40

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 1, JANUARY 2010
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Abstract—Exponential error bounds for the finite-alphabet
interference channel (IFC) with two transmitter—receiver pairs,
are investigated under the random coding regime. Our focus is
on optimum decoding, as opposed to heuristic decoding rules that
have been used in previous works, like joint typicality decoding,
decoding based on interference cancellation, and decoding that
considers the interference as additional noise. Indeed, the fact that
the actual interfering signal is a codeword and not an independent
and identically distributed (i.i.d.) noise process complicates the
application of conventional techniques to the performance analysis
of the optimum decoder. Using analytical tools rooted in statistical
physics, we derive a single-letter expression for error exponents
achievable under optimum decoding and demonstrate strict
improvement over error exponents obtainable using suboptimal
decoding rules, but which are amenable to more conventional
analysis.

Index Terms—Error exponent region, large deviations, method
of types, statistical physics.

I. INTRODUCTION

HE M-user interference channel (IFC) models the

communication between M transmitter—receiver pairs,
wherein each receiver must decode its corresponding trans-
mitter’s message from a signal that is corrupted by interference
from the other transmitters, in addition to channel noise. The
information-theoretic analysis of the IFC was initiated over 30
year ago and has recently witnessed a resurgence of interest,
motivated by new potential applications, such as wireless
communication over unregulated spectrum.

Previous work on the IFC has focused on obtaining inner
and outer bounds to the capacity region for memoryless chan-
nels, with a precise characterization of the capacity region re-
maining elusive for most channels, even for M = 2 users.
The best known inner bound for the IFC capacity region is the
Han—Kobayashi (HK) region, established in [1]. It has been
found to be tight in certain special cases ([1], [2]), and recently
was found to be tight to within 1 bit for the two-user Gaussian
IFC [3]. No achievable rates that lie outside the HK region are
known for any IFC with M = 2 users.
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Our aim in this paper is to extend the study of achievable
schemes to the analysis of error exponents, or exponential rates
of decay of error probabilities, that are attainable as a function of
user rates. To our knowledge, there has been no prior treatment
of error exponents for the IFC. In particular, the error bounds
underlying the achievability results in [1] yield vanishing error
exponents (though still decaying error probability) at all rates.

The notion of an error exponent region, or a set of achiev-
able exponential rates of decay in the error probabilities for dif-
ferent users at a given operating rate-tuple in a multiuser com-
munication network, was formalized recently in [4], and studied
therein for Gaussian multiple-access and broadcast channels.
Our main result, presented in Section IV, is a single-letter char-
acterization of an achievable error exponent region, as a func-
tion of user rates, for the M = 2 user, finite alphabet, memo-
ryless interference channel. The region is derived by bounding
the average error probability of random codebooks comprised
of independent and identically distributed (i.i.d.) codewords uni-
formly distributed over a type class, under maximum-likelihood
(ML) decoding at each user. Unlike the single-user setting, in
this case, the effective channel determining each receiver’s ML
decoding rule is induced both by the noise and the interfering
user’s codebook. Our focus on optimal decoding is a departure
from the conventional achievability arguments in [1] and else-
where, which are based on joint-typicality decoding, with re-
strictions on the decoder to “treat interference as noise” or to
“decode the interference” in part or in whole. However, in this
work, we confine our analysis to codebook ensembles that are
simpler than the superposition codebooks of [1].

The analysis of the probability of decoding error under op-
timal decoding is complicated due to correlations induced by
the interfering signal. Usual methods for bounding the proba-
bility of error based on Jensen’s inequality and other related in-
equalities (see, e.g., (8)) fail to give good results. Our bounding
approach combines some of the classical information-theoretic
approaches of [5] and [6] with a technique rooted in the anal-
ysis of the random energy model (REM) of spin glasses in sta-
tistical physics [16, Chrs. 5 and 6] that was further exercised in
[7] and [8] for single-user channels and in [9] for the degraded
broadcast channel. More specifically, as in [5], we use auxiliary
parameters p and A to get an upper bound on the average prob-
ability of decoding error under ML decoding, which we then
bound using the method of types [6]. Key to our derivation is
the use of distance enumerators in the spirit of the analysis of
the above-mentioned REM (see also [7]-[9]), which allows us
to avoid using Jensen’s inequality in some steps, and allows us
to maintain exponential tightness in other inequalities by ap-
plying them to only polynomially few terms (as opposed to ex-
ponentially many) in certain sums that bound the probability of
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decoding error. It should be emphasized, in this context, that
the use of this technique was pivotal to our results. Our earlier
attempts, that were based on more “traditional” tools, failed to
provide meaningful results. In fact, they all turned out to be in-
ferior to some trivial bounds.

The paper is organized as follows. The notation, various def-
initions, and the channel model assumed throughout the paper
are detailed in Section II. In Section III, we derive an “easy” set
of attainable error exponents, which we shall treat as a bench-
mark for the exponents of the main section, Section IV. The
“easy” exponents are obtained by simple extensions to the in-
terference channel of existing error exponent results for single-
user and multiple-access channels, based on random constant
composition codebooks and suboptimal decoders. Then, in Sec-
tion IV, we derive another set of attainable exponents by ana-
lyzing ML decoding for the channel induced by the interfering
codebook. In Section V, we show that the minimizations re-
quired to evaluate the new error exponents can be written as
convex optimization problems, and, as a result, can be solved
efficiently. We follow this up in Section VI with a numerical
comparison of the new exponents with the baseline exponents
of Section III for a simple IFC. These numerical results demon-
strate that the new exponents are never worse (at least for the
chosen channel and parameters) and, for most rates, strictly im-
prove over the baseline exponents.

An earlier version of this work was presented in [10].

II. NOTATION, DEFINITIONS,AND CHANNEL MODEL

Unless otherwise stated, we use lowercase and uppercase let-
ters for scalars, boldface lowercase letters for vectors, upper-
case (boldface) letters for random variables (vectors), and calli-
graphic letters for sets. For example, a is a scalar, v is a vector, X
is a random variable, X is a random vector, and S is a set. For a
real number a we shall, on occasion, let @ denote 1 —a. Also, we
use log(-) to denote natural logarithm, E to denote expectation,
and Pr to denote probability. For independent random variables
X and Y distributed according to Px y(z,y) = Px(z)Py(y),
(z,y) € X x Y, we denote the conditional expectation oper-
ator Ex(+) as Ex(f(X,Y)) £ > wex f(@,Y)Px(x) for any
function f(-,-). All information quantities (entropy, mutual in-

formation, etc.) and rates are in nats. Finally, we use =, <, etc.,
to denote equality or inequality to the first order in the exponent,
ie.,

1 n
anp = b, & lim —logz—:()

n—oo n, n

an < b, < limsup l log dn <0.

The empirical probability mass function of the finite alphabet
sequence v = (v(1),...,v(n)) with alphabet V is denoted as
the vector { P,(v), v € V}, where each P, (v) is the relative fre-
quency of v(i) = v along . The type class associated with an
empirical probability mass function P, which will be denoted by
Tp, is the set of all n-vectors {v} whose empirical probability
mass function is equal to P. Similar conventions will apply to
pairs and triples of vectors of length n, which are defined over
the corresponding product alphabets. Information measures
pertaining to empirical distributions will be denoted using the

w Ao

standard notational conventions, except that we use as
well as subscripts that indicate the sequences from which these
empirical distributions were extracted. For example, we write
Hay(X,Y|Z) and Ipy.(X,Y;Z) to denote the conditional
entropy of (X,Y") given 7 and the mutual information between
(X,Y) and Z, respectively, computed with respect to the
empirical distribution Pgy,(z,y,2). We denote the relative
entropy or Kullback—Leibler divergence between distributions
PX and PY as D(PXnPy) é ZI PX(JJ’) IOg(Px(JZ)/Py(JZ)),
and we write D(Px|z||Py|z|Pz) for the conditional relative
entropy between conditional distributions Px|z and Py |z
conditioned on Pz, which is defined as D(Px |z || Py z|Pz) 2
> u,. Pz(2)Px|z(2|2)log(Px |z (2|2)/ Py z(]2)).

We continue with a formal description of the two-user IFC
setting. Let z; = (z;(1),...,2;(n)) € X" i = 1,2, de-
note the channel input signals of the two transmitters, and let
y; = (y:(1),...,y:(n)) € Y be the corresponding channel
outputs received by decoders 1 and 2, where X; and ); de-
note the input and output alphabets, and which we assume to
be finite. Each (random) output symbol pair (Y1(j), Y2(j)) is
assumed to be conditionally independent of all other outputs,
and all input symbols, given the two corresponding (random)
input symbols (X7 (j), X2(4)), and the corresponding condi-
tional probability is assumed to be constant from symbol to
symbol. An (n, Ry, Ry) code for the IFC consists of pairs of
encoding and decoding functions, (f1, f2) and (g1, g2), respec-
tively, where f; : {1,...,M;} — X, M; = [e"f%], and
gi + Y — {1,...,M;}, i = 1,2. The performance of the
code is characterized by a pair of error probabilities P.; =
Pr(Wi #+ W;),i = 1,2, where W, = g9i(Y;) and Y is the
random output when user ¢ transmits X; = f;(W;), assuming
the messages W; are uniformly distributed on the sets of indices
{1,2,..., M;},i =1, 2. The per user error probabilities depend
on the channel only through the marginal conditional distribu-
tions of the channel outputs given the corresponding channel
input pairs. We shall denote these conditional distributions as
gi(ylr1,x2) £ Pr(Yi(j)= yl(X1(4), X2(4)) = (1, 22)). We
use a superscript (n) to denote channel product distributions
over n channel uses.

