a?) +0%) — (P(1 + ha) + po)?
”bg[ P(I+a®)y+ (12

] (14

)o?

with a similar bound holding for h(y%5*|s}*).

Using each of the bounds (10), (11), (12) with (13) in (9),
and letting m — oo so that €,, — 0 we obtain the bounds
Biq, By, and By.

B. Case ) € Raq: 02, /|a1|* < 03 and 02, /|as|? < |o1]?
Let ,81,52 € R be such that 8} = of — 02, /|asl?,
B3 = 03 — 02, /[loa|?, and 2™ ~ CN(0, I,) be mdependent
of everything else.
We bound the following 4 terms of (4) as follows:

m

w
h(x!* 4+ a1xy' +nf*) — h(x]" + OA—Z)
m
+ h(x5" + aox* 4+ nj') — h(x5* + a—l)
1

m m
=h(x +anxg' + B+ ) A+ B2
m

w
+ h(xX3 + aox* + Bo2™ + —1—) —h

m
=I(x5",2™; X" + on Xy’ + 12" +—)

+ I(XT,Zm;Xgn + ax(" + G22™ + —OA—)
1

- . wi?
=T5 + I(zm;xT +aixyt 4 G12™ + -a—2|x72”)
2

FM. . ,m m > ,in m
+ I(z™; x5 + cox(* + Bo +—|x1)
m

; Boz™ + W—l)
o

52
2 lar?)

<Tp +I(z™; 52" +—)+I(

ﬂ1
s/ la2|?

2 2
=Ty + mlog (———| ;' ) + log (__|a;|2 02)

w2 w1

:T2+mlog(1+ ———) +log (1 +

where we defined To21 (x4 X7 + a1 X3 +n) + I (X7 X3 +
aexi" +n3*). As was done in subsection IV-A, we can bound
Ts by considering the virtual interference channel

QX1 + To + No
o1 +x1 + Ny

v =
g2 =
and bounding the achievable sum-rate in three different ways
depending on the parameter ranges. In fact, the same bounds
derived in subsection IV A can be used here if we replace

02 /laz|?* — of and 02 /|o1|> — o3. The upper bounds
B2a, Bgy, and Bs. follow by replacing these three bounds
together with the bounds for h(y]*|sI") (cf. eq. (13)) in (4)
and letting m — oo so that €,, — 0.

V. BOUND FOR THE SYMMETRIC GIFC

We can specialize Theorem 1 for the case of a symmetric
GIFC where P, = = P and hiy = ho; = h. Furthermore,
we can choose the auxiliary parameters in a symmetric way:
a1 = ag =@, 01 = 0g = 0 and p; = py = p. With these
restrictions on the parameters choices, we have o, = 0y, =
oy and oy, = oy, = 0. For simplicity, we only consider
real parameters, i.e. h,a, p € R,

When 1 € Rq,, due to the symmetric parameter choices,
the condition 02 /a? > o2 reduces to (1—p?) > a®—2hpoa+
h2c?. Furthermore, choosing |a| < 1, the three bounds (10),
(11), and (12) apply simultaneously. As a result, we obtain
for the symmetric channel with symmetric parameter choices
the bound (14) given at the top of the page, where v = a? —
2hpoa + h%o?, valid for (1 — p?) > o — 2hpoa + k%02 and
la] <1.

Similarly, when ) € Ro,, we obtain:

R+ Ry Smin{log [1 + P(I——ZOR)} ;2log (1 + a2_2P)}
g g
(P(1 + ha) + po)?
P(1+a?)+ 02 ]
15)

+ 2log [P(1-1—h2)+1 —

—2log(1 — p?)

valid for (1 — p?) < a? — 2hpoa + h?¢? and |af < 1.

In order to evaluate the performance of the new bound we
consider a symmetric GIFC, with power constraint P = 6,
and vary the cross-gain h between 0 and 1. Figure 1 shows
different bounds on the symmetric rate R = (R; + Rg)/2.
Since evaluating the general lower bound of [2] is prohibitively
complex, in Fig. 1 we use a simple lower bound obtained by
considering two achievable strategies:

« treating interference as noise: R =

o time-sharing: R = 1 log(1 + P),
and choosing the best of the two. (See [3] for more sophis-
ticated lower bounds). The curves for the new upper bound
are obtained by minimizing (14) and (15) within the valid
parameter ranges. For reference, we also plot the upper bound
of [8, Theorem 2] and the new bounds® of [5], [6], [7].

