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The Degrees-of-Freedom of the K -User Gaussian
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Abstract—The degrees-of-freedom of a K -user Gaussian in-
terference channel (GIC) has been defined to be the multiple
of (1/2)log, P at which the maximum sum of achievable rates
grows with increasing power P. In this paper, we establish that
the degrees-of-freedom of three or more user, real, scalar GICs,
viewed as a function of the channel coefficients, is discontinuous
at points where all of the coefficients are nonzero rational num-
bers. More specifically, for all I > 2, we find a class of I -user
GICs that is dense in the GIC parameter space for which K /2
degrees-of-freedom are exactly achievable, and we show that the
degrees-of-freedom for any GIC with nonzero rational coefficients
is strictly smaller than K'/2. These results are proved using new
connections with number theory and additive combinatorics.

Index Terms—Additive combinatorics, interference alignment,
lattices, sum sets.

I. INTRODUCTION

HE time-invariant, real, scalar K -user Gaussian inter-

ference channel (GIC), as introduced in [2], involves K
transmitter—receiver pairs in which each transmitter attempts
to communicate a uniformly distributed, finite-valued message
to its corresponding receiver by sending a signal comprised
of n real numbers. Each receiver observes a component-wise
linear combination of possibly all of the transmitted signals
plus additive memoryless Gaussian noise, and seeks to decode,
with probability close to one, the message of its corresponding
transmitter, in spite of the interfering signals and noise. The
time averages of the squares of the transmitted signal values
are required to not exceed certain power constraints. A K-tuple
of rates (Ry,...,Rk) is said to be achievable for a GIC if
the transmitters can increase the sizes of their message sets as
2n8: with the signal length n, and signal in such a way that
the power constraints are met and the receivers are able to
correctly decode their corresponding messages with probability
converging to 1, as n grows to infinity. The set of all achiev-
able K -tuples of rates is known as the capacity region of the
GIC. Determining it, as a function of the channel coefficients
(specifying the linear combinations mentioned above), power
constraints, and noise variances, has been an open problem in
information theory for over 30 years.
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A complete solution for even the two-user case, which has re-
ceived the most attention to date, is still out of reach. The best
known coding scheme for two users is that presented in [3]. In
some ranges of channel coefficients, such as for strong inter-
ference, the capacity region is completely known for two users
[2]. Still for other ranges, the maximum achievable sum-of-rates
is known [4]-[7]. For the general two-user case, the strongest
known result is that of [8], which determines the capacity re-
gion to within a 1/2 bit margin (1 bit for the complex case)
using a carefully chosen version of the scheme of [3], and a new
genie-aided outer bound. Recently, the outer bound of [8] was
improved in [5]-[7] and [9], but the worst case 1/2 bit gap be-
tween inner and outer bounds of [8] persists.

The case of K > 2 users has, until very recently, received
less attention. Much of the recent effort on K > 2, begin-
ning with [10] and continuing in, e.g., [12], [13] has focused
on characterizing the growth of the capacity region in the limit
of increasing signal-to-noise ratio (SNR) corresponding, for ex-
ample, to fixing the noise variances and channel coefficients and
letting the power constraints tend to infinity. Specific attention
has been directed at the growth of the maximum sum of achiev-
able rates. If there were no interference, the maximum achiev-
able rate corresponding to each transmitter—receiver pair would
grow like (1/2)log, P in the limit of increasing power, which
follows from the well-known formula of (1/2)log,(1 + P/N)
for the capacity of a single-user additive Gaussian noise channel
with power constraint P and noise variance V. Thus, the max-
imum sum of achievable rates would grow as (K/2)log, P if
there were no interference. This motivates the expectation that,
in the general case, the maximum sum of achievable rates would
grow as (d/2)log, P for some constant d < K, depending
on the channel coefficients, where d has been dubbed the de-
grees-of-freedom of the underlying GIC. Although determining
d for a given GIC is, in principle, simpler than determining the
capacity region, it has turned out to be a difficult problem in its
own right, for K > 2.1

A positive development in the study of the degrees-of-
freedom of GICs with more than two users has been the
discovery of a new coding technique known as interference
alignment, which involves carefully choosing the transmitted
signals so that the interfering signals “align” benignly at each
receiver [11], [12]. Interference alignment has been shown,
under some conditions which we summarize below, to achieve
nearly d = K/2 degrees-of-freedom, which is half of the

IThe degrees-of-freedom is known to be 1 for all two-user GICs, unless there
is no interference [10].
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degrees-of-freedom in the case of no interference at all. Inter-
ference alignment is not possible to implement for two users?
and became relevant only as the focus shifted to more users.
Another new phenomenon in network information theory that
has recently emerged as the number of users studied was in-
creased, is the technique of indirect decoding, which is crucial
for achieving the capacity region of certain three-user broadcast
channels [15]. This technique is not relevant in the two-user
case, and could not have been discovered in the study thereof.

In this paper, we find a new information-theoretic phenom-
enon concerning interference channels that is not manifest in the
two-user case. In particular, we find that the degrees-of-freedom
(and therefore the capacity region at high SNR) of real, scalar
GICs with K > 2 users is very sensitive to whether the channel
coefficients determining the linear combinations of signals at
each receiver are rational or irrational numbers. Next, we for-
mally explain our results and their significance in the context of
the growing literature on K > 2 user GICs.

We shall use a matrix H to denote the direct and cross gains of
a time-invariant, real, scalar K -user (GIC) [2] with the (3, j)th
entry h; ; specifying the channel gain from transmitter ¢ to re-

ceiver j. Thus, the signal observed by receiver j € {1,..., K}
attimeindext =1,2,...is givenby z; + + Zf‘zl x; +h; ;j where
Z;, is the real-valued signal of transmitter ¢ € {1,...,K} at

time ¢ and z;; is additive Gaussian noise with variance o2,

independent across time and users. Fixing a block length 7,
the transmitted signals {z;.} are required to satisfy the av-
erage power constraints Y, #7, < nP; for some collection
of powers Py, ..., Px. For H € REXK and o,P ¢ RE, we
let C(H,a, P) denote the capacity region of a GIC with gain
matrix H, receiver noise variances given by the corresponding
components of o, and average (per codeword) power constraints
given by the components of P. Following [10], we define the de-

grees-of-freedom of H as

maxgec(m,1,p1) 'R
(1/2)log, P
where 1 denotes the vector of all ones. The degrees-of-freedom
of a GIC characterizes the behavior of the maximum achievable
sum-rate as the SNR tends to infinity, with the gain matrix fixed.

A fully connected GIC is one for which h; ; # 0 for all ¢ and
j. It was shown in [10] that for fully connected H, DoF(H) <
K/2.If H is not fully connected, the degrees-of-freedom can
be as high as K, such as when H is the identity matrix where
all cross gains are zero. Little was known about tightness of the
K /2 bound for K > 2 until it was shown in [12] that for vector
GICs and an appropriate generalization of DoF( ) to include
a normalization by the input/output vector dimension, the de-
grees-of-freedom of “almost all” fully connected vector GICs
approaches K /2 when the vector dimension tends to infinity.3
In addition, an example of a fully connected two-dimensional
vector GIC achieving exactly K /2 degrees-of-freedom was also
given in [12]. The key tool used in [12] to establish these results

DoF(H) = limsup (1

P—oo

2We refer specifically to two-user interference channels. As shown in [11],
interference alignment is beneficial in the two-user multiple-antenna X-channel,
which is an interference channel where each transmitter sends a message to each
receiver (i.e., four messages instead of two).

3The K /2 bound of [10] extends to the fully connected vector case as well.
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is the technique of interference alignment, which involves the
transmitters signaling over linear subspaces that, after compo-
nent-wise scaling by the cross gains, align into interfering sub-
spaces which are linearly independent with the directly received
subspaces, allowing for many interference-free dimensions over
which to communicate. For real, scalar GICs, it was shown in
[13], using a different type of interference alignment, that the
degrees-of-freedom of certain fully connected GICs also ap-
proaches K /2 when the cross gains tend to zero. Yet a different
type of interference alignment is used in [14] to find new achiev-
able rates for a non-fully connected GIC in which interference
occurs only at one receiver. To our knowledge, the problem of
determining or computing the degrees-of-freedom of general
GICs is still open.

As in [13], in this paper we consider only fully connected
scalar, real GICs and establish the following results on the de-
grees-of-freedom.

Theorem 1: If all diagonal components of a fully connected
H are irrational algebraic numbers and all off-diagonal compo-
nents are rational numbers then DoF(H) = K /2.

Theorem 2: For K > 2, if all elements of a fully connected
H are rational numbers then DoF(H) < K/2.