A pair of error exponents (E1, E9) is attainable at a rate pair
(R1, Ry) if there is a sequence of (n, Ry, R2) codes satisfying
E; < liminf, o —(1/n)log P. ; for i = 1,2. The set of all
attainable error exponents at (Ry, Ro) comprises the error ex-
ponent region at (R, Ry) and we shall denote it as £( Ry, Ry).
The main result of this paper is a single-letter characterization
of a nontrivial subset of £(R1, Ry) for each Ry, Rs.

III. BACKGROUND

In this section, we present achievable error exponents for the
interference channel which are based on known results of error
exponents for single user and multiple-access channels (MAC)
for fixed composition codebooks [12]-[15]. These exponents
will be used as a baseline for comparing the performance of the
error exponents that we derive in Section IV.

In the following, we will focus on the error performance of
user 1, and as a result, all explanations and expressions will be
specialized to receiver 1. Similar expressions also hold for user
2 with the exchange of indices 1 < 2.
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A possibly suboptimal decoder for the interference channel
can be obtained from a given MAC decoder by simply ignoring
the decoded message of the interfering transmitter. For example,
following [15], we can use a minimum entropy decoder that for
a given received vector y; at receiver 1 computes (1, Z>)

arg min I:Ia"cl&zyl (X1, X2|Y7)

(£1,82)EC1 XCa

(T1,%2) =

and disregards Z-.

It follows from [15] that for random codebooks of fixed com-
position 1, @2, the average probability of decoding both mes-
sages in error, where the averaging is done over the random
choice of codebooks, satisfies

PI‘(.’i‘l 7£ 271,572 7£ .’172) S einEl’Q

where
FEio,= min D(P;  + + Py <
b2 PX132?1:PX1:Q1’PX2=Q2{ ( Y1|X1X2||ql| XI’XQ)
+1(X1; Xs)

+TCE3: V1) + 10K X1, ¥0) = R = ol

with | - |t = max{-,0}.

In addition, the average probability of decoding the message
of the interfering transmitter correctly but the message of the
desired transmitter incorrectly satisfies

PI‘(.’i‘l 7£ 271,572 = .’172) S einEl‘Q

where

Eip =

min
Ps, 5,9, Pxy =Q1,Px,=Q2

{D(PY1|X1X2 1] Px, x,)
10 ) 1 X F) -

Therefore, the overall average error performance of this MAC
decoder in the IFC satisfies

Pr(z, # z1) S e min{Era B}

A second suboptimal decoder that leads to tractable error per-
formance bounds is the single-user maximum mutual informa-
tion decoder (which in this case coincides with the minimum
entropy decoder)

£, = arg max leyl (X1;Y7).
z1€Cy
In this case, standard application of the method of types [12],
[13] leads to the following bound on the average error prob-
ability under random fixed composition codebooks of types
Q1, Q2 .
PI‘(.’i‘l # .’Bl) S e_nEl

where

Ey

min D(Ps. 4 Py
PX1X2Y11PX1:Q17PX2:Q2 ( Y1|X14\2||q1| ‘\1’}(2)

+ I(X1;X2) + |I(X1;f/1) - R1|+.

We can choose the better decoder between these two, that
leads to the better error performance. Therefore, we obtain that

Epi1= maX{El;min{E1,23E1|2}} (1)
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is an achievable error exponent at receiver 1, with an analogous
exponent following for receiver 2.

IV. MAIN RESULT

Our main contribution is stated in the following theorem,
which presents a new error exponent region for the discrete
memoryless two-user IFC. While the full proof appears in Ap-
pendix A, we also provide a proof outline below, to give an idea
of the main steps.

Theorem 1: For a discrete memoryless two-user IFC as de-
fined in Section I, for a family of block codes of rates R; and
Ry a decoding error probability for user 1 satisfying

.. 1 —
hnﬂi)lolcl)f - log Pe1(n) > Eg (R, Rz, Q1,Q2,p,A)  (2)
can be achieved, where the error  exponent

ER,l(Rl-, R27 Q17 Q?: P, )‘) is given by

Eri(Ri, R, Q1,Q2,p,A) = {Rz — pRy + min {

» mllIDl fl (P7A7PX1X2Y17PX’{X£Y1/> ;
(Px, 5%, X x5y
€851 (Q1,Q2)

min
(P, x,74 Py
€852(Q1,Q2,R2)

f2 (P» APy, 9,0 Px;x;f»{) } } ©)

where

FL 29000 Py 3,9, P xepwy) = HYX0) + oI (X35 YY)

+ maX{I(XQ;X171>1) — Rg;
PAI (X3 X1, V1) —RZ)}

+ maX{ﬁI(f(é;f”{) + pI(X3; X1,YY) = Ry;

p(I(X}; X1,Y{) - Ro);

PA(I(X}; X1, YY) _RQ)} “4)
F2 2900, M Py, x5, Py g vy) = H(Y1|X,)

with
92— Eg <, 1, log g1 (V1] X1, X2)
_P)\Ej({,j(éyl/ log g1 (Y{| X1, X3)

and

Py,

S1(Q1,Q2) £ {(PX1X23>1:R%;X;Y1/) R

Py,

=Pg =@, Py, =Py, = Q2}

(6)
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Fig. 1. Rate region R, where E} ; > 0.

SZ(Q17 Q27 RQ) £ {(Pjﬁi'zf’l'/

PXIZPX/ Ql

2,
ijjs—;ffl/) € S8°:

Xo = Py ' Q27

Ry < I(Xz;ﬁ)vpﬂ'%fq = PX’;,Y’;}
@)

where S is the probability simplex in X; X X5 x V. In the
bound (2), (p, ) € [0,1]? can be chosen to maximize the error
exponent Eg 1.

In (2), (3), (6), and (7), Q1 and )2 are probability distribu-
tions defined over the alphabets X} and A, respectively.

Expressions for the error probability P, » and error exponent
Eg > equivalent to (2) and (3) can be stated for the receiver of
user 2 by replacing X; < X5,Y; — Y5, and ¢; — ¢o in all the
expressions. By varying 01 and Q- over all probability distri-
butions in X7 and X5, respectively, we obtain the error exponent
region for fixed rates R; and R».

Remark 1: A lower bound to
E;%,l é leai\x ER,l(R17 R27 Q17 Q27 P, )‘)

is derived in Appendix B (cf. (49)) that is closer in form to
the expressions underlying the benchmark exponent Ep ; pre-
sented above. In particular, this lower bound allows us to estab-
lish analytically (see Appendix B) that Fp 1 < Ej ; at [y =0
(and for sufficiently small R1). Numerical computations, as pre-
sented in Section VI, indicate that this inequality can be strict.

A second application of the lower bound (49) is to determine
the set of rate pairs Ry, Ry for which E}k%,l > 0. We show in
Appendix B that this region includes

Ri = (R < I(X1; 1)}
u{{R1 + Ry < I(Vi: X1, X)) N {Ry < I(Xl;f/ﬂf(g)}}

evaluated with PI‘(Xl = xl,XQ = .TQ,YAE = yl): Ql(fﬂl) X
Q2(x2) X q1(y1|x1, z2), with an analogous region following for
the set where I}, , > 0 (see Fig. 1).

Furthermore, it is shown in [12], [13] that the error exponent
achievable for user 1 with optimal decoding and random fixed
composition codebooks is zero outside the closure of the region
R1. Therefore, the region where our error exponents are posi-
tive is as large as it can be for any error exponents with fixed

composition codebooks. The exponent Ez ; can also be shown
to have this property. Finally, it can be shown that this region is
contained in the HK region [12], [13].

Remark 2: Theorem 1 presents an asymptotic upper bound
on the average probability of decoding error for fixed compo-
sition codebooks, where the averaging is done over the random
choice of codebooks. It is straightforward to show (see, e.g., [4])
that there exists a specific (i.e., nonrandom) sequence of fixed
composition codebooks of increasing block length n for which
the same asymptotic error performance can be achieved.

Remark 3: In the MAC, expurgated codebooks allow to
obtain improved error exponent bounds [17]. The baseline error
exponents { Ep 1, Ep 2} and possibly our new error exponents

{ Efxa E}kz,2} may be improved by considering expurgated
ensembles.
Proof Outline: For n nonnegative reals a1, ..., a, andb €

[0, 1], the following inequality [5, Problem 4.15(f)] will be fre-
quently used:

(Za) sXZ} aj. ®)

=1

For a given block length n, we generate the codebook of user i =
1, 2 by choosing M; sequences z; of length n independently and
uniformly over all the sequences of length n and type @; in A*.
Note that ();, ¢ = 1, 2 have rational entries with denominator 7.
We will write &; ; to denote the jth codeword of user i.

