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noise has become the major part of remaining noise after filtering, itdsice a transform which is the generalization of the well-known DHT
important to prevent this increase. The RDS is replaced by the IRBSmultidimensions. It will be shown that such a transform can also
filter which corrects the thermal noise increase. serve as a stability testing tool for any general causal multidimensional
Total variances, including sensing-node amplifier noise and reditter, having no nonessential singularities of the second kind [1]. In
noise, can give us a good idea of the interest in using IRDS filter. Th&@ections 1V, VI, and VII, we present some properties of this transfor-
variance calculation enables us to conclude that the IRDS filter bringgtion, which are valid for 1- and 2-D DHTSs but hitherto unknown in

a SNR enhancement of 1, 6 dB compared to the RDS filter. the literature. Possible use of such a transformation for the processing
of three and higher dimensional signals are in the areas of geophysics
REFERENCES [2], [3] and biomedical applications [4], [5]. Design of 3-D recursive
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Theorem 1: The filter H(Z), with denominator polynomiaB(Z),
is stable if and only if the following hold.
1) B(Z) # 0onT", whereZ = {z, 22 ... zn} andT" are
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Abstract—We present a new transform which, when applied to the de- ) o o ) )
nominator polynomial of the transfer function of an unstable multidimen- A polynomial B(Z) satisfying conditions 1 and 2 is called a min-
sional recursive digital filter (of a special class) will yield a stable polyno- imum phase polynomial.
mial with good preservation of the magnitude spectrum. In fact, the discrete
Hilbert transform (DHT), used to stabilize 2-D and 1-D recursive digital fil-
ters, is a special case of the general multidimensional transform we present lll. THE NEW TRANSFORM
here. We also address the problem of stability testing of a multidimensional . - . .
recursive digital filter and show that the new transform may be used to im- In this section, we present a qew trz.inslform, which when aPp“ed toa
plement a straightforward test for stability of any causal multidimensional ~ €lass of N-D unstable polynomials will yield stable polynomials. The
recursive digital filter, having no nonessential singularities of the second new transform reduces to the DHT in the case of 1-D and 2-D polyno-

kind. mials. We desire a transform relation between the magnitude and phase
Index Terms—Multidimensional digital filters, stability, stabilization. of the discrete Fourier transform of a finite discrete multidimensional
causal sequence. A multidimensional N-D discrete sequef@eis
causal if
I. INTRODUCTION
s . A[lc
The discrete Hilbert transform (DHT) has been used for the stabi- e®) =0 Vip 2 —= 1)
lization of 1-D and 2-D recursive digital filters. In this brief, we intro-
wherei;, varies over the s€i0, 1, ..., M — 1}, whereMj, is the size
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where Mixed or Maximum
Phase Array b
#i) = t1(3) + (D) ©)
>
where CALCULATE LOG |B(f)|
M, +
1. 0<ix< TL i =0 exceptix,
fork=1,2,..., N -
@ =91, Moo, i=oexcept,, @ INVERSE DISCRETE
2 FOURIER TRANSFORM
fork=1,2,.... N
0. for all other values of
and MULTIPLY BY PROPOSED
D ]  TRANSFORM
My M, t(i)
I, 0<ir<=E, 0<in<
2 2
i=0, i, im #0, fork # m and
k=1,2,...,.N, m=1,2,..., N
i) = M Mn .
ta(i) = _1 Me g <o, < i < M, (5) DISCRETE FOURIER
2 2 TRANSFORM -
; 0 lk 7m ;ﬁ 0 for]x ;ﬁ m and AT THIS POINT
k=1,2,...,.N, m=1,2,...,N = THE IMAGINARY PART
o i i OF THE ARRAY >
0, for all other values of CONTAINS  ¢( f)
CALCULATE NEW REAL
wheref is the discrete frequency vector. For a causal minimum-phas AND IMAGINARY PART
polynomialX (Z) satisfying the conditions of Section Il, the DFT of the
associated sequengé) satisfies (2). The key to the generalization to
multidimensions from two dimensions is (5), which is a nontrivial ex-
tension of the 2-D “boundary function” [7] to N dimensions. Using (2), | INVERSE DISCRETE
we can construct multidimensional minimum phase polynomials fron | FOURIER TRANSFORM
nonminimum phase polynomials, while closely preserving the magni-
tude spectrum of the nonminimum phase polynomial . The flowchar
for the computer implementation of the proposed procedure is provide
in Fig. 1. As discussed in [8], in order thBtv7 (Z) has almost the same
magnitude spectrum aB(Z), it is necessary that the size of the fast TRUNCATION
Fourier transform (FFT) used to compute the transform be very large
so that the autocorrelation coefficientsBf; (Z) are almost the same Minimum Phase
as those oB(Z). This also ensures that the array elements which were Array b’