The following corollary is then immediate from Theorems 1
and 2, and the well-known fact that irrational algebraic numbers
are dense in the real numbers.

Corollary 1: For K > 2, the function DoF (H) is discontin-
uous at all fully connected H with rational components.

Theorem 1 demonstrates the existence of fully connected, real
K -user GICs with exactly K /2 degrees-of-freedom. In contrast
to the result of [13], Theorem 1 is nonasymptotic (in H ). The un-
derlying achievability scheme is based on an interference align-
ment phenomenon that differs from the ones used in [12] and
[13], and relies on number-theoretic lower bounds on the ap-
proximability of irrational algebraic numbers by rationals.

Theorem 2 reveals a surprising limitation on DoF(H) when
the components are nonzero rational numbers (up to arbitrary
pre-post multiplication by diagonal matrices—see Lemma 1 in
Section III). In this case, DoF( H ) is strictly bounded away from
K /2. Previously known techniques for finding outer bounds to
the capacity regions of GICs, such as cooperative encoding and
decoding [16], [17], genie-aided decoding [8], [18], [19], and
multiple-access bounds [2], [20] are not sensitive to the ratio-
nality of the channel parameters and hence do not suffice to es-
tablish Theorem 2. Instead, our proof of this theorem is based
on a new connection between GICs with rational H and results
from additive combinatorics [23], a branch of combinatorics
that is concerned with the cardinalities of sum sets, or sets ob-
tained by adding (assuming an underlying group structure) any
element of a set A to any element of a set B.

The remainder of the paper is organized as follows. The next
section clarifies some notation and gives the formal definition
of the capacity region of a GIC that will apply in this paper. In
Section III, we present the proof of Theorem 1. This is followed
by the proof of Theorem 2 in Section IV, which further consists
of subsections collecting various intermediate results. Each of



4934

these sections is prefaced with a high level outline of the respec-
tive proofs. In Section V, we determine lower and upper bounds
on DoF (H) for a simple three-user rational H by improving on
the scheme of [13], and evaluating an upper bound implicit in
the proof of Theorem 2. We conclude in Section VI with some
final observations and directions for future work.

II. NOTATION AND DEFINITIONS

We adopt the usual notation for the information-theoretic
quantities of discrete and differential entropy (resp., H (X ) and
h(X)), and mutual information (/(X;Y")), which shall all be
measured in bits (i.e., involve logarithms to the base two) [21].
We shall use the standard notation [z] and |z | to, respectively,
denote the smallest integer not smaller than x and the greatest
integer not larger than x. The cardinality of a set .4 shall be
denoted as |A|.

Next, we review the definition of the capacity region of a
K -user GIC with power constraints P = (Py,..., Pg) and
noise variances ¢ = (07,. .., 0% ) that will apply in this paper.
Fixing a block length n and a rate-tuple R;i,...,Rg, the
random message W; of the ¢th transmitter is assumed to be
uniformly distributed in the set W; = {1,...,2/"%1} The
messages are further assumed to be independent from one user
to the next. A coding scheme consists of K encoding functions
fi,-.., fx where f; maps W; into the n-dimensional ball of
radius \/n P; of real vectors, the components of which specify
the signal value z; ; that the ¢th transmitter will send at each
time index.# The set { fi(1), fi(2), ..., fi(2["F1)} constitutes
the codebook of transmitter 7. There is also a corresponding
set of K decoding functions g1, ..., gx where g; maps n-di-
mensional real vectors into the message set VV;. The function
g; is applied by receiver ¢ to the n received signal values
Y = Yi1,--.,Yin, which, as specified in the Introduction, are
formed as a component-wise linear combination, according the
gain matrix H, of the transmitted signals and Gaussian noise.

Definition 1: The capacity region C(H,o,P) of the
GIC is defined as the set of rate-tuples R;,...,Rp for
which there exists a sequence of block length n message
sets and power-constrained coding schemes satisfying
lim,, o0 maxi<;<K PI‘(Wl # gz(’y?» = 0, where the
probability of error is taken with respect to the distribution
induced by the random messages, the coding scheme, and the
channel, as specified above.

The degrees-of-freedom DoF(H) of a GIC, as defined in (1)
above, will be assumed to be based on this formal definition of
C(H,o,P).

“4For simplicity, in this paper, we formally adopt a per codeword average
power constraint, as opposed to the more conventional expected average power
constraint. We note that the degrees-of-freedom of a GIC is the same under both
types of power constraints. This can be informally proved as follows. For any
block length 7, starting from a set of codebooks satisfying an expected average
power constraint P we form new codebooks by discarding the half of the code-
words of each codebook that have the largest Euclidean norm, resulting in a set
of codebooks satisfying a per codeword average power constraint 2P, with a
loss in rate of 1/ bits per user, or '/ n bits in sum-rate. The resulting decoding
error probability of the new codebooks can be bounded along the same lines of
Lemma 5. The constant factor increase in the power constraint and asymptoti-
cally vanishing (in ») loss in rate do not modify the degrees-of-freedom.
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II. REAL, SCALAR GICS WITH EXACTLY K /2
DEGREES-OF-FREEDOM

In this section, we prove Theorem 1 demonstrating the exis-
tence of fully connected, real, scalar K -user GICs with exactly
K /2 degrees-of-freedom. An outline of the proof is as follows.
First, we prove a simple lemma (which will also be useful in
the next section) showing that DoF(H) = DoF(D;H D,.) for
any diagonal matrices D, and D,. with positive diagonal compo-
nents. This, in turn, implies that we can transform any H satis-
fying the assumptions of Theorem 1 to one with irrational, alge-
braic numbers along the diagonal and integer values in off-di-
agonal components, while preserving the degrees-of-freedom.
We then focus on coding schemes for the new H in which
each transmitter is restricted to signaling over the scalar lattice
{zPY/4F< . » € 7} intersected with the interval [— P1/2, P1/?],
The idea is that the integer-valued cross gains guarantee that the
interfering signal values at each receiver will also be confined to
this scalar lattice (though may fall outside of the P'/2 interval),
while the irrational direct gains place the directly transmitted
signal values on a scaled lattice that “stands out” from the in-
terfering lattice. Specifically, this scaled lattice has the property
that offsetting the interfering lattice (equal to the original lat-
tice) by each point in the scaled lattice results in disjoint sets.
A nonempty intersection would imply that the direct gain could
be written as the ratio of two integers, which would contradict
its irrationality. An even stronger property holds for algebraic
irrational direct gains: the distance between any pair of points
obtained by adding a point from the scaled lattice to a point from
the interfering lattice actually grows with P. This is shown to
follow from a major result in number theory stating that for any
irrational algebraic number « and any v > 0, a rational p/q
approximation will have an error of at least §/¢**” for some
6 depending only on « and «y.5 The next step in the proof is to
deal with the noise by coupling this inter-point distance growth
with Fano’s inequality to show that the mutual information in-
duced between each transmitter—receiver pair by independent,
uniform distributions on the original power-constrained lattices,
taking interference into account, grows like (1/4 — €) log, P,
for arbitrarily small e. This, in turn, implies the existence of a
sequence of block codes (with symbols from the original lat-
tice) with sum-rate approaching (K/4)log, P, and which are
correctly decodeable, with high probability, by treating interfer-
ence as noise.

As mentioned, we begin with an invariance property of
DoF(H).

Lemma 1 (Invariance Property): For any matrix H and di-
agonal matrices D; and D, with positive diagonal components
DoF(D.HD,) = DoF(H).6

SFor irrational algebraic numbers of degree two (solutions to quadratic equa-
tions with integer coefficients), such as \/5 , the approximation bound holds with
4 = 0 and is known as Liouville’s theorem (established in 1844). The validity
of the bound for general algebraic numbers was a long-standing open problem
in number theory and was finally established in 1955 by K. F. Roth, for which
he was awarded the Fields Medal.

6The matrices D, and D, need only have nonzero diagonal components for
the result to hold. We assume positivity for simplicity, as this is all we shall
require in this paper.
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Proof: Let

Dt = diag(dtl, ey dtK)
D, = diag(dy1,. ... dyx).