For a given channel output ¥, € )7, the best decoding rule
to minimize the probability of error in decoding the message of
user 1 is ML decoding, which consists of picking the message
m which maximizes

M
1 n
P(’y1|—’31,m) = —M2 E q§ )(y1|-’171,m7-'172,i)-
=1

Letting

M,

a2 th (Y1l@1, 22,:) )

y1|x1

be the “average” channel observed at receiver 1, where the aver-
aging is done over the codewords of user 2 in C, the decoding
error probability at receiver 1 for transmitted codeword Z1 .,
and codebooks C;, and Cy is given by

Pe,l(xl,mvclch)

Z Pel -’19‘1 m,C1 C2|y1)
Yy1EYY

(’!/1 |-’171 m). (10)

where P. 1(21,m,C1,Caly1) is the decoding error probability at
receiver 1 for the transmitted codeword 1 ,,, and codebooks Cq
and C, when the received vector is 1, which is a deterministic
function for the deterministic decoding rules considered in this
paper.

With the introduction of the average channel (9), and the use
of two auxiliary parameters (p,\) € [0,1]%, we can follow
the approach of [5] to bound the conditional probability of de-
coding error P, 1(&1,m,C1,C2|y1). Taking expectation over the
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random choice of codebooks C; and C,, we obtain an average
error probability

Pg, <M > ECQ{EXI “qu(yﬂxl)]p/\]

y1EV?

B, qucQ(yllX ) ]} an

where we used Jensen’s inequality to move the second inner
expectation inside (-)*.

Equation (11) is hard to handle, mainly due to the correlation
introduced by Cy between the two factors inside the outer ex-
pectation. Furthermore, the evaluation of the inner expectations
over X ; are complicated due to the powers pA and \ affecting
qi”’c)? (y1|X1). Bounding methods based on Jensen’s inequality
and (8) fail to give good results due to the loss of exponential
tightness.

We proceed with a refined bounding technique based on the
method of types inspired by [7]. While in this approach we still
use (8), we use it to bound sums with a number of terms that
only grows polynomially with n, and as a result, exponential
tightness is preserved.

Since the channel is memoryless

M> n
oLtz =55 - Tl Oler(0),22400)
i=1t=1
- E PAZ ) le*yl (Pjﬁxzf'l)
Xy Xo¥y

. enEjﬁ Xo¥y [log a (Yl IXI’XZ)]

(12)
where we used Nz, y, (P, ,y,) to denote the number of code-
words &2 in Co such that (21, Z2, ¥1 ) have empirical distribution
P x,v,- Wealsoused E¢ < v (+) to denote expectation with
respect to the distribution P KoY

Replacing (12) in (11) and using (8) three times, we obtain

My ZZ ¥ ECQ{EXI [N;@l " (ﬁ)}

P P €Yy

B, [NR, 0 (P)] }

en[P_AEﬁ, log q1 (Yl \X17X2)+>\Ep/ log g1 (YHX{ XQ/)] (13)
5_ b Y
where we L{sed P = Pg x,y, and P" = Pg, ¢
the expression.
We next consider the bounding of

E(yhf):fjl)

2 B, {Exl V6, (P)] B, [N, (P) } "

y; to shorten

and note that Nx, 4, (P) and Ny, . (P') are formed by sums
of an exponentially large number of indicator functions, each of
which takes value 1 with exponentially small probability. These
sums concentrate around their means, which show different
behavior depending on how the number of terms in the sum
(e"f2) compares to the probability of each of the indicator func-
tions taking value 1 (depending on the case considered, these
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probablhtles take the form e~ "I(X2:X1.11) o—nI(X5X1YY) o

e~ (XYY ). Whenever one of the factors in (14) concentrates
around its mean it behaves as a constant, and hence is uncor-
related with the remaining factor. As a result, the correlation
between the two factors of (14), which complicates the anal-
ysis, can be circumvented. We give the details of this part of
the derivation in Appendix A, but note here that the resulting
bound on E(yy, P, P’') depends on y; only through a factor
L(y: € TPY/I,,TP?I,;Pr Py, = Qu P Pg, = Qa).
Therefore, the innermost sum in (13) can be evaluated by
counting the number of vectors y; € )7 that have empirical
types Py. and P Vi Note that this count can only be positive for

Py = Pf,, This count is approximately equal to e™# () (o

first order in the exponent. Furthermore, the sums over P and
P’in (13) have a number of terms that only grows polynomially
with n. Therefore, to first order, the exponential growth rate
of (13) equals the maximum exponential growth rate of the
argument of the outer two sums, where the maximization is per-
formed over the distributions P and P’ which are rational, with
denominator n. We can further upper-bound the probability of
error by enlarging the optimization region, maximizing over
any probability distributions P, P

V. CONVEX OPTIMIZATION ISSUES

In order to get a valid evaluation of
Er1(R1,R2,Q1,Q2,p,A), for any given Q1, Q2, p,
satisfying the constraints of the outer maximization, we
need to accurately solve the inner minimization problems. A
brute-force search may not give accurate enough results in
reasonable time. As will be shown below, the first minimization
problem in (3) is a convex problem, and as such, can be solved
efficiently. In addition, convexity allows to lower-bound the
objective function by its supporting hyperplane, which in turn,
allows to get a reliable! lower bound through the solution of a
linear program.

The second minimization problem is not convex due to the
nonconvex constraint Ry < [ (X 2; f/l) If we remove this con-
straint, it will be later shown that we obtain a convex problem
that can be solved efficiently. There are two possible situations.

The first situation occurs when the optimal solution to the
modified problem satisfies Ry < T (X2; }71): in this case, the
solution to the modified problem is also a solution to the original
problem.

The second situation is when the optimal solution to the
modified problem satisfies Ry > [ ()A(g;ffl): in this case, a
solution to the original problem must satisfy Ry = [ (XQ; f/l).
We prove this statement by contradiction. Let P;* be the op-
timal solution to the modified problem, and P5 be an optimal
solution to the original problem. Now assume conversely,
that there is no Py that satisfies Ry = T (X%; Yl). With
this assumption we have that at Py, Ry < I(Xa2;Y7). Let

2 AP = (Py, x5 Pyyyy) + Py= Py = Qu. Py, =

\" = QP %7, = Py, }. Note that D is a convex set
and P}, P; € D. Due to the continuity of I(X5;Y7), the
straight line in D that joins P; and P; must pass through

!In our implementation, we solve the original convex optimization problem
using the MATLAB function fmincon.
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an intermediate point P = aPf + (1 — a)P5, a € (0,1),
that satisfies 1(X2;Y1) = Ra. Let fa(-) be the objective
function of the second minimization problem in (3), restricted
to D. It will be shown later that fo(-), restricted to this do-
main, is a convex function. By hypothesis, fo(P) > fo P5)
and we have fo(Py) < fo(Py) < f2(P). On the other
hand, from the convexity of fo(-), restricted to D, we have
(P) < afao(PY) + (1 — a)f2(P§) < fo(Py) and we geta
contradiction. Therefore, it follows that there is a solution P3
to the original problem that satisfies Ry = I (X 2; Yl).

Let f1(-) be the objective function of the first minimization
problem in (3). First, we note that P; satisfies the constraints
of the first minimization problem since they are less restric-
tive than the constraints of the second minimization problem
in (3). We next prove that f1(P5) = fo(Py). As a result, the
optimal solution P* of the first minimization problem satisfies
f1(P*) < fi(Py) = f2(P5), and we do not need to know
f2(Py) to evaluate the argument of the maximization in (3).
Using the fact that at Py, I(Xo; Y1) = I(X5:Y!) = Ry, we
have:

f2(P3) = f1(P5)
= pI(X]; X3, ¥)) = pI(X4: V) = p(1(X3; X1, Y1) = )
= p [1(%8: 1, 90) = (X5 V7) = 155 X1, + R

=0 (15)
where we used the identity
I(X3; X5, V1) = I(XL YY) = 1(X5; X1, YY) = [(X3; YY)

in the second equality.

In summary, if the solution to the second minimiza-
tion problem in (3), without the constraint on R, satisfies
Ry > 1 (Xg;fﬁ), then the first minimization problem in
(3) dominates the expression. Otherwise, the solution to the
second minimization problem in (3) without the constraint
Ry <1 (X 2; Yl) equals the solution to the second minimization
problem with this constraint.

It remains to show that the objective functions of the
minimization problems in (3), fi(P XY PX’{ Xéf’l’)’
fo(Pg, %,v, Py xv,), testricted to the domain D, are
convex functions. Since the sum of convex functions is convex,
to prove the convexity of f1(-) on D, we only need to prove
that the different terms of

fl = - p—AE};ﬁXQi/l 10gq(i\/1|X17XA2)
— pAEX{f(;Y’{ log Q(?”X{ Xé)
— H(Y1|X1) + pI(X1;Y7)

+ InaX{I(X%Xl;Yl) — Ro; pA(I(X2; X1, Y1) — Rz)}

+ maX{ﬁI(Xé;Y{) + pI(X4; X1,Y7) — Ry;
p(I(X5; X1,Y]) = Ry);
pAI(X}; X1,Y7) - Rz)} (16)

are convex within D.