truncated to geBn 1 (Z) from By (Z) are negligibly small.
Fig. 1. Procedure to obtain a minimum-phase version of a nonminimum phase

multidimensional polynomial.
IV. FACTORIZABILITY OF THE TRANSFORMEDPOLYNOMIALS

In this section, we show that if the first-quadrant polynon4E) is  Here,Y is anN'® x 1 column vector of the new phase samples of the
factorizable a$3(Z) = B1(2)Bz(Z), then the transformed version Ofglven polynomlaIB(*) T is the transformation matrix which is square
B(Z), namelyByr(Z), is also factorizable. Here we assume that thgf order V* x N, whereX is the size of the FFT along each direction
same order FFT is used along each direction while implementing thged to implement the DHTX is an N x 1 column vector of log
transformation. This does not impose any constraints, as the origig@gnitude samples of the given polynomi(z).

array has to be zero padded to satisfy the causality condition of (1). Al et B(z) be factorizable as the product of two N-D polynomials
bound on the error due to using a finite-size FFT was established in [9]

for 1-D sequences. A large-order FFT forces the complex cepstrum of
the unstable sequence to satisfy (1).

We know that the transform procedure outlined in Section Ill yields a
multidimensional matrix equation relating the phase funcﬁ()ﬁ) and Then
the log magnitude functiotog(|B(f)|) for different sliced values of
the discrete angular frequencLEsThe proposed transform is a linear x = 1og (B1(2)Bs(2)) = log (B1(2)) +log (B2(2)) = X1 + X2
transformation which maps samples of a log magnitude function to (8)
samples of its minimum phase response. We can express this as  and from (17) and (19), we have

B(Z) = B:(2)Ba2(2). @)

Y = TX. (6) Y=T(X1+X2)=TX1+TX2=Y1+Y>. )
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Since we reconstruct the polynomial by takilg as the phase phase polynomial of a nonminimum phase polynomial, if it exists, is
(called minimum phase) samples vector and the magnitude samplagjue. This has been an open problem in the literature [7]. We do

| B1(Z)||B=(Z)], we have the transformed polynomik r (Z) as not restrict ourselves to N-D polynomials not having zeros on the unit
hypercircleT™.
Byr(Z) =|Bi(2)||B2(2)] exp Y22 Let
=B, (2)|eYV|By(2)[e¥? My My My
= Bin1(2)Bant(2). (10) P =33 03 bl oy e gu)at e Y

j1=0 j2=0 JnN=0
In (21), B.~n7(Z) and Bonr(Z) are the transformed polynomials of
B (Z) andB:(Z). Thus, we have proven the following theorem.
Theorem 2: If the given N-D polynomialB(Z) is factorizable, then
the transformed polynomidB 7 (Z) is also factorizable, and the fac-
tors of the transformed polynomial are transformed versions of the f
tors of the given N-D polynomial.

be an N-D polynomial. The 1-D polynomidt(z) having the same
auto-correlation coefficients as those of polynonfi¢E) can be ob-
tained by the transformation [3}; = z,z = 2%, (i = 2,3 ... N),
yehereL; = (2Mi—y + 1)Ly for (i = 2,3 ... N). Also, it was
shown that if the N-D polynomial was stable then the 1-D polynomial
obtained by such a transformation would also be stable [3].