In the matrix multiplication D;H D,., dy; scales the channel
gains from transmitter ¢ to the different receivers, while d,;
scales the channel gains from all transmitters to receiver j.
By scaling the input signals and noise variances instead of the
channel gains, we can write

C(D:HD,,1,P1)=C(H,1'D;?, P1'D}). )

Let d; = mimcicixdy, di = maxici<k dy, dr =
minj<i<k dri, dr = maxi<;<k dr;. Since relaxing the
power constraints and reducing the noise variances cannot
reduce the capacity region of the GIC we have

C(H,(1/d2)1,Pd;1) C C(H,1'D;?, P1'D})
cc (H, (1/&2) 1,Pd?1) .3

Furthermore, once all the noise variances are equal, they can be
normalized to 1 by scaling the power constraints, leading to

C(H,(1/d?)1,Pd;1) =C (H,1,Pd%d;1)
c (H (1/&3) 1,P¢f§1) —C (H,1,Pd§d§1) L@

Using (2)—(4), we can write

- t
MaXpec(H,1,Pd2d?1) 1'R MaXgec(p,HDx.1,P1) 1'R
% log, P - % log, P
. t
MaXpec(m,1,Pd2d21) 1'R
> I
5 logy P

which can be rewritten as
1log, (Pd2d?) M3Xgec(m1,Pd2i21) 'R
log, (Pd2d?)
Maxgec(p, HDr,1,P) 1'R
% log, P

% log, P

<

% 10g2 (PddeZ) rnaXRGC(H.,l,Pciicifl) 1tR
3 log, P Log, (pdgczz)

Taking lim sup of all three terms as P — oo implies DoF(H) <
DoF(D,HD,) < DoF(H). O

Proof: (of Theorem 1): By Lemma 1, we can scale H (by
post-multiplying by an integer valued D,.) so that all off-diag-
onal elements are integers and all diagonal elements remain irra-
tional algebraic. In addition, from (1), we only need to consider
channels where all the inputs have the same power constraint PP
and all the noise processes have variance 1.

For any € > 0, we will present a communication scheme that
achieves 1'R = (K /4— K¢) logy P — o(log, P), implying that
DoF(H) > K /2. Consider the scalar lattice

Ap.={z:2=PY%% 2 cZ}

4935
andlet Op. = Ap. N [—\/F, \/I_D] Note that
VP .
|Op| =2 {W +1<2PV4 41, (5)

The users communicate using codebooks of block length 7, ob-
tained by uniformi.i.d. sampling from © p . Note that due to the
truncation of the lattice to the interval [— VP, \/F] the symbol
power (x?f) never exceeds P at any time index, and hence the
average codeword power does not exceed P. Each receiver de-
codes the signal of its transmitter, treating the interfering signals
as 1.1.d. noise. With this scheme, as n — oo we can achieve
where X; ~ Uniform(®p,), ¥; = Y1 hjiX; + Z;, and
Z; ~N(0,1),i=1,...,K.
First we note that

1
H(X;) =log,|Op,| = (Z —¢)logy P + log, 2.
We will show that

limsup H(X;|Y;) < 1,

P—oo

i=1,.... K,

andas aresult, R; = (1—¢) log, P—o(log, P) can be achieved.
It would then follow that DoF(H) > K /2, and, from the upper
bound of [10], that DoF (H) = K/2.

We will use the following lemma to upper-bound H(X;|Y;)
fori =1,..., K.

Lemma 2: Let ¥p. = {ax +s : ¢ € Op.,s € Ap.},
with a being any real, irrational, and algebraic number. For any
y € X p,, there exists a unique pair (z,s) € ©p, X Ap, such
that y = ax + s. In addition, if y1,y2 € Xp., y1 # y2, then
ly1 — yo| > P€ for any given ¢ > 0 and large enough P.

Proof: Lety = ax + s withz € Op,, s € Ap.. To get

a contradiction, assume that there exists (Z,5) € Op. X Ap,

with (%,3) # (x,s) such that & + § = y. Without loss of

generality, we can assume Z > z. Since a # 0 we have § # s

and z > x. In addition, since by assumption axz 4+ s = az + 3,
we have

§—5 (24— 25)PV/Ae

“TF s (25 — 25 ) PV/4Fe -

Zs — R3

€Q

Zi — Zx

where 2., 2z, s, 25 € Z, which contradicts the assumption of
irrational a.

To prove the second part of the lemma, let § = a.z + §, where
Z€0Ope,5€Ap.,andy € Xp., withg # y. If § = s then

|’g— y| = a|j; —37| = 05|Z£ _ Zm|Pl/4+E > P€

where z,,z; € Z, as long as P is sufficiently large. Similarly,
if £ = x and P is large enough we have

7 =yl = 8 — 5| = |25 — 2| P4+ > P

where z,, zz € Z. So it remains to consider the case  # x and
$ # s. Without loss of generality we can assume & > x. To get
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a contradiction, we assume that |§ — y| < P¢, and write

[§ —y| < P
|az 4+ § — az — | < P¢
PE
|azi+z§—azx—zs|§m
Zs — 23 p-1/4
a-———< (6)
Zy — Zg Zy — Zg

where z,., 2z, 25,25 € Z.

On the other hand, there are bounds on how well an irrational
algebraic number can be approximated with a rational number.
The most refined of those bounds, due to Roth, 1955, states that
for any irrational algebraic «, and any v > 0, there exists 6 > 0
such that

P 1)
e ™
forall p,q € Z, q > 0 [22].
Combining (6) and (7) we have
) < Zs — 23 < p-1/4
% a —
(28 — 22)27 2~ 2Zz| T %3 — %

so that

(a) 1+
0<§< p—1/4(zi _ Zm)1+v < p-l/4 (2P1/4_f n 1) v
= 2! py/A=e ) 4 o(1) (8)

where we used (5) in step (a). But the right-hand side of (8) goes
to 0 as P — oo whenever € > 1/4 ory < ¢/(1/4 — €). Since
we can choose any v > 0, we can obtain a contradiction in (8)
for any ¢ > 0, for large enough P. O

We will use Lemma 2 to build an estimator that can identify
X; in Y; with high probability.

Let S; = > ;i hji X, and note that since h;; € Z for j # i
we have that S; € Ap.. In addition, let Xp.; = {hiz + y :
xr € @p,g,y S AP,F}, and let v; : @p’g X Ap,F — Ep,g,qj
be defined as v;(x,s) = h;x + s. Using Lemma 2 and the
fact that h;; is real, algebraic, and irrational we have that v; is
invertible, i.e., there exists U[l : Xpei — Ope X Ap such
that v; ! (v;(x, 5)) = (=, s) for any (z,5) € Op. x Ap,.

Let . : R — R be defined as u(z,s) = z, and let X; =
u(v; ' (arg minges,. ., |z —Yi|)). We have X, # X; whenever
Y; is closer to some other pointin ¥ p ; thanitis to hy; X; +.5;.
From Lemma 2, this can only occur if |Z;| > P€/2 for large
enough P. It follows that

A Pe

Pe PZE
=2Qx00) | 5 | <2exp( -5

where Qxr(0,1)() is the probability that a Gaussian random
variable with zero mean and variance one exceeds . Using the
data processing and Fano’s inequalities we obtain

H(X;|Y;) < H(X;|X))
< 14 Pr(X; # X;)log(|0p,])
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2e
§1+2exp<—P >
8
1
X [(Z — e) logy P + logy 2 + 0(1)} )

which goes to 1 as P — oo. a

IV. DEGREES-OF-FREEDOM FOR RATIONAL H

In this section, we give the proof of Theorem 2, establishing
that the degrees-of-freedom of any fully connected, real, scalar
GIC is bounded strictly below K/2, for K > 2. As in the pre-
vious section, we begin with a sketch of the proof.

Most of the work in the proof is to establish the theorem for
K = 3 users. The theorem for K > 3 will then follow from
an extension of the averaging argument of [10], used therein to
obtain the K /2 degrees-of-freedom upper bound from a bound
of 1 on the degrees-of-freedom for K = 2. In this case, the K =
3 bound is averaged over all three-tuples of users (transmitters
and corresponding receivers), as opposed to pairs of users in
[10].