First, we have that
_P_)‘EXJQYI logq(Y1|X1, Xz)—P/\EX;XQ)?;lOgQ(YHXL Xé)

islinearin (P %,y ; Piix; Y,) and therefore convex. Also, we
have that —H (V1| X;) = H(Xl) - {I()A(Ahf/l) is convex for
fixed P due to the 09ncaV1ty of H(X1,Y7).

In addition, I(X7{;Y]) can be written as D(PX,Y,HPX, X
Py,) Let P = AP + (1 — \)P for any P, P such that P\, =
]5\, and A € [0, 1]. We have that

PX Yy = )‘PY’Y’ +(1- )‘)pX;Y{
and

Py

x Py, P\,x()\PY,—I—(l—)\)P /)

AP "y X Pyp) + (1= )Py x Pyy).
The convexity of pI(X/};Y/) for fixed Py, follows from the
convexity of D(P||Q) in the pair (P, Q)

i
1

I(X1;Y7)
7

=D(Pxr3: 1P % Pyy)
SAD(Pgry[|1Pyr X Py)
+(1- /\)D(px;fqllp;z; X ]5;1,)

=A(X;;Y)| +(1

P

- NI YY)
P

7)

Continuing with the next term of (16)
max {I(XQ;XLYG) — Ro; pA(I(X; X1, Y1) — Rg)}

we note that it is the maximum of two convex functions, and

therefore convex. The convexity of each of the individual

functions follows from the convexity of 1 (X 2; X 1s 571) for fixed

Py, Py, which can be proved along the same lines as (17).
Finally, we consider the last term of (16)

maX{ﬁI(f(é;f”{) + pI(X3; X1,Y{) = Ry;
p(I(X5; X7, Y/) = Ro); pA(I(X4; X1, YY) — Rz)}-

Each of the arguments of the max{. ..} can be shown to be the
sum of convex functions for fixed P\, and P %10 using a similar
argument as the one used to prove (17) Since the maximum of
convex functions is convex, the convexity of f; restricted to D
follows.

Using similar arguments, it is easy to show that

fo=—pAEg .y, log @ (V1] X1, X2)
— PAE g, ¢, ¢ log (VY| X1 X3) — H(Y1|X1)
+ pI(X1; X5, V() + I(Xp; X1,Y1) — Ry
is convex in D.
VI. NUMERICAL RESULTS

In this section, we present a numerical example to show the
performance of the error exponent region introduced in The-
orem 1. We use as a baseline for comparison the error expo-
nent region of Section III, which is obtained with minor modifi-
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Fig. 2. Error exponents as a function of 2y for two different values of 2> and fixed choices 01, (J>. All the rates are in nats.

cations from known results for single-user and multiple-access
channels.

We present results for the binary Z-channel model: Y; =
(X1 * Xz) ® Z,Y, = X5, where X17X27Y17Y2 € {07 1},
Z ~ Bernoulli(p), * is multiplication, and & is modulo 2 addi-
tion. This is a modified version of the binary erasure IFC studied
in [11], where we add noise Z to the received signal of user 1.
In the results presented here, we fix p = 0.01.

The boundary of the error exponent region is a surface in four
dimensions Ry, Ra, Fr 1, FR 2. This surface can be obtained
parametrically by computing Fr 1, Er 2 as a function of Ry,
Ry, Q1, Q2, by optimizing over p and A in (3) and in the corre-
sponding expression for E'g 2. The parameterization of Fg ; in
terms of Ry, Ry, Q1, @2, allows the study of the error perfor-
mance as a function of the parameters that directly influence it.

Fig. 2 shows that the error exponents under optimal decoding
derived in this paper can be strictly better than the baseline error
exponents of Section III. This suggests that the inequality ob-
tained in Appendix B for R; = 0 can be strict. In addition, in
all the plots that we computed for the Z-channel for different
values of 1, @2, and Ry we were not able to find a single case
where the baseline exponent E'p ; was larger than Fr ;.

We see that the curves of Eg 1 (Ep 1) for fixed R, Q1, Q2
have a linear part for ; below a critical value Rg) (Rllz) ), and
a curved part for Ry > Rgf) (R1 > Rglf)) (note that the critical
values depend on the parameters Ro, @1, and )2). Fig. 3 shows
the optimal parameters p and A for the Er; curves shown in
Fig. 2 for Ry = 0.139 and R, = 0.277 nats/channel use. We see
that for the linear part of the Er 1 curves p = land A = 1/2 are
optimal, while for the curved part (i.e., Ry > Rgf)) the optimal
p decreases to 0 and the optimal X increases towards 1. For R; in

the interval (0, min {Rg); Rgi‘?) }) the gap between the Eg 1
and Eg 1 curves remains constant as both curves are lines with
slope —1, and this gap is equal to the gap at Ry = 0. In general,

any gap between E'g 1 and Ep ; at R; = 0 will remain constant

in the interval where both curves have slope —1. We also note
since the optimal parameters p and A vary for different rates,
these parameters are indeed active, i.e., they have influence on
the resulting error exponent.

The curves of Fig. 2 are obtained for fixed choices of @
and ()2, which are the distributions used to generate the random
fixed composition codebooks. As (01 and ()2 vary in the proba-
bility simplex S, we obtain the four-dimensional error exponent
region

{R1,R2, Er1(R1,R2,Q1,Q2), Er2(Ri, R2,Q1,Q2) :
Q1,Q2 € S}.

In order to obtain a two-dimensional plot of the region, we con-
sider a projection: we fix Ry varying R; and plot the max-
imum value over (1 and ()2 in the error exponent region of
min{FEg 1, Eg2}. This corresponds to choosing Q1 and Q> in
order to maximize the error exponent simultaneously achievable
for both users. Fig. 4 shows this projection for Ry = 0.139 and
R> = 0.277 nats/channel use, where, for reference, we included
the corresponding curves for the error exponents Ep 1, Ep 2 of
Section III.

For the noiseless binary channel of user 2, Er, =
max{H(Q2) — R2;0}, and as a result, Ero decreases
with increasing Pr(X; = 1) for Pr(X; = 1) > 1/2. On
the other hand, because of the multiplication between X; and
X, in the received signal Y7, increasing Pr(Xs = 1) results
in less interference for user 1, and a larger value of Eg . It
follows that there is a direct tradeoff between Fr ; and Eg >
through the choice of ()2, and whenever min{Eg 1, Eg 2} is
maximized, Fr1 = Eg2. Therefore, in the curve of Fig. 4,
Er1 = Egrp.

From the plots of Figs. 2 and 4, we see that the error exponents
obtained from Theorem 1 sometimes outperform and are never
worse than the baseline error exponents of Section III.
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Fig. 3. Optimal parameters p and A for the Er ; curves of Fig. 2. All the rates are in nats.

0.4 T T

0.35r

—— min{ER 1,ER 2} for R2=0.139 [nats/channel use]
— min{EB 1,EB 2} for R2=0.139 [nats/channel use] |

Error Exponents

o o

= o ) o

(&)} N [} w
T T T T

o
=
T

0.05F

0 i Il

0 0.1 0.2

03 0.4 05 0.6

R1 [nats/channel use]

Fig. 4. Maximum error exponent simultaneously achievable for both users for fixed R, as a function of R;.

APPENDIX A
PROOF OF THEOREM 1

It is easy to see that the optimum decoder for user 1 picks
the message m (1 < m < M;) whose codeword z; maxi-
mizes (1/Mz) Y, e, i (91]1,25), where My = [en™1]
and My = [emf2]. Applying Gallager’s general upper bound
to the “channel” P(y:|21) = 5 . cc, " (y1|z1, 22), we
have for user 1

pPA
1 n
Pg, < Z A Z q§ )(y1|.'171,.'172)
Y1 x22E€CH
AP
1 n
|2 | an X Wil (18)

x| #x, z2€C2

where A > 0 and p > 0 are arbitrary parameters to be op-
timized in the sequel. Thus, the average error probability is
upper-bounded by the expectation of the above with respect to
(w.r.t.) the ensemble of codes of both users. Let us take the
expectation w.r.t. the ensemble of user 1 first, and we denote
this expectation operator by E¢, {-}. Since the codewords of
user 1 are independent, the expectation of the summand in the
sum above is given by the product of expectations, namely, the
product of

pA
1 n
A£E., lﬁz > at )(y1|a:17a:2)]

x2E€CH

pA
= M Ee, [Z qgn)(yﬂml,-’ﬂz)l (19)

x> €Ca
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p

A
Z Q1 2/1|x17x2)>

IQGC?