We see in Fig. 1 that the new upper bound significantly
improves over the bounds of [5], [6], [7] and [8] for small
values of h. For h large enough the bound of [8] eventually
becomes better.

When minimizing the bounds (14) and (15) for various
choices of P and h we observed that the optimal parameters
satisfy o,/ o. In this case, the bounding steps of

log (1 + 1+IZ2P)’

3In [5], [6], [7] the bound of [8, Theorem 2] is included to further improve
the new bounds proposed therein.
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Fig. 1.  Upper and lower bounds on the symmetric rate of a symmetric
complex GIFC as a function of the channel (power) cross gain h2, for P = 6.
The new upper bound is obtained by optimizing (14) and (15) within the valid
parameter ranges. Also included are the upper bounds of [S], [6], [7] (which
coincide) and the upper bound of [8, Theorem 2].

subsections IV-A and IV-B simultaneously apply and result
in the same bound. Therefore, for o,,/a = o, (14) and (15)
coincide, as seen in Fig. 1.

For || < 1, assuming real parameters, o, /o = o requires:

1
2 .
.<_ ﬁ 5

o p = hao + /(1 —a?)(1 — h202). 16)
It is easy to check that the two possible values of p resulting
from (16) are in [—1, 1], and therefore are valid. As a result,
both values of p need to be checked when optimizing the

parameters.

VI. SUM-CAPACITY OF GIFC WITH VERY WEAK
INTERFERENCE

In this section we will restrict attention to the symmetric
Gaussian interference channel with real gains, and consider
only symmetric parameter choices (i.e. a1 = a2 = o, 01 =
o9 = 0, p1 = p2 = p) for our bound.

Let ho(P) be the positive solution to |ho + 3P| = 0.5.
It was shown in [5], [6], [7] that if |h| < ho(P), treating
interference as noise is sum-rate optimal. The condition || <
hg is sufficient but may not be necessary. Does our new bound
extend the range of values of & such that treating interference
as noise can be shown to be sum-rate optimal?

To have an upper bound that matches the lower bound ob-
tained by treating interference as noise with Gaussian signals
we need: (a) that i.i.d. Gaussian inputs achieve the capacity of
the genie-aided channel, and (b) that for i.i.d. Gaussian inputs
the side information provided by the genies does not provide
gains in rate.

Assuming that conditions (a) and (b) hold, we will sketch
an argument that shows that our bound can only be tight if
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a = 0. To get a contradiction, assume that (a) and (b) hold
for some |a| > 0.

First consider the case ) € R1,. For condition (a) we need
equality in either (10), (11) or (12) when the inputs are i.i.d.
circularly symmetric complex Gaussian.

With symmetric parameters, (11) and (12) are equivalent,
and we need that

|o?P P(1+]0f?)
arrr) o8 e
After some algebraic manipulations, it can be shown that this
equality can only occur when |a| > 1. But the bounds (11)
and (12) are only valid when || < 1.
To have equality in (10) we need
|of?P

%} =2log [1 + W} a7

Since we assumed |a| > 0, as long as |h| > 0, we have:

0w _ (1 - p*o? cAtpo

(a0 — ho)? + 2hoa(l — p) 2ha
implying that (17) cannot occur. It follows that when 1 € R4,
condition (a) can only hold for o = 0.

Now we consider the case 7 € Rgy,. Using a similar
argument as was used for the case n € Ri,, we can show
that the bounding steps leading to the first argument of the
min{-,-} in (15) can only be tight with Gaussian inputs if
a = 0. The bounding steps leading to the second argument of
the min{-,-} in (15) can only be tight with Gaussian inputs
if either « = 0 or ¢ — o0. In the case ¢ — oo we can
obtain lower bounds for (15) which are strictly greater than
the sum-rate obtained by treating interference as noise, leaving
a = 0 as the only option to obtain a tight bound with Gaussian
inputs.

When o = 0, the side information signals s; and s reduce
to the ones used in [5], [6], [7] and our bound does not allow
to obtain any weaker condition than |h| < ho(P) for the sum-
rate optimality of treating interference as noise.

2 log [1 +

2 log [1 +

o?
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