Given a K = 3 user GIC with fully connected, rational H,
using Lemma 1 (invariance property), and eliminating some

cross links, we can upper-bound DoF(H) by DoF(H) where
1

0 0
FI = [ilu] =11 P 0
1 g 1
where p and ¢ are integers (see Fig. 2 in Subsection IV-C).
The main step in the proof of the overall theorem is estab-
lishing that DoF(H) < 3/2, which is formally carried out
in Lemma 11 below, and proceeds as follows. First, it is
shown (Lemma 4) that a deterministic channel obtained by
eliminating all noise sources and restricting the power-con-
strained codewords to have integer valued symbols results in
at most a power-constraint-independent loss in the achiev-
able sum rate. Therefore, the degrees-of-freedom (according
to the obvious generalization) of this deterministic interfer-
ence channel (IC) is no smaller than DoF(H). Next, it is
shown using a Fano’s inequality based argument that if the
degrees-of-freedom of the deterministic IC is at least 3/2 there
would exist finite sets of n-dimensional integer-valued vectors
X5 and X3 such that the corresponding independent random
variables x5 and %, uniformly distributed on these sets, in-
duce discrete entropies satisfying H(z5) = n(1/4)log, P,
H(x) ~ n(1/4) log, P, H(z} + z3) = n((1/4) + ¢) log, P,
and H(p- x5 + q-x%) = n((1/2) — ¢)log, P, for the integers
p and q defining the channel and e arbitrarily small. These
entropy relations suggest that the cardinality of the support of
p - x5 + g - z% is much larger than that of x5 + x7%. However,
tools from additive combinatorics (through Lemma 7) can be
used to show that this is impossible for integer-valued p and
q, leading to a contradiction, and thereby implying that the
deterministic channel must have degrees-of-freedom strictly
smaller than 3/2. Unfortunately, the link between the entropy
and the cardinality of the support of a sum of independent,
uniformly distributed random variables is sufficiently weak that
a somewhat more involved argument (incorporating Lemma
10 and Theorem 3) is ultimately required to reach the above
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conclusions. The overall intuition behind the proof, however,
is as outlined.

The rest of the section is organized as follows. Sections IV-A
and IV-B, respectively, collect supporting results of an informa-
tion-theoretic nature and results from additive combinatorics.
The proof of the main lemma on the K = 3 user IC is presented
in Section IV-C. Finally, the extension to K > 3 is presented
in Section IV-D. Throughout, the capacity region of a K -user
GIC will be taken as in Definition 1.

A. Supporting Information-Theoretic Results

Lemma 3: The capacity region of a K -user memoryless IC,’
where the codebook of user ¢ is subject to an average power
constraint F;, is given by the limiting expression given in (10)
at the bottom of the page.

Proof: The lemma can be proved by extending the argu-
ment of [25] (see also [26] and [27]) to K -user memoryless
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Z,~N(0.3)

Fig. 1. A decomposition of a K -user Gaussian IC.

going to 0 as n — oo, such that lim,, o % log, |Cin| > Ri—n.
For block-length n we have

ICs with possibly continuous alphabets and average power con-  n(R; —n—e¢,)
straints on the inputs. The details are omitted. O <I(zl;y?) (11)
Lemma 4: Given a gain matrix H and power constraints P = <TI(z],Z25 95, Ys) (12)
(P1,...,Px),let Cp(H, P) denote the capacity region of the — iy un) — (™ o o
deterministic IC defined by (yf}’ vi2) " (yf}’ viz |oh, 202
=h(yj) +h (Y |yi)
K
) K K
Yi(t) = h;izi(t), i=1,...,K n n n n
( ) ; J ]( ) —h Zhltmjl +Zi17zhjimj2 +z’i2
= =
where the inputs are constrained to be integers (i.e., Z;(t) € X
Z,i =1,...,K,t = 1,2...) and satisfy an average power < by byt — h bogh "
constraint + Y1 | 7;(¢)* < P; for all 4. < h(yi) +h (i) Z; %1 2
Then, R € C(H,1,P) = (R— A) € Cp(H,P) with A = G
K .
where , 1, 1s the capacity region of the corresponding —h hog™ 4+ 27 hog™ 4+ 27 13
GIC (see Definition 1). ; s e ; A (13
Proof: Let f : R — R be defined as i#i i#i
K
F(@) 2 2] -1(z > 0) + [2] - 1(z < 0) <h(yh) +h(yh) —h [ Y hjah + 20
j=1
JF#i
and let g : R — R be defined as g(x) = = — f(«). In addition, X .
let zi1 = f(wi), mi2 = g(wi), yir = Zj’il hjizj1 + zi1, and n n n n  n n
Yia = Zj:lK hjigj]? + z;2, where z;1, 2,0 ~ _/\/'(07 1/2) are —h Zl hjix]? + 2 Zl hj’izjl + 21, ®ig,-- -, Tgo
independent. Then the outputs of the K-user Gaussian IC can ki G
be written as y; = y;1 + ¥, fori = 1,..., K (see Fig. 1). (14)
If R = (Ry,...,Rk) € C(H,1,P), then for any n > 0 K
there exists a family of codebooks {C ,,,...,Ck.n}n satis- =h(yh)+h Z hjix"y + 25
fying the average power constraints, and decoding functions = !
{91.ns---,9K n}n with average decoding error probability
K
THere we are considering more general ICs than the Gaussian case. Definition _ Tl n _ n
1 still applies, but with the appropriate conditional probability distribution of h Z h; %1+ 201 h (i)
channel outputs given channel inputs. ?;1
°° 1
e = | U {R eRX:R; < ~I(afs9i) =1, K} (10)
n=1 Pyn gn =Pyn---Pyn
1 F

1 K
P"(H’?H%Snpi):l.i:l.....l(
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K
" n 1
< I (afh;yh) + 5 log, | 2me ;h?i+§

1
— glog2 <27re§>
K

n, 2
7 log, 1+2;hﬂ
J]=

5)

< I(z;97) + (16)

where €, — 0 as n — oo. We used Fano’s inequality in (11),
the data processing inequality in (12), the fact that conditioning
reduces entropy in (13) and (14), the Gaussian bound for differ-
ential entropies in (15), noting that |z;2(t)| < 1,t=1,...,n
and used the data processing inequality in (16), where we de-
fined gy = 37 hjiah.

Since ||z ]]53 < ||z"||3 < nP; when the channel is used
with codebooks satisfying the power constraints, it follows
that the codebooks {C4.,...,Ckn}n induce distributions
onzy, ¢t = 1,...,K, that satisfy the power constraints
{P;}EK . These distributions can be used in (10) to conclude
that (Ry — n — 61,...,Rx — n — 0k,...) is an achievable
rate vector in Cp(H, P). Since > 0 is arbitrary, the result
follows. (|

Lemma 5: Let {(Cjn,Gin,Pein)}, denote a block
length n coding scheme for a K-user interference channel
satisfying average (per codeword) power constraints {P} K
with rates { R; }/<, and average error probabilities { P, ; n}t 1-
If {01 "y C’K,n} is any set of codebooks with C; ,, C C; ,
|C’L~,n| > |C'Z<Ln|/ozZ and a; > 1,foralli = 1,..., K, then
{(Cins Gin, P“n)}f(1 is a coding scheme w1th rates no
smaller than {R; — L log, a; }/X; and average error probabili-
ties {Pm’n}l=1 satlsfymg Peyw < (Hfil ;)P ; n, and also
satisfying the power constraints { P; } 1, .

Proof Since C7 n has rate R;, we have that for

i =1,..., K the rate R of Cl . satisfies
- Cin 1
R; = log2|C”L| > —10g2<| |) = R; — —log, ;.
i n
(17)
During communication with the codebooks {C1 1, ...,Crn},

the transmitted messages (and hence the codewords) are chosen
uniformly and independently, and as a result we have

Pe,i,n: Z Z Peznclv"'ch)
H] 1 |C] "| ci€Cy ck€ECk n
= Z Z PElTL "7cK)
H] 1 | ],n| 61601,11 CKECK,n

K
_ 1 Hj:l Oé]
- K K
Hj:l Qj Hj:l 1Cjnl
X Z Z Peyim(cl,...,c;()

61661,17, CI(EC'K,n
1 1

K K |~
Hj 1% Hj 1 1G]
Z Z P.;.(c1,...,¢K)

¢ eCy n ek €Cx n
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1 -
=——Fein (18)
K 32y
where we denoted by P, ; (c1,...,cx) the probability of de-
coding error when the codewords c1 ..... , Cx are transmitted.

Finally, since every codewprd of C; n satlsﬁes the power con-
straint F;, the codewords of C; ,, satisty the power constraint F;.
]

Lemma 6: Any achievable rate vector in a K -user IC can be
achieved by codebooks with no repeated codewords, i.e., for
everyn = 1,2,...and k = 1,..., K, the codebook C} , is
such that ¢;,¢; € Cy,, = ¢; # ¢;.

Proof: Since (Ry,...,Rk) is achievable, for any > 0
there exists a family of codebooks {Ci y,...,Ck n}n With
% log, |Cin| > Ri — n satisfying the average power con-
straints, and a family of decoding functions achieving average
error probabilities P, ;, going to 0 as n — oo for every
i =1,..., K.