5 (o
-"3'1 #x1

P
_ Ay PA
=M, " E¢,

A
Z (Z qgn)(y1|x’1,x2)>

x| Az \T2€C2

Now, let Ny, y, (P, x,y,) denote the number of codewords
{z>} that form a joint empirical probability mass function
Pfﬁ P together with a given z; and y;. Then, using (8), A
can be bounded by

A:Méj“EXl[ > Nxiw(Pxxv)

Py %09,

pA
> e"Ej;lele log q1 (Y1 |X17X2)]

pA—1 p)\ D
SM2 Z EXlNX1 Y1 (I)XleYl)
P/i'l/i'z"l

% enpAE;\'l‘('Q \A»l log q1 (Yl |X1,X2)

(20)
where ql(Yl |X 1, Xz) is the single-letter transition probability
distribution of the IFC, and where FE ; 51t (X 1s X 2, Yl) for
a generic function f, denotes the expectation operator when the
random variables (RVs) (X1, X»,Y7) are understood to be dis-
tributed according to Py ¢ v, . Similarly (and using Jensen’s
inequality to push the expectation w.r.t. C; into the brackets),
we have

B<M,”M{| > Ex, N3, ,(Ps 1.1

P

X1 Kot

P
w " MR K, 1 108;‘1(5’1|X1,X2)‘| . 2D

Taking the product of these two expressions, applying (8) to the
summation in the bound for B, and taking expectations with
respect to the codebook Cs yields

DY

X]Xf)Y‘l PX X y’

o
Ec,[Ex,N%, 4. (Ps, 5,7, E% Nz, y, (P 515)]

X exp{n[p_)\Ej(1 v log ¢ (Yl |X1 , Xg)
+PAE g 590 log (V{|X1, X5)1} (22)
The next step is to bound the term involving the expectation over
Co. As noted, the codewords {X; } and {X} are randomly se-
lected i.i.d. over the type classes 71 = 7o, and 7o = 7Tg,
corresponding to probability distributions (1 and @2, respec-
tively. To avoid cumbersome notation, we denote hereafter P =
PX1X2Y1 and P’ = P; Xy and assume that Py PX, =
Q1, Py, = Py, = QQ, ?3 =P z and that ¢, lies in "the
2
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type class corresponding to Py, . We will also use the shorthand
notation

Ee, 2 Be, [Ex,Ng. , (P)Bg N}, (P)]. @)

The bounding of E, requires considering multiple cases which
depend on how Ry compares to different information quanti-
ties, and also depend on properties of the joint types Px < v,
ij v In order to guide the reader through the different steps
we present in Fig. 5 a schematic representation of the different
cases that arise.

We first consider two different ranges of R, according to its
comparison with I(X%; X}, V{):

1. The range R, > I(X}; X{, V7). Here we have
. 1 N
ECz = EC2{EX1 |:N)1(1py);(P):| |:|71| Z le ‘.'I1(P ):| }
i
_ECQ{EXI [ 3

z€Th
L[ Na, g, (P) < (IS0, 671]}

2

x€T

1 12985 1 / g
N ()] 77 2 N ()]

~ 1 R P
+EC2{EX1 |:N)1(1P;;(P)] |:|'Tl| Nz1,y1(P )} X
[a.z- €Ti: Ni,y, (P') > e”[(Rz—I(Xé;X{:Y{)HE]} }
SECQ{EXI [N)’?] - (ﬁ)} . [e—n(lﬂff;)—e)x

o1 [( y) € Tp,, Y,} .em(RQ_I(X;;X;y;)JrE)r}

z€Th
4 enRapy [357 € T1 : Nzy, (f)’) >

<Ec, {Exl [N LopX( 15)}} e melE (XD - B V)]

en[(RrI(X;;X;,?DHe]]

X190
enPA(Ra—I(X3: X1, YY)) (24)

where in the second to last inequality we used Nz, 4 < Mo, and
in the last inequality we used the fact that

Pr{EIa:eTl. Niy, (P') >

< en(H(f({)-i—e

onl(Ra—1(X45X] Y >)+e]}

onl(Ra— —I(X};X Y{))—l—e]}
::y1

(25)

for any £ € 77, which decays doubly exponentially with n (cf.
[7, Appendix]).

To compute E¢,{Ex, [N;(1 py); (P)]}, we consider two cases,

according to the comHarlsgn bf:tween Ry and I (X 2; X 1, Yl):
The case Ry > I(X2; X1,Y7). Here, we have

Ec,Ex, [Nl p/\l( )] Ex, Ec, [N)I(II;I\I(P)}

éEXI [ ((Xl Y1) € Tp,

) enp)\(Rgfl(Xz;leYl))}
X1vp

i e*’nI(Xl;lll)enp)\(Rg71(1\2,X1.’Y1))' (26)
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Therefore, when
Ry > max{I(Xy; X1, V1), I[(X}; X}, Y/)}
we have
Ec, < exp {n [—I(Xl; Y1) + pA(Ry — I(X2: X1, 1))
—pI(X5:¥)) + pA(B — (K5 X1, 1)} @)
The case Ry < I(Xg; Xl, Yl) Here we have

Ee,Ex, [Ng, ,,(P)| <Ec,Ex, [Nx, ,(P)]

6—’nI(X1;Y1) . en(R2—I(X2;j(1 ,Yl))

IN

(28)
where we used the fact that pA < 1 and then estimated the

A

expectation of Nx, , (P) as M» times the probability z» would
fall into the corresponding conditional type. Therefore, when

I(X5; X1, V) < Ry < I(Xo; X1, Y1)
we have
B, < exp {n [~1(X1; Y1) + (Rz — I(Xa; X1, T1)
—pI(X{: V) + pA(Re — I(X5 X190} 29)
The exponents for the subcases (27) and (29) corresponding
to Ry > I(Xg; X1,Y1) and Ry < I(X2; X1, Y1), respectively,
differ only in the factors (pA and 1, respectively) multiplying the

term Ry — I (X 2; X 1, Yl) Therefore, we can consolidate these
two subscases of Ry > I(X}; X1,Y/) into the expression

Ec, < exp{n [—I(Xl; Y1) + min{pA(Ry — I(Xy; X1, V1)),

(Ry — I(X5; X1,Y1))}

}

(30)
since min{pX (Ry — I(Xy; X1, V1)), (R — I(Xp; X1, Y1)}
is p)\ (RQA_ IA(X%’ Xl,Yi)) when RQA 2 AI(){Q;XhYl) and
(R2 — I(Xg;Xl,Yl)) when R2 < I(Xz;Xl,Yl).

— pI(X1:Y]) + pA(Re — 1(X}; X1, YY)

2. The range R, < I(X}; X}, Y/). In this range
SRS ~
EC2 = ECQ {EX1 |:N)1(1 Sh (P)i| E§(1 I:N))él . (P’)] }
1—pX [ 5 5
<Ee, {Ex, [N/ (P)] Bk, [Vx,w(P)]} D)
where we assumed A < 1 in the last step. The second expecta-
tion over X ; can be evaluated as

Ex,Nx, y, (PX{XQYIJ

= Z Ex, 1 ((lem%yl) € TP;«XW')
z2€Co s
= o nI(XLXLYY) 1 ( )
e Z (x2,91) € TPX&?{
x2E€Co

o v
— e_nI(X11X2:)1)N 1(]3

yi (Px;v7) (32)

where Ny, (Py,

i) is the number of codewords {z»} that are
jointly typical with y1 according to Py

1y Thus
271

Ec[Ex,Ng, ,, (P)B%, Nx, 4, ()]

P

= _—npl X”;X',f’/ P_A R
= e ( 1 2 I)EC2 EXINX1,‘y1(P X;YI/)

5,1, Ny (

= IS By B [NG (P, 5 VE (P

(33)

Tobound Ex, Ec, [N)E " (P)N, (P")], we consider two cases
depending on how Ry compares to [ (X5:Y7).
The case Ry > I(X%;Y/). Here, we have

Ex,Ec, [N, ,, (P)N§,(P)]
= EXlEC2 {N;z_yl (P)N{;l (Pl)
x 1 [Nyl(f”) < e”(Rz—I(X'é;f’{Hf)}}
+ EXIECQ {N;Z;y] (P)N‘;l (Pl)

x 1 [Nyl (P) > e"<Rz—I(X;;fﬁ’)+e)]}

< (B IV By B [N)ﬂa " (15)}
4 en(Px4p)Ropy. [ N, (P') > en(Rz—I(X;;Yme)]

ﬁ exp{n

p(Ry — I(X5; YY) — I(X1; Y1)

+ 1(R2 Z I(Xz;Xl,Yl))
x pA(Ry — I(X2; X1, Y7))
+ 1(R2 < I(XQ;XhYl))

p(Ry — I(X5: YY) = I(X13 V1)

x (Ry — I(X2; X1,Y1))

= exp{n

(Ry — I(X2; X1,Y1))}

+ mln{p_)\(Rg - I(XQ;XhYl)):

} (34)

where we used the fact that Pr[Ny, (P') > en(fa=1(X2¥1)+0)]
decays doubly exponentially in the third inequality, and
bounded Ex, Ec, [N;}); ”n (P)] using (26) and (28) in the last
inequality.