Theorem 4 (Uniqueness Theoremj:an N-D minimum phase poly-
nomial exists, such that it has the same magnitude response as a given
The following theorem establishes the class of polynomials that mggneral N-D causal multidimensional polynomial of the same order,

V. STABILIZATION USING THE NEW TRANSFORM

be stabilized by the new transform. then that polynomial is the unique minimum-phase polynomial corre-
Theorem 3: The N-D polynomialB 7 (Z) of any causal N-D poly- sponding to the given magnitude response.
nomial B(Z), not having zeros on the unit hypercircle is stable. Proof: Let us assume that there are two multidimensional min-

Proof: In our new transform, as stated earlier in Section IlI, thenum-phase polynomials of the same order denotedBbyz) and
autocorrelation coefficients d?(Z) and By (Z) are almost the same, B2 (Z), both having the same autocorrelation coefficients as the cor-
if we use a large size FFT. When we ensure that the autocorrelatiesponding nonminimum phase multidimensional polynoufied).
coefficients are approximately the same for béttZ) and Bnr(Z) On applying the form preserving transformation outlined in this sec-
we can be certain that #8(Z) has no zeros on the unit hypercircle theriion, we get two 1-D polynomials which are stable and also have the
By (Z) will also not have such zeros [8]. Thus, the stability conditiosame autocorrelation coefficients as follows:

1 of Section Il will be satisfied. We can easily extend the results of [10]

and show thaBy (1, 1, ..., 2k, ..., 1) # 0Owhen|z;| < 1,k = By (2) F1=% 2=z Bi(z) (11)
1,2,...,Nif B(1,1,..., z, ..., 1) does not have zeros on the P
unitcircle [8]. B(1, 1, ..., zx, ..., 1) will not have zeros on the unit By (Z) B ) (12)

circle since we assume thB{ 2) is free of zeros on the unit hyperdisc.

So we conclude that the transformed polynonsalr(2) will satisfy L: = (2M; 1+ 1)L; ;1 for (i =2, 3 ... N). But from 1-D polyno-

the stability condition 2 of Section Il. Since both conditions 1 and mial theory, we know that the two 1-D polynomials (z) and B, (=)

of Section Il are satisfiedB (Z) will be stable. Hence the proof of cannot have the same autocorrelation coefficients and be stable simul-

Theorem 3. taneously. Therefore, our assumption is not valid. So only ods %)
Example 1: We consider an unstable nonseparable polynomiahdB-(Z) is a stable polynomial. Thus, Theorem 4 is proven.
B(z1, 22, z3) given by The fact that a minimum phase may not exist at all for certain 2-D
polynomials has been brought out by means of a counter-example [11].
B(z1, 22, 23) = 09521 2925 — 0.7212 — 052025 + 22521 Such counter examples are to be expected in the multidimensional case

also. Using the results of Theorem 4, we have the following.

Corrolary 1: Minimum-phase polynomials are fixed points of the
new transform, with the order of the FFT chosen as discussed in Section
which is a (2,2,2) array. The stable polynomigd;r(z1, z2, z3) ob- V.
tained by processing through the proposed algorithm using (64,64,64)

size FFT is VII. THE STABILITY TEST

—1.521 +0.37522 — z3 + 0.75

In this section, a test procedure is presented on an #ragsed on

Buu(zr, 22, 2) the discussion in Section VI. It is required to ascertain whether d@ray

= 0.3563212223=0472721 20 =0.71722223+0.7545 2321 is stable or not. It may be noted that the polynomial corresponding to
— 1.0059z1 + .952725 — 1.49712z3 4+ 2.0001. B, namelyB(Z), can be allowed to have zeros on the unit hypercircle
Tn

The polynomiaBar(z1, 22, 23) is stable. This can be shown by using 1) Apply the new transform as outlined in Section Il to obtain array
some of the standard stability tests in the literature [1]. Inthe following 4.
sections, we will develop a stability test based on the new transform,2) Compare array® andA.

and revisit example 1 in Section VII. a) If B = A,thenB is a stable array.
b) If B # A, thenB is unstable.
VI. UNIQUENESSTHEOREM Let us now check the stability of the polynomial of Example 1.