Consider the single-user channel between transmitter ¢ and
receiver ¢ obtained from the interference channel by removing
all the interfering signals at receiver 7. Since the interference
cannot help receiver ¢ decode the message of its own transmitter,
it follows that R; can be achieved in the single-user channel with
the family of codebooks {C; », }; ., for some decoding functions
{9i .. }i.n with average error probabilities no larger than P ; n,
i=1,...,K,n=1,2,....Let CNZ;,n C C;,, be obtained by re-
moving the worst (i.e., leading to the largest error probability in
the single-user channel) half of the codewords in C; ,,. It is easy
to see that Cl » and g. . achieve a maximal error probablhty in
the single-user channel no larger than 2P, ; ,,, and in particular,
C; .n has no repeated codewords for n large enough. The result
follows by using Lemma 5 with {CZ n}in as defined here, and
a; = 2,4 =1,..., K, noting that as n — oo, n10g2a1—>0
and(HJ 1a])P87i,n—>0f0rz’:17...,K. O

B. Supporting Results From Additive Combinatorics

Given an Abelian group G and two sets A, B C Glet A+ B
denote the set of sums obtainable by adding one element from A
to one element from B.8 Formally, A+B={a+b: a€ A,b€ B}.
The set of differences A— B can be defined analogously. For any
integer p and set A C G, we denote by p - A the set consisting
of all p-multiples of elements of Aorp- A = {pa : a € A}.
For a nonnegative integer p and A C G, we denote by p x A
the set of p-fold sumsof Aorp*x A = {a1 +az+ -+ ap :
a; € Afori =1,...,p}. For negative integers p, p x A will
denote |p| x (—A). We shall also require the concept of a partial
sum set. Given A, B C G, let F' C A x B. The partial sum set

F
of A and B with respect to F', denoted as A + B, is defined
F
as A+ B ={a+b: (a,b) € F}.If F = A x B, then
F
A+ B=A+ B.
We shall later need the following result on sum sets.

Lemma7: Letp,qg € Zand K € Rwith K > 1.If|[A+B| <
KIA[2|B[12, then [p- A+ g B| < K400 A[/2|B]? for
d(p,q) = 2max{lp|,[q} + 5

8We shall apply these results to the group of vectors of integers with compo-
nent-wise addition.
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Our proof, stated below, follows fairly standard arguments
from additive combinatorics (see [23, Chs. 2 and 6]) and is
based on the following key results concerning nonempty sub-
sets A, B C G. Proofs of these results can be found in [23].

Lemma 8 (Rusza’s Covering Lemma): There exists a subset
X C Bsuchthat | X| < |A+ B|/|A|and BC A - A+ X.

Lemma 9 (Pliinnecke—Rusza Inequality): For positive inte-
gers p, ¢ and any real-valued K > 1, if |A + B| < K|A| then
Ip* B —q*B| < Kr+i|Al.

Proof (of Lemma 7.): By Lemma 8, there exists a set X C
q-B with | X| <|A+q-B|/|A|satisfyingqg- B C A— A+ X.
This, in turn, implies thatp- A+ ¢-BCp- A+ A— A+ X.
Therefore

lp-A+q-B|<|p-A+ A - A||X|
||A+q-B|

<lp-A+A-A
|A]

19)

where we have used the trivial inequality |S + 7’| < |S]|T] in
the first step. Again, by Lemma 8, there exists aset Y C A with
[Y| < |A+ B|/|B| satisfying A C B — B + Y, which implies
that A+ q-B C q- B+ B — B+ Y.Proceeding as above, we
then have

|A+q-B|<|q-B+ B - BJ|Y]

<lg-B+B-B 'AU;B'. 20)
Combining (19) and (20) gives
lp-A+q-B|
< |p~A+A—A||q-B+B—B||aT|—5|

<|p-A+A—Allqg- B+ B— B|K|A|7Y?|B|7Y2 (21)
<|pxA+A-AllgxB+ B - B|K|A|7'/?|B|7/? 22)

where (21) follows from the assumption of the lemma and (22)
follows from the trivial inclusions p- A+ A—A C px A+ A—A
and ¢q- B+ B — B C gx B+ B — B. Rewriting the assumption
of the lemma as |A + B| < K|A|~Y/?|B|'/?| A|, we can apply
Lemma 9 with K = K |A|~'/?|B|'/? to conclude that

l¢x B+B—B| < K|(I|+2|A|*(\(I\+2)/2|B|(|(1|+2)/2|A|_ (23)

Similarly, rewriting the assumption of the lemma as |A + B| <
K|A|Y?|B|~'/?|B|, we can apply Lemma 9, with the roles of
A and B switched, to obtain

lpx A+ A—A| < K|p|+2|A|(|p|+2)/2|B|_(|p|+2)/2|B|. (24)
Combining (22) with (23) and (24) gives

lp-A+q- B
< K\p|+2|A|(\p\+2)/2|B|—(\P\+2)/2K|4|+2
X |A|—(|q|+2)/2|B|(\q\+2)/2K|A|1/2|B|1/2

< KZmax{|p|.,\q|}+5|A|1/2|B|1/2 (25)
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where (25) follows from K|A|='/2|B|'/2 > 1 and
K|A|*?|B|~'/% > 1, which in turn follow from the lemma’s
assumption

| A+ B| < K|A|7V2[BI'?|A] = K|A]Y?|B|7/2|B]

together with the obvious relations |[A + B| > |A| and
|A + B| > |B|. The lemma is thus established with
d(p, q) = 2max{[p, |¢[} + 5. O

Remark 1: A considerably smaller d(p, q) for larger p and q
can be obtained by applying the bounds of [24] to the factors
|p-A+ A— Aland |q- B + B — B| appearing in (21). These
bounds are obtained through a more sophisticated application
of Lemma 9, that takes greater advantage of the structure of
sets like p1 - A + -+ + py, - A. The resulting d(p, q) grows
logarithmically in |p| and |q|. It is likely that a direct application
of the technique of [24] to p - A + ¢ - B would even further
improve d(p, ¢) for large p and q.

We shall also make use of the following lemma relating the
entropy of a sum of uniformly distributed independent random
variables to a partial sum set involving their supports.

Lemma 10: Let X and Y be independent uniform random
variables with support sets A C G and B C G for some Abelian
group G, with |A| > |B|, such that

H(X+Y)<(1+¢€)log,|A]

for some ¢ > 0. Then, for any given ¢ > 1 there exists a set
F C A x B such that

c—1
c
F
A+ Bl < (AP B2 ) A2 B2,

|F| > |A]|B|“=— and

Proof: Define T(s)={(a,b) € Ax B : a+b=s}. Define
S 2 {s:|T(s)|>|B||A|=*} and F2 {(a,b)€ AxB : a+be

F
S}. From these definitions we have |A + B| = |S|. In addition

|A[[B] =Y |T(s)]
sES
> |S|IBI|A]"

where the last step follows from the definition of S. As a result,

F
|S| < |A|**tee, giving the required upper bound for |A + B| =
|S.
To get alower bound on | F'| we start by rewriting it as follows:

>

(z,y)€EAXB
= [A[|B[Pr((X,Y) € F)
= |A||BPr(X +Y € S5)
= |A||B|[1 = Pr(X +Y € S9)]
= [A[|B|[1 = Pr(|T(X +Y)| < |B[|A]"“)].

|F| = 1((z,y) € F)

(26)
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The probability term can be upper-bounded using Markov’s in-
equality, noting that |B| > |T'(s)| for all s

Pr(IT(X +Y)| < |B||A]™)

|B|
=Pr|(logy ———— log, |A
r<0g2|T( n )|>ce0g2||

B
E [l"gz 7\T<J\’+‘Y>|}
celog, |A|

27)

To bound the expectation in (27) we note that for any (z,y) €
AXB,Pr(X =2,Y =y) = ,and expand I(X +Y;Y)

. . \AIIB\
in two different ways

I(X+Y;Y)=H(X+Y)
—H(X +Y)
—H(X +Y)
< elog, |4

I(X +Y;Y)
= H(Y)- HY|X +Y)
= log, |B| = E[-logy py|x+v (Y[X +Y)]

pyx+y (Y, X + Y)]

—FE|-1lo :

[ B (X 1Y)

=log, |B| - E

—H(X+YJY)
- H(X)
— log, |A]

= log, |B|

[
2 JAIIB (X +7)

= [l‘)gz %}

to obtain

|B|

T(X + )] (28)

E [log2 ] < elog, |A|.

From (26), (27) and (28) we obtain:

1
B (1 - —) . O
C

Finally, we shall also rely on the following important theorem
from additive combinatorics, as stated in [23], relating partial
sum sets to full sum sets.