The case Ry < I(X};Y]). Here, we further split the evalu-
ation into two parts. In the first part, Ry > [ (X 2; X 1s 571), and
we have

Ex,Ee, [Ng, ,,(P)Ng, (P)]

< Ex, Ec, {N}g,’;ﬁ (P)Np (P
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x 1 [NX1,y1 (P) S en(RQ_I(XQ;X1’1>1)+E)‘| }
X151

1-pX /D >
+EX1EC2{N " (P)N;I(Pl)

x 1 [NX1 Y1 (P) > en(RQ_I(XQ;X’l”A’1)+E)‘| }

é 6nP_A(R2—I(X2;X17f’1))
X EXlECQ{szl(pl)l [(Xl’yl) < Tme}}

+ en(p—)\+p)R2Pr |:NX1 " (ﬁ)) > en(RQ*I(X2§X11Y1)+E):|

éexp{n

where we used in the last inequality

ARy — I(Xy; X1, V1)) — I(X1; V1)

+ Ry —I(XQ;Y{)H (35)

Y1 X

E;, [NP (Pj(;ff{)} < Ec, [Nm (pxml)} - n(Ra=I(X537)

valid for p < 1. o
The other part corresponds to Ry < I(X5; X1, Y7). Here we
have

EX1EC2 I:N)’}Al,yl (p)N;1 (P/)i|
= Ex, Ec, { N0 (P)NG, (P [Ny, (P) < o] }

+ EX1EC2 {N;}/\l’yl(P)Nypl (]3’)1 Ny

:\
~
<
~—
\%
™
3
12y
—
——

< " Bx, Be, {Ng, , (P)1 [Ny, (P) > 1] }

4 (P HP)Rapy [Nw (P > e”f]

é EXlEC2{N)’}_/:y1 (P) -1 |:Ny1(13/) 21
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= ﬁ Z ! [(5173’1) < TPXNJ

z,€Ty

X Pr [Ny, (P') > 1, N3, 4, (P) > 1] . (36)

To bound Pr[Ny, (P') > 1, Nz, 4, (P) > 1], we consider two
cases.
The first case is when PXQYI Pg, o0 in this case,
271

{Nil,yl (]3) > 1} = {Nyl(Pl) > 1}. Therefore
Pr [Ny, (P) > 1, N3, (P) > 1] =Pr [Na,, (P) > 1]

<en(Re=1(X2:X1 V1))
Replacing in (36), we get

Ex,Ec, [Ng, ,, (P)Nj,(P")]

< exp {n [—I(Xl; Vi) + Ry — I(Xo; X1, YI)} } . (37

The other case is Py, y. # Px/y-: in this case, the same
2t1 .
codeword z, cannot simultaneously satisfy (Z1,Z2,%1) €
Tp and (22,91) € Tp, Therefore, we have that

Xy X0V, v
Pr I:N!h(p/) > 17N5:1.,y1(P) > 1:|
=Pr 327/2 75 Zo (5:1,27/2,’!]1) € Tp.

X1 Xovy)

(%2, 91) € Tp,, ;,1,]

<y T

T2 €C2 xl, #xo

~ /
(zl7z27y1) € TPf\'l‘i'Q{'17

(z2,91) € TP%YI,]

{ enZRzent(Xg;Xl,Yl)ent(Xé;f’l')‘

Replacing in (36), we get
Ex,Ec, [N, ,,(P)N, (")
—I(Xl; Yl) + R2 - I(Xg, Xl, Yl)

é exp{n
}. (38)

This completes the decomposition of E¢, into the various
subcases.

Consolidation: Next, we carry out a consolidation process
that merges all of the above subcases into a more compact ex-
pression, leading ultimately to the expression in Theorem 1.
Fig. 5 gives a schematic representation, in terms of a tree, of the
various consolidation steps described below. The consolidation
of (27) and (29) into (30) was done before, but we include it in
Fig. 5 for completeness. Referring to Fig. 5, the consolidation
starts at the deepest leaves of the tree and works its way up the
nodes until it reaches the root.

+ Ry _I(Xévyll)
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(45)

@7 29

R> Ik, X, %)

(34

(43) (simplified from (41) (42))
R,<I(k;; 1)

(40) (simplified from (39))

R, <I(%; X, 1))

implicit in (39)

=R

3
o

(38) 37

Fig. 5. Tree representing the multiple ranges of R, considered in the derivation, and the equations that consolidate the different ranges.

We begin with the last set of subsubcases derived, Ro >
I(XQ; X, Yl) and Ry < I(Xg; X, 171) (expressions (35), (37),
and (38)) for the subcase Ry < I(X};Y{),
as follows:

Ex E.,

é exp{n{l(Rg Z I(Xz;th/l))

X | pA(Ra — I(Xo; X1, V1)) — I(X1; V1)

+ Ry —I(Xéan)

+1(Ry < I(Xa; X1, V1)) 1Py 5, # P 5)
X [—I(Xl,?l) =+ R2 — I(XZ;X17}A/1)

+ Ry — I(X4; YY)
+1(Ry < I(X2; X1, Y1) 1(Py 5, = Py 5)

X [—I(f(l;f/l) + Ry — I(Xy; f(hffl)} }} (39)

Next we would like to decompose the indicator 1(Ry >
I(X5; X1,Y1)) appearing in the initial part of this expression
as

1(Ry > (X2§X1A7Y/1A)) )
= 1(Re > I(X2; X1, Y1))1(Pyx,y, = Px;y7)
+ 1(Ry > I(Xy; X1,Y1))1(Py 3, # Piyr)
= 1(Ry > I(X5; X1, Y1) 1Py 5, # Piiyr)

where we are taking into account in the last step that for the
present subcase Ry < I(X4;YY),

1(Ry > I(Xz;XhY/l))l(PXQYI = Pj(éfflf) =0
since for PX'QY’I = P; 1y we have

Ry < I(X5;YV)) = I(X2; V1) < I(Xo; X1, V7).

Applying this decomposition to (39), then combining terms
having the same indicators 1( Py, y, # P ,Y,) and 1(Px. y. =

and consolidate them PX,Y,) and replacing indicators by mln{ -} as appropriate

(s1m11ar to (30)), we simplify (39) to

Ex,Ec, < exp{n{l(Pjgzyl # P‘;Y{)[— I(X1; Y1)
+ min{pA(Ry—1(X2; X1, 1)),
Ry—I(X5; X1, Y1)} + Ry — I(XY; Yf)}
+1(Pyy, = Piyy) LR < I(Xy; X1, Y1)

X [—I(Xl,?l) + R2 — I(AXAVZ;XI./?I)} } } (40)

This is valid for the subcase Ry < I(X};Y7). o
Next, we consolidate (34) from the subcase Ry > I(X};Y])
with (40) and insert the result into (33) to get

Ec, < eXp{n{—pI(Xi;XéyY{)
+ W(Roy>I(X5; V7))
x [—1(%0: Y0 +p(Re—T(X5: Y1)
+ min{pA(Ry—1(X2; X1, V1)),
(Ra=1(X; %1, V1))} | +1(Ro<I(X5577)

X | 1U(Ps, 5, #Pspy) | = 1(X13 Y1)

+ min{pA(R2—I(X2; X1, 1)),
Ro—I(Xo; X1,Y1)} + Ro —

XzaYI :|
+ 1(PX2Y’1 = P\r/ )

/) (Rz < I(Xz,Xl,Yl )

}

(41)

X [—I(Xl,f/l) + R2 — I(Xz,le/l)}

which applies to the range Ry < I(X}; X},Y/). Again, ex-
panding all terms against the indicators 1(Pg ;. # X,Y,)
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and 1(Py,y. = PY,Y,) and, as above, replacing indicators by
min{---} as approprlate we obtain

E., < exp{n{l(PXQY,l # PXéf’l’)[_ pI(X{X£7Y1/)
— I(X1; Y1) + min{pA(Rz — I(X2; X1, Y1),
Ry — (XQaXl Y1)}
+ min{p(Ry — I(X3; V7)), R — I(X5:¥7)} ]
+ WPy, = PX;Y{)
. [—pzm;m,m AR 2 1)

« [— I(X0; V1) + p(Ro — I(X5; V7))
+ min{pA(Ry — I(X2; Xl,Yl))7
Ry = 1(%5; X1, V1))
+1(Ry < I(X9; V1))

(42)

X [—I()Aﬁ;fﬁ) + Rs — I(Xz;f(hfﬁ)}

Using the identity (proved via the chain rule)
I(X7: X5, V) + L(X5: YY) = I(X5: X, V) + L(XT: 1Y)

twice, we can rewrite the term
—pI(X1; X3, YY) +min{p(Ry — [(X; V7)), Re— (X3 YY)}
appearing after the indicator 1( Py, # Py éY{) in (42) as
—pI(X{;Y/) + min{p(Ry — I(X3; X{,Y7)),