In this section, we present an N-D to 1-D transformation by which Example 2: Here

any N-D polynomialB(Z) can be transformed into a 1-D polynomial _ i
B(=), such that bothB(Z) and B(z) have the same autocorrelation ~ B(z1. 22, z3) =0.95212225 = 0.72120 = 0.522.25 + 22321
coefficients [3]. We then prove a theorem that says that the minimum —1.521 +0.37523 — z3 + 0.75.
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Application of the new transform using (64,64,64) size FFT, we get  [9] N. Damera-Venkata, B. L. Evans, and S. R. McCaslin, “Design of op-
timal minimum phase digital FIR filters using discrete Hilbert trans-
form,” IEEE Trans. Signal Processingol. 48, pp. 1491-1495, May

;4(2’1, Z2, 23) 2000.
B o Ao s e L [10] H.S.N.Murthy and P. S. Reddy, “On the proof of stabilization of two di-
= 0.356321 2523 —0.47272, 2, = 0.71722, 25+ 0.754525. 11 mensional recursive filters via discrete Hilbert transfortEFE Trans.

— 1.0059z1 +.952729 — 1.4971z3 4 2.0001. Circuits Syst.vol. CAS-33, pp. 741-749, 1986.
[11] J. W. Woods, “Comments on the stabilization of two dimensional re-
cursive digital filters via the Hilbert transform|/EEE Trans. Geosci.

Clearly B # A, therefore arrayB represents an unstable polynomial Electron, vol. GE-12, pp. 104-105, July 1974.
B(z1, z2, z3). To test the stability ofi (21, 22, z3) obtained after the

application of the new transform, we apply the transform again to the

coefficient arrayA to yield a new coefficient array’

e ~ o . . . . .
Al(z1, 22, 23) Unbiased LMS Filtering in the Presence of White
= 0356421 Zg/‘.’?) —0472721 22—071723222+070405221 Measurement No|se Wlth Unknown Power

—1.00592; +.95272z5 — 1.497123 4 2.0001.
Ying Zhang, Changyun Wen, and Yeng Chai Soh

Clearly, A = A’. Therefore A represents a stable polynomial. Since
we base our test on the validity of Theorem 4, for all practical purposes Abstract—This paper presents a new modified least mean squares (LMS)
we would like to state that a higher order FFT would result in clos@fiaptive filtering algorithm for autoregressive (AR) modeling in the pres-

. - . . ence of white measurement noise with unknown power. In the proposed
preservation of the autocorrelation coefficients and hence yield a may orithm, a first-order filter is used to filter the noise-corrupted signal. In

accurate test for the equivalence condition in step 2 of the test.  thisway, the AR model is augmented to have a known pole which can, based
on asymptotic analysis, be used to extract and eliminate the noise-induced
bias in the standard LMS filtering result, and thus the unbiased parameter
VIII. CONCLUSION estimation can be achieved.
We have proposed a new transform for the stabilization and sta-
bility testing of multidimensional recursive digital filters. The ease with [. INTRODUCTION
which the transform may be applied using the FFT makes it an efficienty,o parameter estimation of an autoregressive (AR) model plays
tool in the stabilization and stability testing of these filters. Also, thg very important role in a wide range of applications such as spec-
order of the FFT needs to be as high as possible. It may be stresggh estimation, speech analysis, noise cancelation, and digital com-
that though only a special class of N-D polynomials, not having zerg§ nications[1]. In all these applications, the observed signal is usu-
onT™ can be stabilized by this method, testing for stability need ngfjy, corrupted by a white measurement noise. It has been shown that
be restricted to such polynomials only. Our stability test is based gf, standard least-mean-square (LMS) filter, in this case, cannot yield
the uniqueness theorem for multidimensional minimum phase polyngspiased parameter estimates of the coefficients in the AR model. To
mials presented in this paper. We also need to use a high-order FFL{8,come the bias problem~aLMS filter was suggested in [3] and
stabilize the class of multidimensional polynomials not having zer@s cecond-order statistical property was analyzed later in [4], where
on the unit hypercircle. In this case a large order FFT, forces the au?Pﬁ-LMS filter was proposed. It is shown that when the noise vari-
correlation coefficients to be preserved by the new transformation asaiﬁ‘ce is known, both the-LMS and thep-LMS filters can give unbi-

[8]. ased estimates of the AR coefficients, and gHeMS filter has better
second-order statistics performance than+HaMS filter. However,
REFERENCES the noise variance is hardly available in many practical circumstances.
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