Theorem 3 (Balog—Szemerédi—Gowers Theorem): Let A C
G and B C G for some Abelian group G and let F' C A x B
be such that

F
[F| > JAIIBI/K and |AY B| < K'|A]"/?|B|"

for some K > 1 and K’ > 0. Then there exists A’ C A, B’ C
B such that

A7 > |A]
~ 42K
]

IBI_4K

|A/ +B/| < 212K0(Kl)3|A|1/2|B|1/2.

Theorem 3 is proved in [23, Ch. 6].

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 11, NOVEMBER 2009

Z~N(0,1)

Fig. 2. A three-user Gaussian IC with channel matrix H.

C. Main Lemma

In this subsection, we state and prove the main lemma at the
core of our proof of Theorem 2.

Lemma 11: Letp,q € Z, p,q # 0, and
1

~ ~ 0 0

H = [h”] = 1 P 0

1 g 1

with the corresponding GIC depicted in Fig. 2. Then DoF(H) <
3 — ¢(p,q), with ¢(p, q) > 0. In particular, this holds for

1

where d(p, q) is as in Lemma 7.

Proof: We start by extending the definition of de-
grees-of-freedom to deterministic interference channels.
Consider a K-user deterministic interference channel with
input and output alphabets {X;} 2, {);} X |, defined by

yi(t) = vi(z1(t),. .., 2K (1)),

where for each ¢, xl(t) € A; must satisfy an average power
constraint ), z(t) < nP,andv; : Xy X -+ x Xg — V;
is a deterministic functlon. Let C(P) be the capacity region of
the channel with power constraint P. We define the degrees-of-
freedom of the deterministic channel by

HlaXRec(p) ]_tR

(1/2)log, P
Due to Lemma 4, the degrees-of-freedom of the GIC with

channel matrix H is upper-bounded by the degrees-of-freedom
of the deterministic channel

3 ~
Zhﬂz] . i=1,2,3,

i=1,...,K;t=1,2,...

DoF £ limsup

P—oo

(29)

where x;(t), y;(t) € Z, and where the channel inputs are sub-
ject to the average power constraint = > | 2?(t) < P, for
1 = 1,2,3. We will prove by contradiction that the degrees-of-
freedom of this deterministic channel is strictly smaller than
3/2. Therefore, to get a contradiction, we assume that as P goes
to infinity, there are achievable rates (R;(P), Ro(P), R3(P))
satisfying

I Rl(P) +R2(P)—|—R3(P) . 3
e (1/2)log, P Pl

P—oo
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This implies that there exists an increasing sequence of power
constraints { Py, }2°_; with lim,, oo P, = 00, such that
Ri1(P,) + Ro(Py) + R3(Pr) 3

I ==
oo (1/2)10g, P, 2

For a power constraint P,,, consider a set of codebooks
{¥1nms Xomm, Xsmm} of block-length n  with rates
{R1.m:R2,m, Rsm} in the deterministic channel (29), and
with decoding functions {g1 s.m, 92,n,m g3,n,m } that achieve
average error probabilities {P: 1 n.msPe2.n.m, Pe3mnm}. We
assume that {R1 ,,,, R2 m, R3.., } satisfy (30) as m — oo and
that { P 1.n.m Pe.2.n.m> Pe,3.n.m} g0 to 0 as n — oo for fixed
m. In addition, let 27, + = 1,2, 3, be the independent random
vectors induced by the codebooks resulting from the uniform
distribution of the messages. It follows that X; ,, ,,, € Z" is
the support set of ', + = 1,2,3. Due to Lemma 6 we can
assume without loss of generality that the codebooks do not
have repeated codewords. This implies that each z}' is chosen
uniformly in & ,, ., or equivalently, that Pr(z}) = ﬁ,
forzy € Xjm.t =1,2,3. o
Using Fano’s inequality, we write (where, for simplicity, we
suppress the dependence on m of the variables 1, &, etc.)

(30)

n(Rl,m + R2,m + R3,m - 6n)

3
SZI(z?;y?)
—Z[H )

= H(zl +zb +z3) — H (2} + z%)
+ H (pzy + qzy) — H (qz%) + H (25)
= H (g} + x4 + x%) — H (g5 +z%) + H (pxy + qx%) .
(31)
To handle the first term of (31), we use the following lemma,
which follows from [21, Exercise 8.7] and Jensen’s inequality.

Lemma 12: Let X" = (Xq,...,X
vector on Z™. Then

H (y'|=})]

n) be a discrete random

n 1 1
HX™") < = 2 = X —
H(X") < 5 0g2[7re (n;‘/ar( +12>]
where Var(X;) = E(X?) — E?(X;) is the variance of X.

Therefore, using the independence among the input signals
and the factthat ) ;. Var (z; ;) < E||z?||3 < nP,, we obtain

3

1
H(z} + x5 +25) < 51 S5 [27re <3Pm + ﬁ)} . (32)
The remaining two terms in (31) will be bounded in two
different ways. First, we use the following simple bounds on
H(aX + bY'), valid for any a,b # 0 and independent random
variables X and Y:

H(aX +bY) < H(aX +bY,aX)
=H(aX)+ H(aX 4+ bY|aX)
— H(X) + H(Y)
H(aX +0Y) > H(aX 4+ bY|bY)
= H(aX) = H(X). (33)
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Using these bounds we get
H (pxy + qzy) — H (x5 + x%)
< H (z3) + H (x5) — max {H (z3) ; H (z5)}
=min {H (z3); H (z})}
= log, Inin{|X2,n7m|; |X3,n,m|}'
We define fimin(n,m) such that

(34)

. 1
gy 100 (X2 X} = ( + S, m) ) nlog, P
Note that by the assumed dependence of A;, ., on Rj;,
lim,, oo fmin(n, m) exists for each m. Then, using (30), (31),
(32), and (34), we have

3 . 1imn—>oo(Rl m+ Rom + Rapm — 6n)
— = lim : . ’
2 m—oo (1/2)logy Pr,
1 li n—oo Jmin\7t, 1 Pm
<14 = + liminf — Jmin(n,m) log,

which implies

liminf lim fpin(n,m) > 0.

m—00 N—00

(35)
As a second option, we use Lemma 12 to get the upper bound

1
H (px5 + qzy) < 10%2 {2” <(p2 +¢°) P + 12)}

(36)
which we use to get
H (pzy + qz3) — H (25 + 7))
n 1
< 5 log, [271'6 <(p2 + qz)Pm + E)]
— logo max{| X2 m|; | X3 n,m|}- (37)

We define fiax(n,m) such that
1
10g2 ma’x{|X2,n,m|; |X3,n,m|} = <Z + fmax(n7 m)> nlogz Pm

Note, as above, that lim, .o fmax(n,m) exists for each m.
Then, using (30), (31), (32), and (37), we have

§ — lim hmn—»oo(Rl,m + R2,m + R3,m - 671)
1 ]‘. n— 00 max 2 1 Pm
<141-—=—Ilimsup — Jmax(n,m) log
2 M0 (1/2)log, P,

which implies

lim sup hm fmax(n,m) <0. (38)

Since fimax(n,m) > fmin(n,m), (35) and (38) imply

lim lim fpax(n,m)= lim lim fun(n,m)=0 (39)

m—0o0 N—00 m—00 N—00

and, as a result, for any ¢ > 0, there exist mq (&) and no (&, m)
such that | fmin(n, m)| < € and | frax(n, m)| < & for all m >
mo(€) and n > ng(&, m). Therefore, for any & > 0, m >
mo(§), and n > no(€, m) we have

1 .
<Z - f) 7110{-’;2 Pm S logZ(mln{|X2,n,m|; |X3,n,m|})
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< log, (max{|X2 nml; |X3,n,m|})
1
< (Z +f)nlog2Pm. (40)

We define g(n,m) > 0 such that H(z} + z%) =
(1 + g(n,m))logy(max{|X2 nml; |Xs,nm|}). Then, using
(30), (31), (36), and (39) we have (41) given at the bottom of the
page, which, together with (39) and the condition g(n, m) > 0,
imply

lim limsupg(n,m) =20

m—00 n_ 500

(42)

and, as a result, for any € > 0, there exist mg(e) and ng(e, m)
such that, 0 < g(n,m) < e for all m > mg(e) and n >
no(e, m).