Ry — pI(X5: YY) — pI(X5: X7, V])}.
Similarly, we can decompose the term —pI(X}: X5, V) ap-
pearing after the indicator 1(Px y. = Px éY{) against the in-
dicators 1(Ry > I(X5; Y1) and 1(R, < I()A(Z;Yl)),Aand use
the above identity to combine it with p(Rs — I(X3;YY)) ap-

pearing after the indicator 1(Ry > I(X5;Y7)). Incorporating
these steps, we can rewrite (42) as

Ec, <

>
eXP{”{l(Pj(szﬂépA;f’l/)[_I(Xﬁf/l)_ﬁ]()z{;f/l’)
+min{pX(Ry — I(Xy; X1,11)),
- 00
+min{Ry — pI(X3;Y{) — pI(X3; X7, YY),
p(Rz — I(X5: X1, V))}]
+ 1(Pi'2Y = PY’Y’)

1(Ry > I(X2; V1)) [—I(Xufﬁ) — pI(X{;Y7)

+min{pA(Ro—I(X2; X1, 1)),
Ro=1(%33 X0, V1) bo(Ra - 1(Xy: X1, 97))]
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+1(Ry < I(X; V1)) [ — I(X1; V1) + Ro

) o

I*:inal}y, we consolidate (30) from the range Ro >
I(X3; X1,Y]) with the just obtained (43) (for the range
Ry < I(X%; X1,Y!)) to get

—I(X2; X1,Y7) — PI(X{;X&?{)]

Ec, < exp {n{1(32 > 1(X3; X1, V7))
[ - 1(X0V2) = pI (X1 V)
+min{pA(Ry—I(Xa; X1, V1)), (Ra
+OA(Rz — I(X5; X1, ¥))]

—I(X2; X1, 1))}

+ 1R < I(X3; X1, 91)) [1(Ps. v, #Psyy;)
[—I(Xl; Vi) —pI(X; YY)
+ min{ﬂ_/\(R2—I(AX2;AX17171))7{%2—]():(2;)217171)}
+ min{ Ry — pI(X5; YY) — pI(X5; X1,YY),

p(Rz = I(X; X1, V)]

+ 1Py, = Piyyy) X
(1R > 1(X2: Y1) [ - I(%0: Y1) - pI (X5 ¥7)
+ min{p_)\(R?—IE)A(QA; X1,Y1)), Ro—I(Xy; X1, Y1)}
+p(Ry — I(X3; X1,Y7))]

1(Rs < I(Xo;V1))[ = I(X1;1) + Ro

(X X1, V0 — pI(X{;X;,Yl’)]H}}. (44)

As before, after expanding the first indicator 1(Ry >
I(X35; X1,YY)) against 1(Pg y. # PfYéf’l’) and 1(Px, gy, =
PX’ y,) and combining terms, we obtain

Ec, < eXP{n{l(PXQYﬁéPXéY{)[_I(Xl;f/l)—ﬂl()z{;f/f)

—I(Xa; X1, V1)),
o Rz—f():(%):(h?l)}
+min{Ry — pI(X3; YY) — pI(X3; X1,YY),
p(Ry — I(X5; X1, YY),
pA(Ry — 1(X5: X1, ¥)}]

+ min{pA(Rs

+1(P

X7

= PX’; )"1/)

1(Ry > 1(X23 V1) [~ T(X0:V2) = pT(X]; V7)

—I(Xg;le}A/l))a
RQ—I(X2§X17Y1)}

+ min{p(Ro—I(X3; X],Y7)),

pA(Ra—1(X3; X1, V1))

+1(Ry < I(X; V7)) [ — I(X1; V1) + Ro

+ min{pA(R2
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— I(X9; X1, Y1) — pI (X X;,?{)}

) -

where, in simplifying, we have made use of the identity
L(Ry > 1(X3; X1, Y{)pA(Re — I(X5; X1, 1Y)
+1(Ry < I(X}; X1, YY) min{ Ry — pI(X}; YY)
= pI(X3: X7, 7). p(Ro = I(X3: X7,77)}
=min{Ry — pI (X3 Y{) — pI(X3; X1, YY),
p(Ry — I(X3; X1,Y7)),
PA(R2 = I(X}; X7, YY)},

along with

U(Pg, g, = Piyy ) 1(Ro > 1(X3; X7, Y7))
= 1(PX'21A’1

and finally

1(Ry> I(X}; X1, Y7))pA(Ra—1(X}; X1, 7))
+ 1(Ry < I(X3; X1, Y7))p(Re — I(X3; X1, V7))

= min{p(Ry—I(X5; X7, 1)), pA(Re—I(X3; X7, V) ).

We use (45) in (22), add over all vectors g1, decompose all
Joint-type-dependent terms appearing in (22), as well as the term

nH (Yl) arising from the summation over y; per type, against Epj > mm

the indicators 1(Py. y, # Px,y-) and 1(Py. v,

= P,y/), and
finally optimize over the types

L KoY PX;X’;Y’I’ to obtain

Ec, c, (Pr,) S exp {n{ — Ro+pRi + max{

max
PX1A2Y17PY xLv]

Py, = Pxi—Qh

PxQ—PAé—Qz,
Py=Py
Pyyv #Px1 90
+PAE g, 55, log an (Y{| X7, X3)
+ H(Y1|X1)—pI(X{; YY)
+ min{pA(Ra—I(X2; X1, V1)), Ro—I(Xo; X1, V1)}
+min{ Ry — pI(X5; YY) — pI(X5; X1, YY),

[ijAQ1X2?1 IOg Uil (Y/l |X1~, X?)

p(Ro—1(X5; X1, V7)), pA(Ro—1 (X35 X1, V) }|;
max ,(J)\EY P logql(Y1|X1,X2)
Pxyxov Pxr s v1

Py, = X! =Q1,
Py, =Py, =Q,

Py v, = —p,

+PAE g, 5, log u (Y| X7, X3)
+1(Ry > I(X9; V1)) [H(Y1|X1)

Y&’

— pI(X{;YY)

=Py ) U(Ro>1(Xo; V1) 1(Re> 1 (X33 X1,Y7)),

+min{pA(Ro—1(X5; X1,Y1)), Ro

+min{p(Ry — I(X4; X1, V7)),
PA(Re — 1(X3; X1,Y{))}]

+1(Ry < I(X; V1)) [H(Y1]X1) + R»

_I(X%Xl,?l)}

— I(X9; X1, Y1) — pI(X{; X3, YY)

) o

Note that the term H (Yl) mentioned above has been combined
with the term —7(Xy;Y;) appearing in all subcases of (45) to
yield the H (V1| X) appearing throughout (46).

The expression in Theorem 1 is obtained from (46) by drop-
ping the constraint PX ¥ # P\ 1y from the first maximiza-
tion (which, given the cont1nu1ty of the underlying terms, is
not really a constraint anyway), by noting that if, in the re-
sulting expression, the second maximization is attained when
Ry > I(Xs; Y1), it will be dominated by the first maximization
so that the second maximization can be restricted to the case
Ry < I(X5; Y1), and finally by negating the resulting exponent
(and propagating the negation as — max{---} = min{—---}
throughout).

APPENDIX B
A LOWER BOUND TO F, ;

We can lower-bound the maximization of (3) over p and A\ by
applying the min-max theorem twice, as follows.
First we introduce a new parameter § and bound (3) as

Ry — pRy + 0%
6€[0,1]
min 1(,/\PA,1A.1A,1 Pulwlyl)-i-
p Fr{p A Pro gy, /) (D3
Xl XQ }1
PX;m)X;(l)yl'(l))
€851(Q1,Q2)
o min Ja (p,)\7PX<°> 2y, Py @) e )Y’<2>)
r X2 (@) ! X 1

P ’(2) '<z> 1’z>)
GSz(Qlan)
47

where § = 1 — 6 and we have dropped the constraint involving
R from S,, resulting in a lower bound, and making S convex.

Letting v = pA, we claim that for fixed 6, the expression
in (47) being minimized over # above is convex
in (p,7). This follows from the fact that for fixed
(PX§1)X§1)}>1(1)7P 1w 1Dy, Py 4 2>Y(2)’PX{<2>X;“)YI’<2>)
both f; and fy are “affine in p,7). The only problem

would come from the max’s appearing in these
expressions, but it can be checked that these
maximizations are independent of (p,vy) for fixed
(PX§‘>X§‘>§'1(‘)’P\”(‘>X2‘>Y’(‘) Py geye, Py 1<2>X2(2)Y/<2>)-

Letting ¥ = {(z,y) : z € [0,1],y € [0, x]} we can thus apply
the min-max theorem of convex analysis (twice) as follows:

"
Erq

> max min

> {RQ — pRy + 0x
(p,v)EX 0€0,1]
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min fi (1077 Py Wy w, Py gy, <1>)+
(P~<1)~<1>~(1)7 SRS 0%
P, '<1> ’(1) '(1>)
1
Esl(Qth)
9 min 2( P2 o200 Puzwzwz)
(P,(g),(g),(g), f P57 X xPy ) 4\1( )Xg( )Yl()
X X Y.
1 2 1
Pxﬁz)x;@)g’(?))
€852(Q1,Q2)

= min max

Ry — pR 0%
ee[o,u(p,v)ez{ 2ot

min 1( s Peo ooy Pw]ﬂlw1)+
Pty o)) filpsy KWLy W P gy’
X X Y.
1 2 1
P
X0 g g )
€851(Q1,Q2)
g min ( PA2A2A,2 PA,/ & o/ )
e (P Py xerpen Pye gogpe
X X Y,
1 2 1
P greyie)
€852(Q1,Q2)

= min max min

Ry — pR1+
0€[0,1] (p,7)€ET (P~(1>A(1)'<1> P, g/ Mg ()

Pems®y <2>:P PUORNOR '(z>)
€S1(Q1,Q2)><52(Q1,Q2

0f1 (JO,%P gy, P ’<1>X’<1>Y’<1>)+

012 (P T Py x@y@, Py groypr z))

——

= min

min max {Rz — pR1+
#€0,1] (P)l'

Dy P, 5 (! (0 (py)ED
Pw) (z) <2>’P '(z>4'<2> ’2>)

1 2 1 1 2 1
€851(Q1,Q2)x82(Q1,Q2)

011 (P,%P)gfl)X;l)yl(l),Pxi(mﬂ—;(l)yl'(l)) +
) } (48)

P oy, PX;u)X;(zW{(z))
both f; and f5 are affine in (p,~), the inner maximization in
(48) is attained at one of the points

(07 V) = {(070)7 (170)7 (17 1)}

After simplification, we obtain

02 (m%Pj({z))g;z)yl(z),P)gi(z))g;myl'(z)

Since, as noted above, for fixed
<0y Py g g,

ER, > min min max
6€f0,1] (P OF <1>{,<1>xPQ'u)X’(l){v'u)!
1 1 2 1

Peerg ézwl(z)apj(;(z)j(;(z)y;(z))
€S1(Q1,Q2)XS2(Q1,Q2)
9[ - F [log ql(f’l(l)PA(l(l),Xél))} - H(Y1(1)|X1(1))+

>(1). (1) (1 >(1). v (1
I X0, 7 0) 4 1D ©) - Rl |+
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8] - B [log (VP 1X (), )] - B+

IXP; X7,
_R1_|_9|:_

(1) o (1 57 (1 ~ (1
HYM X)) + 17X, 7, D)+
5>(1) (1) (1 (1) (1) (1
1D X0 70 + 1,0 5,0 7 O) = R+

E Jlog (V{71 %1V, X{")] -

?[ - F [log ql(?l(z)p?f), Xé?))] - H(Y/1(2)|X1(2))+

1525 5,29 ®) + (X0 X0, 1)
—R1-|—9|:—

(1)) (1 (1) (1
HEVIXD) 4+ 15,959, W)+

(1), v'(1) v'(1 (1), (1) (1
1,03 5,090+ 11X X0, 00) = Rof* |+

B [logas (7 V15,1, %,)| -
9[ - F [log ql(Y£(2)|X;(2), X;(Z))] - H(Y1(2)|X1(2))+
LK) 1 50)]

Next, we note the identities

I(Xo; X1, V1) = I(X1; X)) + H(Y1| X))
— H(Y1|X17X2)
I(X1; X2, Y1) = I(X1; Xo) + H(Y1| X2)

— H(V1|X1, X>)
= — HW| X, X3)

— Ei’l 5(2?] |:10g q1 (Y/lle, Xg)]

D(Py, 5, s, lla1Px, x,)

and use them, with the shorthand

(m) _ . ) ) i -
D = D ( Py 50m 5:0m (01| P e

H(m) _ . . . N .
D D (Pyl/(m) IX{(m)X;(‘m) | |q1 |P}(1(m)X;(7ﬂ,))

for m € {1,2}, to rewrite the bound as

ER, > min min max
6€l0,1] (P () PA’(1>~’<1)~'(1)’

A(2) <2> <2>1P ’%;(2) '(z>)
€51(Q1,Q>)X52(Q1,Q )
0[D® + IE: X0 + 100 ) — Rl ]+

9]¢ + 17 X)]:

~ Ry +0[DW 41X X(0) 4 105,07 )
Y 20,9 W) - Rt

9]0 + I X(Y) + 105, 5,9, 1,9

- Ri+0 [D/(l) + I(Xi(l); X;(l)) + I(Xl(l); )}1(1))4—
H(X X0, 7)) = Ral |+
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|D'® + (X, %,®) + 15 X, 7)) } (49)

where in simplifying the third expression in the maximization
we have also exploited the constraints

H (yfl)) - (ylf(l))

and
i (W) = 1 (F152)
For Ry = 0, we can further simplify this expression. In
particular, for Ry = 0, the first term in the inner maximiza-

tion is readily seen to be always smaller than the second term.
Additionally, the second and third terms are symmetric in the
primed and nonprimed joint distributions, which, together with
the readily established joint convexity of the maximum of these
two terms on the constraint set, imply that the inner minimiza-
tion over the joint types is achieved when the primed and non-
primed joint distributions are equal, in which case the two terms
are equal. Therefore, at 21 = 0, we have

ER; > min min
A (Pea) g (y00 P @52
X§1)= X(Z) le g = 5\'§2):Q2

0 [D(1> (XD x4
TXP ) 4+ 1D X0 70) = Rol ]+

B[p® + (X XP) + 15 X0, 7)] (50
or

min

Pi’lf\'zfi:

Py, =Q1,P5,=Q2
+ |I(X2§X1,Y1) - R2|+]3

Er4 Zmin{ |:D+I(X1;X2)+I(X1;Y1)

min
P’\l KXoV

[D —|— I(XUXQ) —|— I(Xl;XQ,YI)} }
Py =Q1,Px,=Q2

(S

where D = D(PY1|X1X2 ||‘I1|PX1X2)-
Simplifying Fp 1 at Ry = 0 gives

EB,I = Imax min |:D+I(X1,X2)+I(X1,YA'1)1|,
PYleYl
¢, =Q1,P%,=Q2
min min [D+I(X1;X2)+
1 Xath

Py, =Q1,P5,=Q>
+ [1(X1; Y1) + 1(X2; X1, V1) — R2|+};

min
lexg}q

%, =@, Px

_Qz
(52)

which is seen to be no bigger than the above lower bound on
ERl’ since |I(X2,X17Y1) R2|+ 2 0, I()A(l;)A(Q./}A/l) Z
I(Xl,Yl) and I(X1;Y1) [I(X2; X1,V1) — Ry|t>
II(X1; Y1) + I(X5; X1, Y1) — Rol*.

Another application of the lower bound (49) is in determining
the set of rate pairs Ry, R» for which E} ; > 0. Let (Xl, Xg)
be independent with marginal distributions @1 and Q> and Y,
be the result of (X1, X5) passing through the channel q;. We
shall argue that if R; < I(Xl,Yl) + |I(X2,X1,Y1) Ry|t=
I(Xl,Y1)+|I(X2 Y1|X1) .Rz|+ andR1 <I(X1,X2,Y1):
I (X 1 Y1|X 2), then the expression (49) must be greater than
0. Indeed, for the expression (49) to equal 0, we see from the
first term in the inner maximum that the minimizing # and joint
distributions must satisfy one of the following: case 1: § = 1,
DM = 0, and I(X'l(l);f(él)) =0;case2: 0 =0, D@ =0,
and I(Xl(Q); Xéz)) = 0;orcase 3: 0 < 0 < 1, DO =
D® =0, and 1(X; Xél); = 1(X®; X)) = 0.1f case
1 holds then (X fl), X 2(1), }A/la ) necessarily have the same joint
distribution as (X 1,X27171), in which case, we see from the
third term in the maximum in (49) that Ry > I (X 13 Yl) +
|7 (Xz; X 1s ?12 — Ro|*. Similarly, if case 2 holds then it fol-
lows that (X 12),X§2)7Y1(2)) have the same joint distribution
as (X 1s X 2, Yl), in which case, it follows again from the third
term in the maximum that R; > I (X 13 X 2, Yl) Finally, if case
3 holds then both (XM, XV v{M) and (X, X{? v/
have the same distribution as (X 1, X 2, Yl), in which case, after
wriIingA Ry = Hﬁl + ?ﬁl, we see again that eitAher ARl oz
I(Xy;Y1) + [I(Xg; X1,Y1) — Re|™ or Ry > I(Xy; X5, Y1)
must hold. Thus, the three cases together establish the above
claim that if Ry < I(X1; V7)) + |[I(Xy; V1| X1) — Ry|* and
R <1I (X 13 Y, |X o) then the expression (49), and hence E7 R
must be greater than 0. It can be checked that this region is
equivalent to

(R < I(X1;V1)} U {{R1 Ry < I(V1: X1, X))

N{R, < 1()21;1?1|X2)}}

which is represented in Fig. 1 in Section IV. It is shown in [12],
[13] that for the ensemble of constant composition codes com-
prised of i.i.d. codewords uniformly distributed over the types
@1 and D2, the exponential decay rate of the average probability
of error for user 1 must necessarily be zero for rate pairs outside
of this region, even for optimum, ML decoding.
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