Therefore, for any € > 0, m > mq(€), and n > no(e, m) we
have

H(zs + 23) < (14 €)logy max{| X, ml, |Xs,n,m}-

For any given ¢ > 1, Lemma 10 guarantees the existence of
Fc,n,m Cc XZ,n,m X XB,n,m such that

X X
|F0,n,m| > | 27”7"}”( 3,n,m| and
Fen,m / 1/2 1/2
XZ,n,m + X3 n,m < Kn m|X27n,m| |X3:"am|

with K = C/(C _ 1) and
K;l,m = (max{|X2.n ml; |X37n7m|})1/2+cg
- (min{|Xs m: |X3’n7m|})—1/2'

Using Theorem 3 with F.. ,, ,,,, it follows that there exist A3 ,, ,,
C X5 m and Xé_nym C X5 ».m such that

/ |X2nm|
—— 43
| 2,n,m|— 4\/§K ( )
X3 |
X! > | n,m 44
| 3,n,m|— 4\/_K ( )
|X2nm + X3nm| < 212K5( ) |X2nm|1/2|X |1/2‘
(45)
From (43) and (44) and Lemma 5 it follows that the
set of codebooks {X1 s m; X5, s 3nm} has rates

(Rl,m: Rs.m % 10g2(4\/§K), R3,m n 10g2(4\/_K)),
and using the decoding functions {gi mn,m,92.n,m,93.m,m}
the average error probabilities are no larger than { Peinm *
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X3 ,,.m }- Using Fano’s inequality and absorbing in ¢;, all the
constants that vanish with n — oo we write

n(Rl,m + R2,m + R3,m - 6;)
3
< Zl(i‘?;yl’)
= Z H (y|2})]

—H(971 + &y +23) — H (x5 4+ T3)
+ H (pzy + qzy) — H (qx3) + H (z3)
=H (2} + x5 + z5) — H (25 + z3)

+ H (pxy + q3) . (46)

To bound the first term of (46), as before, we use Lemma 12,
obtaining

H (&) + &) +&)) < glog2[2W6<3P +12>] 7)

To bound the remaining two terms of (46) we use techniques
from additive combinatorics to upper-bound the cardinality of
the support set of (pZ5 + ¢&5 ) in terms of the cardinality of the
support set of (£ + Z5 ). From Lemma 7, (43), (44), and (45)
we have

|p ’ Xéa"am + q- Xé,n,m|
<N + Xy [T PD )X (R}
x |&] 1Al

<{212K5( ) |X2nm|1/2|X3nm|1/2}dpq

[1 d(p,9)]/2 [1-d(p,9)]/2
4\/_K 412K

which together with the bound H (X)) < log, |X| results in

H (p&y + q&3)
1 1
< B} log, |X2,n,7n| + 9 log, |X3,n7M|
+ 3d(p, q) log, Krlz,m + f(cypyq

1 1
= b) log, |X2,n,m| + 9 log, |X37nsm’|

3

+ 505 0)(1L+ 260)1og ({12 i | Xs 0, )
3 . 5

— 2 (p, 4) g5 (in{ | X s | ¥smm 1) + Kopg

32K2 Prg o * 32K2, Pag o * 32K}, Let 27, &3 &% be ) (49)
the random vectors induced by the codebooks { X1 5, m, X3 ,, ,,  Where K¢ 4 is some constant independent of n and m.
3 . 11mn—>oo(Rl m + R2 m + RS.m - 6n)
— = lim : : ’
2  m—oo (1/2)log, P,
1 li 1/4) + fumax(n,m))log, P
1o ot e 5P 90 m)((1/4) + () o )
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On the other hand, using (43) and (44) we have
H (z5 + z%)
> max {H (z3); H (z5)}
= logZ(maX{|X2/,n,m|; |Xé,n,m|})
> logy(max{|Xs n.ml; [Xanml|}) — log,(4V2K). (50)

Therefore
H (p&3 + q&3) — H (&5 + 25)
1 .
< 5 108y (min{| Xz ;X )
1
— 5 IOgQ(maX{|X2,n,m|; |X3,n,m|})

+ 5d(p, q) (1 + 2ce) logy (max{| X2, m|; |X3,n,m})

N W] W

d(p, q) 1ogo (min{| X ;| Xz, mm}) + K7

N W

<0+

d(p, q)(1 + 2ce) logy(max{| X2 n m; |Xs,nml})

| W

d(p, q) 10ga (min{| Xz, nml; | Xsmm|}) + KL g
(D

where K. ¢.p,q is some other constant independent of n and m.
Using the bounds in (40) we obtain

H (pz5 + qz3) — H (T3 + T3)
1 N
< |3¢d(p, q) + 3ced(p, q) <Z + f)} nlogy P + K[, ,
(52)

which, together with (46) and (47), imply (53) at the bottom of
the page, which is strictly smaller than (3/2) for small enough
¢ and ¢, and large enough m and n. This contradicts (30).

We can refine the above analysis to find the smallest ¢(p, ¢)
such that, assuming that DoF(H) = 3/2—¢(p, q), does not lead
to a contradiction. The expression for €(p, ¢) in the statement of
the lemma is obtained by avoiding bounds on H (2% + 2% ) until
the last step in the analysis. For example, Lemma 10 is applied
with

H (x5 +z3) =< H (=} +x3) >

logy (max{|Xs,p,m|; |Xs,5,m|})
X log, (max{ |X2,n,m l; |X3,n,m|})~

Note that H (25 + z%) # H (&5 + Z3) and we still rely on the
lower bound (50) for the latter entropy. The entropy H(z3 +
x%) and cardinalities in the final expression are bounded by as-

suming that DoF(H) = 3/2 — €(p, q), which can easily be
shown, following steps similar to those leading to (40), to imply

H(z} + 2%) 1 elp,q)
2 3 o 2y M 1
nlogy, P 4 + 2 +o(1)
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and

1 elp,q) +o(l) < logy (min{| X v |; [X3.n,m|})
4 2 nlogy, P

< 10g2(maX{|X2,n,m|; |X3,n,m|})
- nlog, P

(b0 o,

The details are omitted. O

D. Proof of Theorem 2

By assumption, all the entries of H are nonzero and rational,
and therefore, there exists a diagonal matrix D, with positive
diagonal entries such that H = H D, has nonzero integer en-
tries. From Lemma 1 it follows that

DoF(H) = DoF(H). (54)
Consider the channel formed by the transmitters and receivers
of users i, j, and k. Let H; j € Z°** be the principal minor
(matrix) of H corresponding to the (4, j, k)th rows and columns.

Due to the independence of the signals of the different users it
follows that

max _
(Ri....Ri)EC(H 1,P1)

= max
(R:,R;,R.)EC(H; ;1,1,P1)

R; + Rj + Ry,

Ri+R; + R, (55)

i.e., the other users cannot help users ¢, j, and k to improve
their rates. In addition, since interference cannot help a given
receiver in decoding the signal of interest it follows that we can
set some of the cross-gains in H; ;1. to zero without reducing
the maximum achievable sum-rate. More specifically, defining
Hijie= [ gk (m, )] by hi ja(m,n) £ hi g (m,n) - 1(m>n)
we have

max R;+ R; + Ry,
(Ri,Rj,R[‘r)GC(H.;_j’k,l,Pl)
< max R; + Rj + Ry. (56)

"~ (Ri,Rj,Ri)EC(H; ;1 ,1,P1)

Furthermore, it is easy to see 9 that there exist diagonal matrices
l?t, D, with positive diagonal entries such that D, H; ; 1. D, =
H; ; i, where

1 0 0
Hije= 1|1 pijr 0
1 qi,j,k 1
Letting H; ;i = [a,0,0;b,¢,0;d, e, f] in Matlab matrix nota-

tion, we can choose D; = [bd,0,0;0,ad,0;0,0,ab] and D, =
[1/(abd),0,0;0,1/a,0;0,0,1/(abf)].

Rl,m + R2,m + RS,m

Llog, [2ne (3P + 35)] + [36d(p.a) + Beed(p.q) (1 +€)] logy Py + 20 1 5,

(1/2)logy(Pm) — —

(1/2)og, Pn (>3)
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for some p; ;i ik € Z, ik, Gigr 7 0. Using (56),
Lemma 1, and Lemma 11 we have

DOF( _i,j,k) S DOF(F[L'J"]C)

= DOF(Hi,j’k) S (57)

N W

— €(Pi,j, ks Qij k)

where €(pi j &, gij.x) > 0.

Considering every possible subset of users {7,j,k} C
{1,..., K} and adding the corresponding sum-rates, the rate
of each user appears (I‘; 1) times in the sum. Therefore, we
have (58) at the bottom of the following page, where (a) is due
to (54), (b) follows from (55), (c) is obtained from (57), and
where we defined § £ ming j kycq,.... k) €Pijks G jk) > 0.
We finally obtain

0 <

K K. K
DoF(H)< = - Z6< =
2 3°°72

(59)
establishing the theorem.

V. A THREE-USER RATIONAL GIC EXAMPLE

In this section, we will derive lower and upper bounds on the
degrees-of-freedom of the three-user GIC with channel matrix

1 00
H={[1 2 0
1 1 1

represented in Fig. 3. This channel is a special case of the one
considered in Lemma 11, with p = 2 and ¢ = 1. From this
lemma, we obtain

1

3
DoF(H)< o e =
oF(H) <3~ a1 12

(60)
where d(p, ¢) = 2max{|p|, |q|} + 5 was obtained in Lemma 7.
For the special case of ¢ = 1, the result of Lemma 7 can be
easily strengthened to get d(p,1) = 2|p| + 3. Evaluating (60)
with d(2,1) = 7 we obtain DoF(H) < 1.4884. It should be
possible to improve this bound in a number of ways, such as
by improving on d(2, 1) = 7, and possibly by improving on the
power 3 in the term (K’ )? appearing in Theorem 3. Another pos-
sibility might be to forgo this theorem for a different approach,
such as one based on [23, Exercise 2.5.4].
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Z~N(0,1)

X > D—>Y,

N (0.1)

Xy Yy
L~ (0.1)
X, > Y,

Fig. 3. Three-user GIC of the example in Section V.

To get a lower bound on DoF (H ), we will describe a commu-
nication scheme that aims to achieve good interference align-
ment at receiver 1 by aligning the interfering signals of trans-
mitters 2 and 3, while achieving good separation at receiver 2
between the signal of transmitter 2 and the interference of trans-
mitter 3.

As was done in [13], we design the communication scheme
for a deterministic interference channel and later show how
to extend the scheme to the Gaussian channel. We derive the
deterministic channel from the Gaussian IC by removing the
Gaussian noise and constraining the inputs to be integers. Let
Ay = {0,1}, Ay = {0,2,4}, A5 = {0,2}, and Q = 8. We
communicate information independently over L levels, without
coding over time. The signal of user ¢ at time ¢ is given by

L
Jiz(t) = Zmiﬁ(in_l (61)
=1

where m; ¢(t) € A; is the message of user ¢ in level £ at time ¢.
Since A; + Ay + A3 = {0,1,2,3,4,5,6, 7}, the signal at
receiver 1 can be written as
3 L
n®) =S w) = S wi Q!
i=1 =1
with wy ¢(t) = mqe(t) + mae(t) + mae(t). Therefore, by
computing the Q-ary decomposition of y;(¢) we can recover
the sums mq ¢(t) + mo ¢(t) + m3 ¢(t) at each of the L levels.

<K2_ 1) DoF(H) & <K2_ 1) DoF ()

_ K

=1 MaAX(R,,...,Rk)€C(H,1,P1) ("7 1) Xt R
= lim sup 1

P—oo 2 10g2 P

i max g R;+R;+R

< limeup 2 (1,4} LK) (1, Fa) €CCR,1,PY) ( i T )

Poo 3 logy, P
() ;. 2 (g k{1, K ) WAX(R, Ry Ry)eC (s ,1,P1) (Bi + Bj + Ry)
= lim sup il

P—oo 2 10g2 P

IN

{4,7,k}C{1,...,.K}

Jors

Z DOF(HZ‘J”]C)

(58)



ETKIN AND ORDENTLICH: DEGREES-OF-FREEDOM OF THE K -USER GAUSSIAN INTERFERENCE CHANNEL

In addition, since As + A3 = {0,2,4,6}, we have m1 ¢(t) =
1(wn e(t) € {1,3,5,7}), so we can directly determine mq ¢(t)
from w1 ¢(%).

Similarly, at receiver 2 we compute

(1) 1 -
sz = a5(t) + wa(t) = D wa,()Q"!

(=1
with wu(t) = mQTZ(t)"l-(l/?)mg,_’g(t) S {07 1,2,3,4, 5}, from
which we can compute mg ¢(t) = wa,¢(t) — [we,¢(t) mod 2].

Finally, receiver 3 can directly recover mg ((t) at all levels
from the received signal y3(t) = z3(t).

To compute the achievable degrees-of-freedom of this
scheme we note that since |z;(t)] < QF, the transmission
power at each transmitter is smaller than Q*%. On the other
hand, the rate of users 1 and 3 is L log, 2 while the rate of user
2 is Llog, 3. Therefore, we obtain for the deterministic channel
2Llogy 2 + Llog, 3

% log, 8

2+ logsy 3

3
We now informally argue that the same degrees-of-freedom can
be achieved in the Gaussian channel. We essentially use the
same multilevel coding scheme, but we now encode the sig-
nals of each level over long blocks of time. The lower levels
may be severely affected by noise, but as the level £ increases,
the influence of the noise becomes smaller, ultimately being in-
significant. As a result, the amount of redundancy that needs
to be added to the signal of level ¢ to ensure low probability
of decoding error goes to 0 as ¢ grows to infinity. It follows
that for ¢ large enough, the achievable rates in the Gaussian
channel at level ¢ approach the achievable rates in the determin-
istic channel, and since the rates of the lower levels do not affect
the degrees-of-freedom, we conclude that DoF(H) > &3&3
(see [13] for a similar argument).

In summary, using the lower and upper bounds that we de-
rived we have

DoF >

~ 1.19499.

1.19499 < DoF(H) < 1.4884.

Remark 2: The achievable scheme that we described is
simple to analyze because there are no “carryovers” across the
different levels, and the signals and interference are “orthog-
onal” in the sense that there is no need to code over time to en-
sure reliable decoding in the deterministic channel. In choosing
the sets Ay, A, and A3 we tried to obtain small |45 + A3| to
align the interference at receiver 1 and simultaneously obtain
large |2A2 + A3 to achieve good signal-interference separation
at receiver 2. With these design guidelines, one could optimize
the sets A;, Ao, and As (with possibly larger Q) in order
to improve the achievable degrees-of-freedom. In addition,
Han-Kobayashi-type schemes [3] at each level where part of
the interference is decoded and subtracted may result in better
performance than purely orthogonal schemes.

VI. CONCLUSION

We have shown that the degrees-of-freedom of K > 2 user,
real, scalar GICs is sensitive to whether the channel gains have
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rational or irrational values, and it is, in fact, discontinuous at
all fully connected, rational gain matrices (up to the invari-
ance property of Lemma 1). Specifically, Theorem 1 shows
that certain fully connected real, scalar GICs with irrational,
algebraic coefficients have degrees-of-freedom exactly equal
to the known upper bound of K/2, the first such examples for
real, scalar GICs. Theorem 2, on the other hand, shows that if
all coefficients are nonzero rationals, the degrees-of-freedom is
strictly bounded away from K /2, for K > 2. These theorems
are established by appealing to major results in mathematics
on the inapproximability of irrational, algebraic numbers by
rational numbers, in the case of Theorem 1, and on the com-
binatorics of additive sets, in the case of Theorem 2. In the
latter case, previously used information-theoretic converse
techniques, which are not sensitive to the rationality of channel
coefficients, do not suffice. We believe these results may have
some implications for real GICs under channel parameter un-
certainty, since in this case, channel coefficients with irrational
and rational coefficients would have to be dealt with simul-
taneously. Additionally, in practical systems, computations
for encoding and decoding are ultimately restricted to finite
precision, and hence rational numbers, suggesting that additive
combinatorics based bounds on achievable rates may have
practical relevance.

Throughout this paper, we have been concerned with real,
scalar GICs. Theorem 1 can be readily extended to the com-
plex and vector cases, revealing an additional class of K/2 de-
grees-of-freedom vector GICs, complementing those already
known [12]. The extension of Theorem 2 to complex and vector
GICs seems less trivial. For instance, the example of a K/2
degrees-of-freedom achieving K -user two-dimensional vector
GIC in [12] actually has integer coefficients, though they are a
very special choice. Any extension of Theorem 2 would have to
avoid such special cases. More significantly, our crucial Lemma
11 can be shown, using the interference alignment technique of
[12], not to hold in the complex or vector cases. Nevertheless,
we conjecture that for any fixed (complex) vector dimension,
limitations on the degrees-of-freedom similar to Theorem 2 do
exist for a sufficiently large number of users K. As noted, es-
tablishing such a result would require analyzing few-user GICs
that are more complicated than the three-user channel of Lemma
11. It is likely that tools from additive combinatorics will still
prove useful, though they would need to be applied differently
from the proof of Lemma 11. The topic of characterizing the
degrees-of-freedom of rational vector GICs and scalar, com-
plex GICs having channel gains with rational real and imaginary
parts is left for future work.
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